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In O(N) extended supergravity theories, the usual arguments for one-loop finiteness
(modulo topological terms) cease to apply when the internal symmetry is gauged because
of the appearance of a cosmological constant related to the gauge couplimg e. For N- 4,
we find that infinite renormalizations are required. Remarkably, the particle content of
theories with N & 4 results in a cancellation of these infinities, implying, in particular a
vanishing one-loop P(e) function.

PACS numbers: 11.10 Np, 04.60+n, 11.10 Gh, 11.80.Pb

Although the renormalizability properties of
quantum gravity and supergravity have received
considerable attention over the last few years,
almost all these investigations have confined
their attention to theories with vanishing cosmo-
logical constant, A. In a recent paper, ' however,
explicit results for one-loop counterterms and
anomalous scaling behavior were given both for
pure gravity and for gravity plus matter fields of
spin 0, —,', and 1, in the presence of a cosmolog-
ical constant. Related work may be found in Gib-
bons and Perry. ' The present note summarizes
the calculations of a forthcoming publication' in
which these techniques are generalized to spin-&
fields and hence to supergravity, 4 with dramatic
results for the O(N) extended models. '

These developments may appear as something
of a luxury: If ordinary quantum gravity is non-
renormalizable without a cosmological constant,
it is not likely to become so with the additional
complication of a nonvanishing A. However, such
arguments require drastic revision in extended
supergravity where the gauging of the O(N) sym-
metry' requires a (huge) cosmological constant
A = —6e'/v' and gravitino mass parameter m,
with A= —3m'. (e is the gauge coupling constant,

and x'= SING where G is Newton's constant. ) Thus
it is plausible that the ultraviolet behavior of
these models at higher loops, by virtue of their
extra local symmetry, may even be an improve-
ment over theories without a cosmological con-
stant. Moreover, the strong empirical evidenc e
in favor of a vanishing cosmological constant may
be only an apparent discrepancy between theory
and experiment if, as suggested in Hawking's
"space-time foam, '" one reinterprets A as a
measure of the average small-scale curvature of
space-time.

Let us first recall the pure gravity results of
Refs. 1 and 2. If, at the classical level, we take
the Einstein action

S= —(1/2tc') fd'x g' '(R —2A),

then, using the background field method, ' the one-
loop counterterms will be a linear combination of
R»~oR"', R»R"", R', AR, and A' but with
gauge-dependent coefficients. Gauge invariance is
achieved by use of the field equations R„,= Ag~.
Alternatively, terms which vanish with the field
equations may be removed by gauge-dependent
field redefinition. Either way, the resulting
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counterterm AS may then be written

~S= -(I/e) y, (2)

where e =n —4 is the dimensional regularization
parameter. y is given by

The star denotes the duality operation, and

+i/2 qR HARP
~PG

p UpG

=g "(B B~P' 4B B»' B2)

y =Ay+B5,

where A and B are numerical coefficients and
where

g=(1/32p2) fde +2 +~

A

(4)

is a total divergence which is sometimes dis-
carded. Its integral over all space, however,
yields the Euler number g, a topological invar-
iant which takes on integer values in spaces with
nontrivial topology. The explicit calculations of
Ref. 1 yield A = 106/45 and B = —87/10. Thus, in
contrast to the case A = o, ' pure gravity with a A

term is no longer one-loop "finite" (in the non-
topological sense) because B + 0.

One may now repeat the exercise for simple
supergravity with a gravitino mass term".

S= d'x dete„' —2, R+ 2
e"' ' „y,y, Dp +m „v"',+-,' s'+P'-A"A„+ s

2K K
(6)

Elimination of the auxiliary field s yields a cos-
mological constant A = —3m'. The one-loop
counterterms will now be given by the appropriate
supersymmetric completion" of those encounter-
ed in pure gravity, i.e. , AS is again given by

e'(Ay—+BE) with 5 = —x'A(12'') 'S (on shell) but
where S is now given by Eq. (6). The topological
invariant X, on the other hand, acquires no extra
terms. " The coefficients A and B will now re-
ceive contributions from both the graviton and
the gravitino (with its appropriate mass param-
eter). Explicit calculations in Ref. 3 yield A
= ~24 and B= -~» and, once again in contrast to
the case A= 0=m, "simple supergravity is no
longer one-loop finite.

We now combine these results with those of
Ref. 1 for spins 1, ~, and 0, and apply them to
the extended O(N) theories with gauged internal
symmetry. The coefficient B now takes on a new
significance: By supersymmetry it also deter-
mines the renormalization of the gauge coupling
constant e.

The supersymmetric completion of D now con-
tains the spin-1 gauge field contribution e TrE„,
xE"'. Note that this arises from two different
sources: In addition to the usual charge renor-
malization effects, there will also be one-loop
counterterms of the form K'RTrE„,E"'. With
use of the field equations R=4A+. . .with K'A
= -6e' this is converted into an extra e'TrE„,E"'
term "

Before the displaying of our results, some
qualifications are required. Although the con-
struction of consistent O(N) supergravity Lagran-
gians has been successfully achieved for all N

up to N=8, ' the corresponding Lagrangians with
gauged internal symmetry have, to date, been
written down explicitly only for N = 2 and 3 (Ref.
6) and N=4. "'" It is thus an assumption on our
part that such Lagrangians exist for N = 5, 6, 7,
and 8. As far as we are aware, there are no
theoretical reasons preventing such a construc-
tion since the appropriate supersymmetry alge-
bras for N)4 are perfectly respectable. " (We
refrain from going beyond X=8 for the usual rea-
son of requiring no spin higher than 2.) The
crucial observation, however, is that by restrict-
ing our attention to the gravitational part of the
on-shell counterterms at the one-loop level, we
make the details of the interaction terms in such
Lagrangians not relevant: All that is required to
determine the coefficients A and B is the pure
spin-2 Lagrangian itself together with that part
of the remaining Lagrangian quadratic in the
lower-spin fields. Once we have calculated the
gravitational contribution to AS on shell, the re-
mainder is determined by the supersymmetry
which guarantees that (with z'A = —6e')

ZS = —(I/e) [A g+ B(e'/2 ~') S],
where S is the classical action. The signal for
asymptotic freedom is B)0.'

