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Asymptotic Normalization Constants of 3He and 'H
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The s-wave asymptotic normalization constants Cp( He) and Co( H) are calculated for
the Heid soft-core potential. The Coulomb effect is taken into account for 3He. Co(3He)
=1.765 an/ Co( H) =1.706 have been obtained. In He ( H), about 60"k of the contribution
is due to the transition from the pp (nn) So state of a pair in one set of coordinates to the

np Dq state of another set.

PACS numbers: 21.10.Sf, 21.40.+d, 27.10.+ h

The asymptotic normalization constant is a
fundamental quantity for calculations of scattering
amplitudes based on the analytic properties. '
Since the constant C('He) was used for an im-
proved phase-shift analysis of the p 'He scatt-er-
ing, ' this constant has attracted a great deal of
attention. ' 7 Since Knuston e~ a/. ' found that the
tensor analyzing power of the (d, t) reaction is
sensitive to the (spectator) d-state component of
the triton wave function, the study of this con-
stant has attracted a renewed attention. ' '~

In calculating C('H), we need the wave function
of 'H. (Up to the present time, many people have
obtained the wave function of the triton for realis-
tic potentials by various approaches. ») On the
other hand, in calculating C('He), we need the
wave function of 'He, in which the Coulomb inter-
action is taken into account. Since this interac-
tion makes the calculations difficult, only a few
groups ' "have so far obtained the wave function
of 'He. No calculations were done for C('He).
Only a conjecture about its magnitude has been
made from the knowledge of C('H). '

In the present paper, we report the calculations
of C('He) and C('H), with recently obtained wave
functions of He and H. These wave functions
have been calculated from the generalized Fad-
deev equationM for the Heid soft-core potential, "
in which the Coulomb effect is fully taken into ac-
count for 'He. These are obtained in coordinate
space in a manner that the spectator is subject to
the Coulomb interaction when it is charged. As a
result, these wave functions are suitable for cal-

e =C (12, 3) +C (23, 1)+e(31,2). (2)

We designate the Faddeev component 4 (12, 3) pro-
jected onto the state [I '$» I = 0) +

I
'D» I =0)]

I f'&»,
by 4 ['S, + 'D„ / =0; (12,3)] . Then the s -wave

culations of C('He) as well as C('H). As an an-
other advantage, we need not extrapolate the
wave function to the unphysical pole. ' At the
present stage, each Faddeev component of our
wave function is restricted to the So and '5, +'D,
states for the interacting pair and the s state for
the third particle. Therefore, the calculations
are limited to the s-wave asymptotic normaliza-
tion constants C,('He) and C,('H). To our knowl-
edge, this is the first calculation of C,( He) in
which the Coulomb interaction is taken into ac-
count exactly.

With the notation we used previously, ' we label
I
'S. I =»I e. & . . as s««(1), I

's„ i =0)
I g, "&

as state (2), I
'S„ l = 0)

I f'&», as state (3), and

I'D„ l =0)I &'&», as state (4). Here, f,", f,",
and &' are the normalized isospin functions in
which the interacting particles are the np pair
with I =1, pp (or nn) pair with I=1, and np pair
with I =0, respectively.

We express the radial wave functions for the 5
and D states of the deuteron as u„and ~„. We in-
troduce a function

q, =[a,I'S„ I =0)+~,I'D„ I =0)1I g'&», (1)

The wave function of a three-nucleon system is
expressed as a sum of three Faddeev compo-
nents ~
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asymptotic normalization constants C,('H) and Co('He) are defined by'

(3))
1 l. @„~c "['s,+'D, l =0;(12,3)]&

and similarly for Co(sHe) with 4 " being replaced by C
"' and an extra factor (2Py)

'"' /'" s in the de-
nominator. Here y is the distance between the center of mass of the pair 1, 2 and particle 3, and P is
given in terms of binding energies of the deuteron ) E, ) and the three-nucleon system ) E ) by

(6.400- 2.221)'/' =0.4207 fm ' for 'H
3@2 I & I

—
I « I) =

3@2 (5 775 2 22 1)1/2 p 3660 fm- 1 for 3He
' (4)

where we have used the calculated binding energies. "
Equation (3) indicates that the overlap of y, with 4['S, + 'D„ l =0; (12, 3)J at a sufficiently large dis-

tance y becomes proportional to y 'exp(- Py). However, to obtain such a y dependence numerically is
extremely difficult. This difficulty is avoided if we use the following expression for Co( H) readily de-
rived from the Faddeev equation' ':

