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Asymptotic approximations to the Mie efficiency factors for extinction, absorption, and
radiation pressure, derived from complex—angular-momentum theory and averaged over
AB ~m (3 =size parameter), are given and compared with the exact results. For complex
refractive indices N=n +i«k with 1.1 Sz <2.,5 and 0 Sk <1, the relative errors decrease
from ~(1-10)% to ~(1072=10"%)% between 8 =10 and 3 =1000, and computing time is re-
duced by a factor of order 3, so that the Mie formulae can advantageously be replaced by

the asymptotic ones in most applications.

PACS numbers: 42.20.Gg, 42.68.Vs

The Mie efficiency factors® for extinction (Q..),
absorption (Q.), and radiation pressure (Q,,)
are just the corresponding cross sections divided
by the projected area na® of the scattering sphere.
These quantities are important in many applica-
tions. Typical size parameters g =ka (¢ =wave
number, a =droplet radius) range from «1 up to
~10%, with complex refractive indices N =n +ix,
l.1sn=<1.9, 10"°s<k<1. The efficiencies vary
extremely rapidly® with 8, » and «; but in most
applications one is only interested in means (@)
over some range AB, not in this high-frequency
“ripple.”
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-Evaluation of the exact Mie expressions® re-
quires summing ~ 8 partial waves. Upon integra-
tion across size or wavelength with a step fine
enough to resolve the ripple (A8<0.01-0.1), one
is faced with exorbitant computation times. Ap-
proximations® based on geometrical optics and
classical diffraction theory do not have the re-
quired accuracy until 8 exceeds several thousand
(cf. below). Clearly, better approximations, de-
void of ripple, are needed.

The complex-~angular-momentum theory of Mie
scattering® can furnish such approximations. By
a simple extension of previously developed tech-
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niques,* ® we find for the extinction efficiency,
Qexe =2+ 1.992 386 1572/3 +81m{i-(Nz W - 1727 NV + 1) - 1)'1[1 * §ZE<N . 1° NJG 1>]ﬁ'1
. [ (N -1\ YN -1\
xexpl2i(V - 1Bl - 3@ -1 2 [] "< 2 )] (ﬁ + 1)
i=1

xexpl2(V -1+ 2jN)B]} —-0.715353787%/3 - 0,332064 3

XIm[e!™3(N? - 1)73/2(N2 + 1)(2V% - 6N2 + 3)]8"2 + O (B72) + ripple. (1)

To obtain the average absorption efficiency Q) over A~ 7, one applies the modified Watson trans-
formation® to the corresponding Mie series expansion’? and then takes the average over ABS. The re-
sult® is

<Qabs> =<Qabs>F + <Qabs>a,e. + <Qabs>b.e. ’ (2)
2, /2 .
(Qadr = g)lfo @ (7r;,) sind cosd df, 3)
2 X
(Qabs s =2'1/SB"2/3:&=1 I, el ax, (4)
1/3-2/3 BN [TD - _o

Qune, =287 23 [0y ) - (7 )] ar, 5)
where

90(7’]')\)=(1—€_b)(1—’Vz)\)/(l—’}’l)\e-b), (6)
and 7,, and 7,, are, respectively, the external and internal reflectivities for polarization 1, given by

7’j>\=le>\|2, M =1,2; R;=(- l)j(zj ~ue,)/ (z +ue,); (7

z=cosf, u=Ncosf’, sinf =N sinf’, (8)

- - _ _{z for Eq. (3)
@=L, =% 27z, 2 —{z* for Egs. (4) and (5),
and
b =48 Im(N cosd’ + 6’ sind). 9)

6’ is the complex angle of refraction corresponding to the angle of incidence 6. [(8) is just Snell’s
Law.] #;, are the Fresnel reflectivities (v,, =7,,), and b is the damping exponent along a complex
shortcut through the sphere. Thus (3) is an improved version of the geometrical-optic! result,

The terms (4) and (5) represent the contribution from the edge domain® (a.e. =above edge; b.e. =below
edge); »;,* is obtained from 7;, by the substitution

zzt=o (2/B)1/3ei”/6Ai'(i eri"/s)/Ai(i xezivr/a)’ (10)
where Ai is the Airy function, 6 is related to x by
sinf=1+2"Y/3872/3¢ (4 in a.e.; - in b.e.) (11)

