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similar microwave magnetic-resonance transi-
tions in ('He"p e )', in which the value of Av

will be determined in part by the magnetic mo-
ment of the 'He nucleus. '
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The distribution of first-passage times is calculated for a homogeneously broadened
two-mode laser, that is characterized by a bistable potential. As a consequence of
quantum fluctuations, such a system tends to switch spontaneously between the two meta-
stable states. The results of the calculation are compared with first-passage-time mea-
surements of a two-mode dye laser.

PACS numbers: 42.50.+q, 05.40.+ j, 42.55.Bi

The behavior of a system subject to fluctuations
under the influence of a double potential well,
that provides two metastable states, is a funda-
mental problem in physics. Examples of such
bistable systems can be found in fluid dynamics,
thermodynamics, and quantum optics, and they
are frequently associated with first-order phase
transitions. ' The problem of determining the rate

at which the system switches between bistable
states is the classic first-passage-time problem,
which has been treated in numerous papers. "
However, there appear to be few examples in
which the probability distribution of the first-
passage times can be easily calculated and com-
pared with measurements. We wish-to describe
a simple physical system, a laser oscillating in
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two modes, for which both the calculation and the
associated experiment have been carried out.
The measured average first-passage times,
covering a range of nearly five orders of magni-
tude, and the measured probability distributions
well above threshoM, provide the first confirma-
tion of the theory.

We consider a laser oscillating simultaneously
in two modes with dimensionless complex ampli-
tudes E„E,. Because of the spontaneous emis-
sion fluctuations, E„E,behave as random proc-
esses governed by Langevin equations, whose
joint probability density p(E„E„t) obeys a four- .

dimensional Fokker -Planck equation. When the

!
equation is written in scaled form ' it contains

three parameters, the pump parameters a„a,
for the two laser modes, and the mode coupling
constant (, which can exceed unity when the atom-
ic or molecular system is homogeneously broad-
ened, and becomes 2 for a ring laser of this type.
Although the general solution of the four-dimen-
sional Fokker-Planck equation has so far only
been found when )=1,' the steady-state solution
is easily obtained. If I, =—!E,!' and I, =!E,!' are
the intensities of the two laser modes, the prob-
ability density 6'(I,) of I, in the steady state is
given by"

6'(I,) = )T"'q-'exp[-,'(a ——,'aa)'] exp[- V(I,)], (1)

where Q is a normalizing constant and V(I) is the
potential

V(I, o, , Aa, g) = ~(t' —l)I y 2I[a($ —1) —~ha()+1)] —in[1 —erf( (2)I —a+ 2~))]. (2)

We have used the abbreviations ~(a, +a, ) —= a, a,
—a, =ha. If $&l, the potential V(I) exhibits two
dips corresponding to the two metastable states,
one at I=O and one at I=a+ —,'6a, with a maximum
in between at I=I~with

I„=a/((+1) ——,'Aa/(t —1) .
When a sufficiently large fluctuation occurs the
system switches rapidly from one of the two bi-
stable states to the other. Moreover, the inten-
sities of the two laser modes are strongly anti-
correlated when $ = 2.'

As the total range of I is divided into two by the
value I=I„, we may deem a one-dimensional

! first passage from some initial value I, to occur
when I first crosses the boundary I= I„, in either
direction. The justification for treating the first-
passage problem as one dimensional, to a first
approximation, lies in the tendency of the repre-
sentative point in the four-dimensional phase
space to follow a trajectory close to the most
probable one. The motion is therefore almost
one dimensional. The validity of the approxima-
tion should improve steadily above threshold.
The probability density &(T, I,) of the first-pas-
sage time T(I,) from I, can be shown to obey the
adjoint Fokker-Planck equation, 2' and in one di-
mension the rth moment of T(IO) satisfies"

Dd'(T")/dIO'+Bd(T")/dIO= r(T" '), -r=1, 2, . . .
D(I) and B are diffusion and drift coefficients, respectively, of the one-dimensional Fokker-Planck
equation for (P(I, f) and D(I) =4I in our notation. ' When r = 1 the equation can be integrated directly,
and we find, ' ' when I0&I„,

