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It is suggested that dynamical (Bose-Fermi) supersymmetries may be present in the
spectra of complex nuclei. A concrete example in which a supersymmetric structure is
experimentally observed is shown. In this example the supersymmetry is generated by
I- = 0 and I. = 2 bosons together with j=2 fermions.

In recent years, it has been pointed out by sev-
eral authors that there may exist in nature exam-
ples of supersymmetric structures in which bo-
sonic and fermionic degrees of freedom are linked
together in a single theoretical framework. ' How-
ever, no concrete example in which a supersym-
metric structure is experimentally observed has
been reported so far. In this Letter, I suggest
that dynamical supersymmetries may be present
in complex nuclear spectra and I show one con-
crete example where the supersymmetric struc-
ture is experimentally observed.

By analogy with an ordinary dynamical symme-
try (which applies to a system either of bosons
or of fermions separately), one can define a dy-
namical supersymmetry as that situation in
which (i) the states of the combined system of
bosons and fermions can be simultaneously clas-
sified with a complete set of group-theoretical
labels; (ii) these states are split but not mixed
by the Hamiltonian, H, and (iii) the same expres-
sion for the eigenvalues of the system in terms
of the complete set of group-theoretical labels
described both bosonic and fermionic spectra.

The investigation of this problem was stimu-

lated in part by the fact that similar attempts
have been made in elementary-particle physics
and in part by the known occurrence of several
ordinary dynamical symmetries in the spectra of
complex nuclei. ' In particular, the spectra of the
platinum nuclei with an even number of protons
and neutrons have been shown to display a dy-
namical symmetry associated with the group
O(6).' The states of these nuclei have then been
classified by the set of labels related to the group
chain~ U(6) DO(6) 30(5) DO(3) DO(2), denoted by
N, o, w, vz, L, and M. The group U(6) and its
subgroups are generated by L = 0 and L = 2 bo-
sons. In terms of these labels, the expectation
value of the most general Hamiltonian which
splits but does not mix the states can be written
as'

E(N, v, v, v&, L, M)

= —4 Av (o,+ 4) + &Br (7 + 3) + CL (L + 1), (1)

where, in comparison with Etl. (12) of Ref. 4, the
constant 4AN(N + 4) has been removed, since it
does not contribute to the excitation energies.
An ordinary symmetry associated with the group
chain O(6) 2 O(5) 3O(3) is then present whenever
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o =v, =0, o, =N, N —2, . . ., 0 or 1

for even representations, and by
1 1 1 3 132P1N2PN2jN2P ~ ~ ~

(2)

(3)

for odd representations.
(b) Two quantum numbers (v„~,) which char-

the spectrum of an even-even nucleus can be de-
scribed by (1). I note here that, in this case, in
which only bosonic spectra are considered, the
group-theoretical labels appearing in the classi-
fication scheme are only those belonging to tenso~
representations of O(6) DO(5) 3O(3).

In addition to the spectra of even nuclei, there
are experimentally available in this region also
spectra of odd-A. nuclei. These spectra are ob-
viously fermionic and require for their descrip-
tion both bosonic and fermionic degrees of free-
dom. ' One may then inquire whether or not it is
possible to describe both even (bosonic) spectra
and odd (fermionic) spectra within the same group-
theoretical framework. Because of the stringent
conditions (i)-(iii), it is clear that this is not
possible in general. In fact a supersymmetric
situation will only occur whenever the angular
momentum of the fermion, j, has some specific
value and, moreover, the boson-boson, fermion-
fermion, and boson-fermion interactions of Ref.
5 are in some particularly simple relationship
with each other. In the particular case discussed
here, where the boson symmetry is O(6) 3 O(5),
there is only one particular value of j for which
a simple situation will occur, j = 2, since j = 2 is
the angular momentum of the fundamental spinor
representation of O(6) and O(5). As a conse-
quence, when j = 2, one can construct a classifi-
cation scheme which includes both bosonic and
fermionic states. In this classification scheme,
bosonic states will belong to tensor representa-
tions of O(6) and O(5), while fermionic states
will belong to their spinor representations. The
enlargement of the representation space to in-
clude also spinor representations, corresponds
to the introduction of the universal covering
groups of O(6), O(5), and O(3), denoted by Spin(6)
3 Spin(5) p Spin(3), respectively. ' The quantum
numbers which are needed to classify uniquely
the states are as follows:

(a) Three quantum numbers (o„o»o',) which
characterize the irreducible representations of
Spin(6). For systems with N bosons and either
zero or one fermion (even or odd representa-
tions), which are those considered in this Letter,
the values of o„o„and o, are given by

acterize the irreducible representations of
Spin(5). The values of (T» ~~) contained in each
Spin(6) representation (o» o, =o, =~) are given
by

v'2 = 0, v', = o1,o1 —1, . . ., 0

for even representations, and by
1 j.