Only the kinetic terms are needed to fix the
contributions to A from fields of different spin.
These have been calculated before. " To calcu-
late B we also require knowledge of the mass
terms. All particles must be massless for all N

if, as we are assuming, supersymmetry is not
spontaneously broken. For N (4 there is an
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"apparent mass" parameter m for the gravitinos
given by A = —3m' which we assume to remain the
same for N &4. Similarly we assign no such pa-
rameters to the spin-1 and spin- —,

' fields for N &4

since they are absent for N (4. The scalar fields,
which first make their appearance at N =4, re-
quire greater care. The spin-2, spin-0 coupling
in the N = 4 model is known to be minimal with a
mass term. "'" The special value of the mass
permits a Weyl rescaling to a conformal coupling
with no mass term. ' Both versions yield the
same B coefficient on the mass shell. ' We there-
fore adopt a conformal coupling with no mass
term for all N )4. With the above assumptions,
the calculations of Ref. 3 give the contributions
to A and B shown in Table I. The combined re-
sults for O(N) supergravity then follow from the
well-known particle content shown in Table II.
The most remarkable feature is clearly the van-
ishing of the B coefficient for all N &4, though
the integral value of A for all N &2 is not without
interest. We now discuss the implications of
these results.

Filenormalizability. —Apart from the topological
X counterterm, the N &4 theories are seen to re-
main one-loop finite on shell even when the inter-
nal symmetry is gauged and A &0." In particular,
the one-loop contribution to the renormalization
group P(e) function vanishes . This is reminiscent
of the N =4 Yang-Mills multiplet in flat space,
whose P function is known to vanish to two-loop
order. " The vanishing P function in N)4 ga, uged
supergravity is no less mysterious than in N =4
Yang-Mills and, at the time of writing, is under-
stood only as a "miraculous" cancellation of num-
erical coefficients. [There have been earlier
speculations" that N &4 theories might show im-
proved ultraviolet behavior, but we do not know

their connection, if any, with the concrete cal-
culations presented here. ] These cancellations
can hardly be accidental, however, and provide
something of an a posteriori justification for our

previous assumptions on N& 4 theories.
For N 4, we do not have one-loop finiteness

but rather one-loop renormalizability. Mor cover,
the negative value of B indicates that these theo-
ries are not asymptotically free, inasmuch as
asymptotic freedom is meaningful for theories
which may not be renormalizable at higher loops.
One will find two-loop renormalizability for all
N when A g 0 for the same reason one finds two-
loop finiteness when A= 0, ' and it would be inter-
esting to know the P function. Three loops and

beyond is still a mystery. "
Topology. —Another remarkable feature pecu-

liar to N &4 models is that y=Ay+B~=integer
(since A is an integer, B is zero, and y takes on

integer values). This may be indicative of a new
"super index theorem'"' for N &4. Let us recall
the significance of y. ' At the one-loop level y
counts the total number of eigenmodes (boson mi-
nus fermion) of the differential operators whose
determinants govern the one-loop functional inte-
gral. (It is closely related to the anomalous trace
of the energy-momentum tensor. ) The number of
zero-eigenvalue modes will be finite and given by
an integer; the number of nonzero modes is for-
mally infinite. After regularization (e.g. , by the /-
function method), this number is rendered finite
but not necessarily an integer. In certain cir-
cumstances, however, there may be a mutual
cancellation of the nonzero modes between the
bosons and fermions, in which case y = integer.
Such a cancellation does indeed take place in A
= 0 supergravity" when R„,p, =+*R„,p, (which im-
plies R&, =0). If, in addition, the space is com-
pact with spin structure (i.e. , fermions can be
globally defined) then y = integer x24. Consistent
with this is the result in Table II that A =integer/
24 for all N. We do not know whether any similar

TABLE II. The particle spectra in O(N) supergravi-
ty and the corresponding values of A and B.

TABLE I. Contributions to the coefficients & and 8
from fields of spin &.

3/2 1 1/2 0

0
1/2

3/2
2

7
-52

-233
848

-1
—3

-12
137

-522

1

3
4
5
6
8
8

1
3
6
10
16
28
28

1

11
26
56
56

2
10
30
70
70

41/24
11/12

0
-1
-2

3
-5
-5

-77/12
-13/3
-5/2
-1
0
0
0
0
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mechanism can take place when A g 0 and g is not
so restricted, but our results indicate that N &4
models are the most likely candidates.

Finally, we note that the signs of A and B in sim-
ple and extended supergravity reinforce the con-
clusions concerning "space-time foam" reached
in the context of pure gravity. ' U these one-loop
results are taken seriously, the sign of y would
seem to imply that space-time becomes "foamier
and foamier" the shorter the length scale, in
contrast to the picture of "one unit of topology
per Planck volume" expected if y were positive
definite. '

This work was supported in part by the Nation-
al Science Foundation under Grant No. PHY-77-
27084.

Note added. —Recent work on antisymmetric
tensors has shown that the A coefficient depends
not only on the spin but also on the choice of field
representation. " Thus A[@„,]=A[y]+1 and

A[ y&,z]= —2. Moreover, the representation con-
tent of the N = 8 theory obtained by dimensional
reduction from eleven dimensions replaces the
70 y fields by 63 cp plus 7 y„,plus yp p

Hence
A= -5+7 —2=0."
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