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neglected contributions to the internal ionization
due to direct collisions of the P particle with the
K electrons and contributions due to internal
Compton scattering of the IB on the K electrons.

The contribution of the direct-collision mech-
ansim to autoionization in p decay has been esti-
mated by Feinberg' as Biz/E8, which gives a
lower limit in the case of '~Tl of -0.1P~. Al-
though this is a lower limit only, a comparison
of the experimental values of P~ with existing
theoretical calculations" which neglect the colli-
sion effect indicates that this contribution is un-
likely to be appreciably higher.

An order-of-magnitude estimate of the contri-
bution of the internal Compton scattering of the
IB can be obtained by use of Compton-scattering
cross sections on the K electrons. Assuming hy-
drogenic wave functions for the K electrons one
gets for the contribution of this effect a value of- 0.1P~.

It should also be noted that the KUB calculations
underestimate the intensity of the IB in the case
of '~T1 by about 20%%uo. The agreement between
the measured intensity of the IB in ' Tl and the
predictions of the theory has been shown" to be
significantly improved when detour transitions
are taken into account.

Thus the total contribution of mechanisms other
than shakeoff and emission of IB in transitions
via intermediate electron states, neglecting in-
terference effects, may amount to -40%%uo of the
value of P» ~ estimated on the assumption that
this is the only effect present.
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A microscopic model, constructed within the framework of the Boltzmann equation, is
formulated and used to calculate particle spectra from high-energy nucleus-nucleus col-
lisions. Formation of composite particles is treated according to Hagedorn s statistical-
thermodynamical approach of strong interactions. Inclusive proton, deuteron, triton,
and He cross sections from 400-MeV/nucleon ONe+ Pb are calculated and found in
good agreement with experiment.

Recent experiments at the Bevelac on medium-
and high-energy heavy-ion collisions have pro-
duced impressive inclusive measurements of dou-
ble-differential cross sections. ' They were ob-
tained for protons, light ions, and also pions

over a, large momentum and angular range and
supplement the first results' for this type of
heavy-ion reaction. Attempts for a theoretical
description' of the measured proton spectra have
been based mainly on two different assumptions.
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The first one implies a rapid equilibration of the
degrees of freedom and replaces the dynamical
evolution of the collision process by simple kine-
matics and conservation laws. The models"
based on this simple idea of thermal equilibrium
have had some success when compared with the
data, although the drastic assumption involved
poses many questions. The second type of ap-
proach starts from the full recognition of the ini-
tial collision process as a microscopic nonequi-
librium phenomenon which eventually shows cer-
tain equilibrium features. Assuming a certain de-
gree of diluteness of the colliding system, the
governing equation is the Boltzmann equation.
If one uses statistical techniques to solve this
equation one performs a so-called Monte Carlo
(cascade) calculation. Doing this, one has been
able to reproduce the gross features of the pro-
ton spectra although some differences between
various calculations remain.

In addition to the emission of collision constitu-
ents (protons, neutrons), the production of com-
posites in these reactions presents an interesting
probe to our understanding of the reaction pro-
cess, especially since the major part of their
spectrum is nonevaporative. It has been analyzed

in terms of a coalescence mechanism where nu-
cleons with appropriate relative momenta collide
and form composites, the underlying main poten-
tial acting as a catalyst. Alternatively, one pic-
tures in the thermal equilibrium approach the for-
mation of composite nuclei as originating from
an expanding collection of strongly interacting
particles raised to a high temperature. " This
system evolves from a high density towards a
low-density free expansion. Both models have a
parameter, thy critical coalescence momentum
and the value for the freezeout density, respec-
tively. Up to now, the thermal-equilibrium pre-
scription is the only one available which gives a
qualitative and in some cases also a quantitative
description of the proton as well as the compos-
ites spectra in a unified way. " Therefore it
would be valuable to see what new insight can be
obtained by starting from the nonequilibrium
Ansatz. In this Letter, I will present the essen-
tial ingredients and some results of a theoretical
model which follows this line of thought.