+2 2P 1 1P ~l & ~ ~ ~ P2 (5)

(Tf 72)

(-', -') J =—. 3
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—8 Z 5.

Vg=1
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Once the classification scheme has been con-
structed, one can write down immediately the ex-
tension of the energy formula (1) to include both
fermionic and bosonic spectra, so that

E(N, (o„o„o,), (~„v,), vz, J, M)

= —-'A [o,(o, + 4) +o,(o, + 2) + o,']

+ —,
' B[~,(~, +3) + v, (~, +1)]+ C J(J + 1). (7)

Here o,(o, + 4) + o, (o, +2) +o,' is the eigenvalue
of the quadratic Casimir operator of Spin(6),
7', (w, + 3) +v, (v, +1) is that of Spin(5), and J(J+1)
is that of Spin(3) = SU(2). This formula reduces
to (1) when o, =o, =0, 7, =0, and J =L. The cor-
responding odd and even spectra are shown in
Figs. 1 and 2.

A remarkable feature of the observed spectra

for odd representations.
(c) A quantum number v~ which takes into ac-

count the fact that the step from Spin(5) to Spin(3)
is not fully reducible (v~=0, 1, 2, . . . for even
representations and &~ =0, 2, 1, 2, . . . for odd
representations).

(d) The angular momentum J and its z compo-
nent M. The values of J contained in each (v„
v,) representation are given by the rules of Ref. 4
for even representations, and by

J=[2(1 ~
—1 ~) —6pg+ p]q

[2(i, —~,) —6v~+ —.'], . ..,
{(r,—r,) —3vg —g[1 —(-1)'"&]+9(6)

for odd representations. Hule (6) gives the fol-
lowing angular momentum content in the lowest
repreSentationS:
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FlG. 1. Typical odd spectrum in the supersymmetric situation described by Eq. (7) (X = 3). The energy levels
are given by Eq. (7) with 4A ~ 80 keV, yB ~ 60 keV, and C = 10 keV. The ground state is taken as zero of the energy.
The numbers in parentheses next to each level denote the Spin(5) qI~~~tum numbers (vg T2) The numbers on the
top of the figure denote the Spin(6) quantum numbers (0&, 02 = 03). The lines connecting the levels denote large
electromagnetic (E2) transitions.
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FIG. 2. Same as for Fig. 1: typical even spectrum.

in the region of the platinum nuclei is that they
display the supersymmetrie structure of Figs. 1
and 2. In this region the even nuclei are well
described by an O(6) symmetry 3 The odd-proton
nuclei have, among other states, a well devel-
oped structure built on the d», level. This struc-
ture appears to be intimately related to that of
the adjacent even nucleus, as shown in Fig. 3 for
the pair of nuclei, ",',Pt», (even states) and ",,'Ir»,

(odd states). Not only the observed states can be
classified in terms of the group chain Spin(6)
2 Spin(5) 3 Spin(3), but also their energy can be
reasonably well reproduced by Eq. (7). In the
figure, only the observed states belonging to the
lowest representations (o, = N, o, = o, = 0) and

(o, = N +2, ~, = o, = &) are shown. Both in the case
of the even and the odd nucleus, there is some
additional evidence for the occurrence of higher
representations (v, = N —2, and a, = o, = 0 in the

j. 1 ~even spectra ando, =N-2, ando, =o, =2 in the
odd spectra). However, this evidence is not con-
clusive and further experimental studies are
needed in order to establish firmly the occurrence
of these states.

In conclusion, I have suggested that the spectra
of complex nuclei may provide examples of super-
symmetric structures and I have shown one of
these examples. This suggestion may have sev-
eral implications. From the formal point of view,
one may investigate the relationship between the
supersymmetric structures described here and
graded Lie algebras. ' In particular, one could
study the imbedding of Spin(6) into a graded
group. An obvious candidate for the graded group
is U(6 I 4) with Bose sector U(6) S U(4)." From
the practical point of view, the presence of the
supersymmetry will give rise to closed expres-
sions for electromagnetic transition rates, trans-
fer reaction intensities, etc. , much in the same
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FIG. 8. An exainple of supersymmetric structures in heavy nuclei: the experimental spectra of 978~j f4 (even
spectrum, Ref. 8) and 77Irff4 (odd spectrum, Ref. 9). The lines connecting the levels denote observed electro-
magnetic transitions (E2 and M1).

way as for an ordinary symmetry. However,
these will involve now both even and odd spectra.
Finally, one may note that the supersymmetry
situation discussed here may be a consequence
of the composite structure of the bosonic varia-
bles, which, at the microscopic level, are de-
scribed by nucleon pairs. "'"
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