[with corresponding changes in the derived quantities (8) and (9)], and the limits of integration are

x, =23 - 1)B¥3, x, =(8/2)%/5, (12)
Finally, in (5), #;,” is obtained from »,,” by the substitution
27—~ (2/IB)1/3x1/2. (13)
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FIG. 1. (a) Three-dimensional plot of {@eyx ) for n =1.33, 1075<k <1, 10 <8 S10°. The numbers attached to sur-
face represent values of (Qey /. (b) Level curves for the logarithm of the percentage errors of the asymptotic ap-
proximation to {(Qey ). Negative values (errors <1%) are shown by dotted lines. (c) Same as (a) for Q.. (d) Same
as (b) for {Qps). () Same as (a) for (@p,). (f) Same as (b) for (@pr).
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The average radiation-pressure efficiency is given by®

<Qpr> =1- <wg>F - <wg> ae, ~ <wg>b.e.9

2 /2 .
<wg>F =Re)\Z=)1f° df sinf 00596-219[" IRzAI 2 +| 1- (Rz )\)2, 2(1+f2,R1>\| ze_b)-lfze-b]’

2 X
Wg)a,e. =271/g-2/s Re}\Z‘/ fo ‘(o =T +1) dx,
=1

2 X
(. =271/3g-2/8 Re? fo b[(P =02 = (T =10 dx,
=1

where

P x=f1(2)R31*R,)"s

T =h@)fe” (1 + Ry, ¥)(1 + Ry)" YL +Ro ) *)(1 +Ry\ )1 + Ry ¥Ry foe™ "),

f2) =(1+iz*)/(1-42), f,=e 2,
R;y' = (f;)) ANz, —u + (- 1)5iM?l(N%2 +u +iM?)"2,

R =(f;) LWN? + M)z, —u+(= Db 2(1 - uz )ILN? + M2z +u +iM 2(1 +uz)] 4,

with M?=N%-1. In all quantities with (x) upper
indices, the substitutions (10) and (11) are under-
stood. Finally, §,~ and 7,” are obtained from
Py ,Tx by the substitution

2"~ (2/B)*(Vx +i/%x).

Again, (15) represents an improved version of
the geometrical-optic’ result, while (16) and (17)
represent above~-edge and below-edge corrections.

We have made detailed comparisons® between
the exact Mie results (suitably averaged to elimi-
nate the ripple®) and the above asymptotic approx-
imations® over the ranges 10 <8 <5000, 0<k <1,
for n =1.10, 1.33, 1.50, 1.90, and 2.50. Results
for n =1.33 and 10 <3 <1000 are shown in Fig. 1.

Figure 1(a) is a three-dimensional plot of Q).
The oscillations arise form interference between
diffracted and transmitted light, and they are
damped out as kB increases. Figure 1(b) shows
level curves for the logarithm of the percentage
error of approximation (1). Negative values (er-
rors <1%) are shown by dotted lines. Thus the
relative error falls below 1% already at 8= 15, it
is 0.1% at 8= 70, <0.01% at 8= 200, and < 10"%%
at 8= 10°,

Figures 1(c) and 1(d) show similar plots for
(Qan), and Figs. 1(e) and 1(f) for (@;). The rela-
tive errors are somewhat greater than for (@.:)
and are the worst for (Qpr), where one must have
B> 90 to achieve better than 1% error.

The accuracy improves not only as 8 increases,
but also as n increases. Previously known ap-
proximations (based on geometrical optics and

(23)

(14)

(15)

(16)

(17)

(18)
(19)
(20)
(21)
(22)

classical diffraction theory) have an accuracy
that is almost independent of » and that only
reaches 1% at 8 =1000 and (0.2-0.5)% at 8 =5000.

The computing time is reduced relative to exact
Mie computations roughly by a factor of O(8), and
it is only about twice that for geometrical-optic
approximations.

Besides the improvement to the geometrical-
optic~type contributions, the main asymptotic
corrections arise from the edge domain. Their
functional form is quite similar to the geometri-
cal-optic one, extended to complex angles of inci-
dence and refraction. Thus, as was found in pre-
vious discussions,’ the edge effects represent a
kind of analytic continuation of ray optics to com-
plex paths, where diffraction corresponds to bar-
rier penetration. Similar interpretations have
been suggested in atomic,'® nuclear,'' and parti-
cle'? physics.
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