The Boltzmann equation describes the evolution
in phase space of the one-particle distribution
function N(r, v, t) and, in case of no external
force with only two-body collisions, has the fol-
lowing form:

(E&/&t+p. V)N(r, v, t) = gJd&u, dv, 'd~, '[N(r, v, ', t)N(r, v, ', t)W(v, ',v, '~v»v)

N(r, v, t)N—(r, v» t)W(v, v, ~ v» v, )],
where W denotes the transition probability (which
contains the nucl. eon-nucleon cross section) and
d&u =d'p/E (momentum p, energy Z). Equation (1)
is the covariant form of the Boltzmann equation
for the invariant distribution function ¹"This
nonlinear equation can be solved by statistical
methods, which, although correct, are fairly
nontransparent and might suffer from insufficient
statistics. In view of this I have developed anoth-
er solution scheme which, based on certain (plau-
sible) assumptions, simplifies (1) a great deal
while gaining in physical insight.

In the cascade resulting from the collision of
projectile and target nucleus one can distinguish
two mechanisms. There is the direct production
of cascade nucleons and the interaction amongst
them (rescattering) which will affect their mo-
mentum distribution. Since we have already a
substantial smearing out of the momentum spec-
trum due to the Fermi motion in the colliding nu-
clei, I will neglect the effect of the rescattering
on the direct cascade and treat this process sep-
arately. This amounts to a linearization of Eq.

(1) where I allow only for collisions between a
cascade nucleon (distribution function N) and a
so- called spectator nucleon (distribution function

N, ) either from projectile or target. This line-
arized Boltzmann equation is then solved by an

iteration scheme (N =Q„N„) based on the order ~
of scatterings. The first term on the right-hand
side of the (linearized) Eq. (1) is taken as the
scattering kernel which, when omitted, defines
the zeroth-order solution. This iteration proce-
dure will converge rapidly since the average num-
ber of collisions is small (long mean free path of
a nucleon in a nucleus together with rapid deple-
tion of the initial densities). Finally I assume
that, on the average, the production of cascade
nucleons and the corresponding depletion of the
spectator part takes place sequentially by increas-
ing order of scattering. In this way the time de-
pendence can be eliminated explicitly by intro-
ducing time-integrated distribution functions N
and N„. The time evolution is then replaced in
some sense by the order of scatterings.
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The Boltzmann Eq. (1) is thus reduced to the following (sequential-scattering model) integral equa-
tion for the time-integrated distribution function N(r, v) =Q„N„(r,v), where the index n indicates order
of scattering:

N (r, v) = f dT C„(r,v, w) exp[- f, d~'td~'d(a" W(v, v"~v')N~"~(r+vr', v")],

C„(r,v, r) = Jde"de'N„, (r +v&,v')N~"~(r +v7', v")W(v', v"
) v).

(2)

Conservation of momentum has been used to elim-
inate one of the velocity variables in the transi-
tion probability 8'. I have used the notation N, ")

for the average depleted spectator distribution
after n collisions. The zeroth-order N, solution
of (2) corresponds to the penetration probability
for the projectile through the target (or vice ver-
sa). Then N„ is the probable number of nucleons
produced after n collisions and their subsistence
in (r, v) space is governed by the exponential
quenching factor taking into account the loss be-
cause of higher-order scatterings on their way
out. Evaluating N(r, v) asymptotically then al-
lows one to calculate cross sections for produc-
ing nucleons. It is worthwhile to point out that
there exists a close connection between the itera-
tive solution of Eq. (2) and the Glauber multiple-
scattering approach. "