(4)

and, when Ip&I„,

Ip ] oo

dI" 6 (I").
A It

(6)

These mean values can now be used to generate the higher-order moments recursively from Eq. (4).
If the initial state is the "off" state I=O, we obtain, for ~=1, 2, . . . ,

1 pI2r
(Tof f ) r! dI2„+ ) ( ) J) dI,„,6'(I r))2

0

. IA l4
x dI,„, . dI& I,

Iaq 1. 0
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whereas from the initial "on" state I, =a+ —,'6a, we have

&T ")=r' a+ & a/2 1
'" 6 (I,„)D(t,„)

dI „,5'(l„)f, dI„, f ds, 6 (r, )

' IP(t,)D(t, )
2

dt, IP(t,) . (8)

The evaluation of the integrals is greatly simpli-
fied by the fact that, within the range I &I~ IP(I)
is very small except near I=O, and falls as I ap-
proaches I„, and in the range I&I~, (P(I) is very
small except near I= a+ —,'Aa, and again falls to-
wards I=I~. Therefore the I' integrand in Eq. (5),
for example, makes its greatest contribution
near I'=I„, in which case the I" integral is al-
most independent of I', and may be replaced by
P~„f "dI"——!P(I"), the probability that the light
intensity lies below I~, which has already been
calculated. 7 Equations (5) and (6) therefore lead
to

(T.,) = P,.„f dt' [IP(t')D(t') )
(9)

&TOQ)=&l gh ij dt'[6'(I')D(t')] 'i

with P&,„+Phgh = 1. In the neighborhood of I=I~,
the reciprocal probability 1/(P(I') behaves almost
as a Gaussian distribution centered at I~, and if
we approximate 1/D(I') by its value 1/4I~ in the
neighborhood of the Gaussian peak, we can im-
mediately evaluate the integrals in Eq. (9), which
have almost identical values. With the help of the
expressions for P~,„and Ph;gh, we then arrive at

&T.II)
= m~' exp[4($' —1)I„']/[2I„'($' —1)' '], (10)

and a closely related expression for (T,„), which
should hold with increasing accuracy as the pump
parameter a increases. The same arguments
that led us to separate the integrals in Eqs. (5)
and (6) to a good approximation, can a.iso be used
to separate the multiple integrals in Eqs. (7) and

(8), because the integrand in each double integral
is peaked near I=I„. We readily find
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! ferometer inserted in the output beam, as shown
in Fig. 1. The low'-gain photodetector gives an
output signal proportional to the intensity I of one
laser mode, which is passed on to a limiter after
some integration. The limiter output consists of
a succession of rectangular pulses with variable
duration equal to the on time T,„of the laser
mode. The reading of the integrating meter pro-
vides a measure of (T,g/((T„)+ (T,II)), whereas
the average rate of arrival of pulses yields 1/
((T,g+ (T,II)), from which both (T,„)and (T,fI)
can be found. Figure 2 shows the results of such
an experimental determination of (T,II), over a
range of laser pump parameters a from about 2

to 14. a was determined from the measured light
intensity (I) and its known dependence on a.5'6

The laser was operated with the two mode intensi-
ties almost equal on the average, so that (T,„)- (T,II). Also shown in Fig. 2 is the theoretical
form of &T,fI) given by Eq. (9) with the coupling
constant (=2, and with the vertical scale adjusted
for best fit between theory and experiment. It
will be seen that there is reasonable agreement
over dwell times ranging from a few milliseconds
to almost a minute. The longest dwell times
( T If ) are, of course, particularly sensitive to
external perturbations. $ = 1.8 gives almost as
good a fit with the data, but lower values of $ do

(T,")=r!(T;)", i= ffo, on,

from which it follows immediately that

P(T;) = (T;) 'exp( —T;/(T, )), I'=off, on, (12)

Spectrum analyzer
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Amp
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so that both dwell time distributions are exponen-
tial in the limit of large a.