"
d F(p, y) ",„('s,(v 's,)('s, ~v['D, ) ('s„i =0(„,(r [ac'H&

('D, ) V 'S,)('D, ) V)'D, ) ('D„ l =0)»,(g']P4 H&

vghere PC "denotes the sum of Faddeev components3H

~o'"-=ac'"(12,3) = c "(23,1) + o'"(31,2),

(5)

(6)

E(P,y) =sinhPy, and W= —P.
For 'He, we find from the generalized Faddeev equation" an expression which is similar to Eq. (5)

but with the following modifications: p
" is replaced by y "'. The function I'(p, y) is the negative-en-

ergy regular solution of the Schrodinger equation with a modified Coulomb interaction e y ~(1 —e ').
The constant R' is the Wronskian of the regular and irregular solutions of this Schrodinger equation.

The calculated results of Co('He) and Co( H) are given in Tables I and II, respectively.
The present value 1.7055 for 'H, which we designate by C,ss K('H), should be compared with 1.776

[=—CeKM('H)] by Kim and Nuslim. ' In Ref. 7, P was taken as 0.390 (~ P"M). We see that this difference
in Co('H) is due to the difference in P,

C KM(3H)/C ss K(3H) (Pss K/PKM)1/2 1 P4 (7)

The relative magnitudes of contributions from various states are mostly understood from the spin-
isospin transformation coefficient

TABLE I. Asymptotic normalization constant of 3He.
The state number indicates the state involved in y H

replacirl, y H of Eq. (5). C0 and Cp are the contribu-
tions to Co from uz and wz terms in Eq. (5), respeo-
tively. We obtained the s-wave asymptotic normaliza-
tion constant Cp( He) =1.7654.

TABLE II. Asymptotic normalization constant of 3H.
See the caption of Table I. We obtained the s-wave
asymptotic normalization constant C0( H) =1.7055.

State 48CN
0C Q

0State

x„,=-(1,1„~,m„~,(12,3)
~
f', I,'; ~, m, ',m, (23, 1)&((s, ~~)s,m„(12,3) ( (s', &)s,~,,(23, 1)&. (6)

The values of this coefficient are given in Table III. If we use these coefficients explicitly in the Fad-
deev equation, we find that the radial function of state (2) is exactly v 2 times as large as that of state
(1). Further more, N» = W2N». As a result, we see that the contributions from state (2), which we

designate by C,"(2) [or Co"(2)], are twice as large
as Co"(1) [or Co"(I)]. This property is confirmed

(1)
(2)
{3)
(4)

Sum

(—1)
—3.184 (- 1)
—2.711 {-1)
—1.278 (-2)
—7.579 (—i)

5.149 (-1)
1.0482 (0)
S.581 {-1)
2.06' (-3)
2.5233 (o)

(1)
(2)
(3)
(4)

Sum

—1.536 (- 1)
—3.071 (- 1)
—2.646 (- 1)
—1.385 (- ~)
—7.392 (- 1)

5.053 {-1)
1.0104 (0)
S.267 (-1)

(-3)
Z.4447 (0)
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State (2) {3) (4)

TABLE III. Isospin-spin transformation coefficient
N of Eq. (8).
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(1)
(2)
(3)
(4)

0

0

0

0
0

—i/2

in Table IL
From Ref. 15, we find that the relative magni-

tude of radial functions of states (3) and (I) for
v(&2, 3) is app»»mately I p(3) I

=3I q (l)1»nce
N» -—v SN», we obtain the estimate C,"(3)lC,"(I)
= C,"(3)/Co"(I)= ~3 ~ Table II shows that these
relations are approximately satisfied.

We see from Table II that the contribution from
any state to C," is approximately three times as
large as C," for the same state. This result indi-
cates the importance of the tensor coupling.

In conclusion, we find that the difference be-
tween Co('He) and C,('H) due to the Coulomb inter-
action is small (3-4/o), but still measurable by
an accurate experiment and that about 60% of con-
tributions are due to the transition from the pp
(nn) ~S, state of a pair in one set of coodinates to
the np'D, state of another set through the tensor
coupling,
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