One important aspect we have not yet taken into
account is the occurrence of collisions between I-
times-scattered nucleons. These will affect the
final spectra and give rise to a faster equilibra-
tion. Also the formation of light composite parti-
cles has not been dealed with. However, these
same interactions between outgoing nucleons (af-
ter n scatterings) can produce, in the spirit of
the coalescence model, the composites. In prin-
ciple the collisions between the "moving-out" nu-
cleons can be included in Eq. (2) but the simulta-
neous production and absorption of composite
particles is much harder to handle. A much sim-
pler technique to take these interactions into ac-
count is based on the idea that their effect can be
shifted to the density in phase space: A gas of in-
teracting particles can be described as a gas of
noninteracting particles including all particles,
bound states of particles, resonances, and a new-

ly created particles allowed by conservation
laws. ' This approach has been further devel-
oped by Hagedorn" to treat multiparticle produc-
tion in high-energy p-p collisions. If we have a
volume element dV, sufficiently small such that
velocity and temperature T can be considered as
constant, the interacting hadronic matter inside
can be described as a statistical equilibrium of
all kinds of hadrons, including resonances. This
equilibrium is a local one and needs no time to

be established nor a large number of collisions
to produce it." The momentum distribution of
particles of kind i [mass m„energy E, =(m, '
+p')'~', multiplicity g;, chemical potential p, ,] is
then given, in its rest frame, by the familiar ex-
pression

p'dp
2m' exp[(E,. —p, ,)/T]+ I

One can now combine both the thermodynamical
description (3) of the interactions mentioned be-
fore and the solution of the approximate Boltz-
mann Eq. (2).

This is done as follows: After each iteration n,
there is a number of nucleons described by their
velocity distribution function N„(r, v). Since the
thermodynamical spectrum (3) does not depend
on r explicitly but only on the fact that at any r
there is a specific momentum spectrum, I can
carry out the integration over r (adding all dV
contributions to the final spectrum) independently.
In this way I obtain from N„(r,v) a weight function
F„(A,) which counts all contributions coming from
all volume elements to a given longitudinal mo-
mentum (represented by its rapidity X). For each
X there is also a corresponding average transver-
sal energy (also calculated from the velocity dis-
tribution function) from which the the tempera-
ture can be calculated. The total number of nu-
cleons at the nth collision together with baryon-
number conservation and the assumption of chemi-
cal equilibrium (p,„=Ap, ,) is then used to deter-
mine p. » the chemical potential of a nucleon.
The integrated colume V is not much different
from the natural interaction volume, i.e. , the
volume of the nucleus, and that leaves essential-
ly no free parameters. The final momentum spec-
spectrum W, (p) of particles of kind i (also nucle-
ons) is then obtained, for a given impact, from
an expression like

W, (p) =Q„f dA. F„(A)I (p' —p)f,.((p', T„(X)), (4)

where I-~(p'-p) denotes the I orentz transforma-
tion relating the rest frame (p') to the moving
f rame (p). An expression of the form (4) has
been- written down first by Hagedorn, "although
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FIG. 1. Single-particle inclusive cross sections for production of protons, deuterons, and triton plus He com-
bined, in 400-Mev/nucleon ~ONe+ Pb. The solid line is based on calculations presented in this Letter.

in his case he was not able to compute the weight
function E„(X).

Based on the model outlined above I have per-
formed some calculations on the particle spectra
from high-energy heavy-ion reactions. The se-
iluential-scattering Eq. (2) was solved numerical-
ly p including relativistic kinematics, experimen-
tal total nucleon-nucleon cross sections and cor-
rect treatment of fermi motion in projectile and
target. Pion degrees of freedom were not includ-
ed. The initial nuclear densities were of Saxon-
Woods form and their depletion during the colli-
sion process was taken into account. The index i
was restricted to nucleons and all known bound
states of nucleons up to A = 5 only. After each
scattering event (index n) the appropriate weight
functions F„(X), temperatures T(A), and chemi-
cal potentials p,. were determined. Finally, ex-
pression (4) was evaluated for each impact param-
eter to obtain the final cross sections.

In Fig. 1, I display the comparison with experi-
mental data for one typical case, i.e. , 400-MeV j
nucleon Ne+ Pb. ' The theoretical calculation
shows good agreement with experimental data
without invoking radical assumptions or parame-
ters. It is a microscopic calculation which does
not assume thermal equilibrium and treats both
nucleons and composites within the same nonequi-

librium framework.
It remains an intriguing question how this and

other (thermal) models will perform on more ex-
clusive data.
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