We have tested these predictions by measure-
ments on a dye laser oscillating in two longitudi-
nal modes, each of which can be separately stud-
ied with the help of a tuned Fabry-Perot inter-

Limiter Gate Sealer PDP It/40

Sealer
JL

Meter Clock Control

FIG. l. Outline of the apparatus.
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FIG. 2. Average first-passage time (Toff) as a func-
tion of pump parameter a with 4a «l. The circles are
experimental points, and the right-hand scale gives
measured values of Tpff in seconds. The full curve is
theoretical and given by Eq. (8). 4 6 8 IO I 2 I4 I6 18 20
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not. Although $ can, in principle, be determined
from the laser geometry, "there are large uncer-
tainties in practice.

Next the probability distribution P(T ) of the
dwell time T,„was determined by measuring the
distribution of the number of clock pulses from a
clock of adjustable frequency that occurred with-
in the time intervals T,„, when the start of the
interval coincided with a clock pulse. The count-
ing system is illustrated in Fig. 1, and it is simi-
lar to the system described in Ref. 9. If the clock
frequency is f, n clock pulses are counted when
the time interval T,„ lies in the range n/f - T,„
&(n+1)/f, n=0, 1, 2, . . . . After ma.ny repetitions,
the number of events with n clock pulses becomes
a, measure of the probability fI P(T) dT. Fig-
ure 3 gives the results of measurements at two
different pump parameters, for which (T ) ranged
over almost two orders of magnitude; superim-
posed as full curves are the distributions given
by Eq. (12) with the same means.

The results indicate that P(T,„) tends to become

FIG. 3. Histograms of the measured probability
distributions I'(&p„) for pump parameters (a) a~ 3.5;
(b) a~ 9, with the theoretical values for the same mean
given by Eq. (12) superimposed as full curves.

exponential as the pump parameter a and the av-
erage dwell time (T,„) increase, as predicted by
Eq. (12). Departures from the exponential form
are more noticeable closer to threshold, where
the asymptotic approximation to Eqs. (7) and (8)
is less valid, and at the shortest dwell times,
where the approximation of treating the first-
passage problem as one dimensional is most sus-
pect. The measurements confirm that the metabi-
stability of a homogeneously broadened two-mode
laser may be regarded as a first-passage pheno-
menon. Both the calculation and the experimental
technique should be applicable to other bistable
systems.

This work was supported by the National Sci-
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Asymptotic approximations to the Mie efficiency factors for extinction, absorption, and
radiation pressure, derived from complex-angular-momentum theory and averaged over~ -n. P =size parameter), are given and compared with the exact results. For complex
refractive indices N=n+i & with 1.1 ~n 2.5 and 0 w ~1, the relative errors decrease
from -(1-10)jo to -(10 2-10 3}~/0 between P = 10 and P =1000, and computing time is re-
duced by a factor of order P, so that the Mie formulae can advantageously be replaced by
the asymptotic ones in most applications.

PACS numbers: 42.20.6g, 42.68.Vs

The Mie efficiency factors' for extinction (Q,„,),
absorption (Q,b,), and radiation pressure (Qz, )
are just the corresponding cross sections divided
by the projected area ma2 of the scattering sphere.
These quantities are important in many applica-
tions. Typical size parameters P =ha (h =wave
number, a =droplet radius) range from «1 up to
-10~, with complex refractive indices X =n+ia,
1.1 ~ n ~ 1.9, 10 's ~s 1. The efficiencies vary
extremely rapidly with P, nand ~; b,ut in most
applications one is only interested in means (Q)
over some range AP, not in this high-frequency
"ripple. "

Evaluation of the exact Mie expressions' re-
quires summing —

P partial waves. Upon integra-
tion across size or wavelength with a step fine
enough to resolve the ripple (AP &0.01-0.1), one
is faced with exorbitant computation times. Ap-
proximations~ based on geometrical optics and
classical diffraction theory do not have the re-
quired accuracy until P exceeds several thousand
(cf. below) ~ Clearly, better approximations, de-
void of ripple, are needed.

The complex-angular -momentum theory of Mie
scattering' can furnish such approximations. By
a simple extension of previously developed tech-
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