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Two sum rules for order-parameter susceptibilities are derived for the classical
theory of the three-phase region near a tricritical point in ordinary liquid mixtures.
The classical theory can also be fitted in a quantitative way to the composition data of
L~~~ and Widom near the tricritical point in the mixture ethanol+ benzene+ water
+ ammonium sulfate.

In principle, it should be possible to obtain a
wealth of information about tricritical points
by carrying out experiments on ordinary liquid
mixtures. Variations in composition, tempera-
ture, and pressure permit one to alter thermo-
dynamic parameters whose counterparts at a
typical symmetry-breaking tricritical point (such
as in FeCl, or 'He-'He mixtures) are not under
experimental control. However, in practice it is
difficult to interpret experimental data for ordi-
nary mixtures near tricritical points precisely
because of the large number of thermodynamic
degrees of freedom: Four variables must be
adjusted to achieve the tricritical state, in place
of the two which suffice for a symmetry-breaking
system, and phase diagrams should, ideally, be
drawn in four dimensions t Thus the task of
understanding such experiments can be greatly
assisted by the development of quantitative theo-
retical and phenomenological descriptions which
can be compared with, or applied to, the labora-
tory data.

In this Letter we report two results which
should be quite useful in interpreting experimen-
tal data in the region of three-phase coexistence
near a tricritical point. The first is a pair of

sum rules for the order-parameter susceptibility.
Experimental tests of these sum rules are re-
ported in an accompanying Letter. ' The second
is a practical method of choosing parameters
in a thermodynamic model to fit data on composi-
tions of three coexisting phases in a four-compo-
nent mixture. We have applied it to the data of
Lang and Widom' for the mixture ethanol+benzene
+water+ammonium sulfate, and the results near
the tricritical point are very encouraging.

Both results are based on the classical theory4
of tricritical points and thus do not include non-
classical effects such as the expected logarithmic
corrections to scaling. " Thus far there has
been no clear-cut experimental evidence of non-
classical tricritical effects in ordinary mixtures.
Of course, one way of looking for such effects
is to find where the predictions reported here
break down.

In the classical theory the stable thermodynam-
ic state is given by that value of an order param-
eter g which minimizes a free energy 4 which
we assume is a polynomial of the form
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We choose a, = 1, so that for three coexisting
phases 4 has the form

4 =(g —y )'(P y—)'( j —g )'+const,

where

(2)

perature (in degrees Kelvin). Next we suppose
that the weight fraction x; of the ith component
in the mixture has the form

3

x, =b„+ Q b;„g',

(3)

a. = 2(k.ks+ y.0y+ 4s0y) . (5)

Let us define the susceptibility X in phase n by

X„'= [d'4'/dt's" ]t, y
——2(g —$8)'(p„—4 &)', (6)

are the values of y in phases e, P, and y, re
spectively. If the origin for g is chosen so that'

(4)

it follows that

= 120'+ g, pa= 120' —g, yy—- g, , (12)

where the b, , are smooth functions of T.
For a fixed t &0 there is a one-parameter

family of regions of three-phase coexistence. (It
may be visualized as a stack of triangles in the
space of compositions. ') We can label each mem-
ber of this family (i.e., each three-phase triangle)
with a parameter L9 in the range 0 &0&60'. The
order parameter yq in phase 6 [6= o. or P or y]
is given by inserting

and similarly y8 and gz. The first sum rute

1/2 1/2 1/2 0—X8

in the formula

j,/( t )'~' = co—s y& . (13)

is a consequence of (6) and its analogs for the
other phases, where (3) should be noted when

square roots are taken. The second sum rule

3a /~2 (8)

comes from combining (4), (5), and (6) and its
analogs. Various other results, such as

X +Xs +X& =9a&/2

can be obtained by combining (7) and (8).
The sum rules are of practical interest be-

cause (7) should hold throughout the three-phase
region, and the right-hand side of (8) depends
only on temperature if we make the identification
in (10) below. Thus certain combinations of quan-
tities in the three phases should be independent
of the compositions of the individual phases, and
this is an advantage because these compositions
are difficult to measure.

Lang and Widom' have carried out careful
measurements of the compositions of a number
of cases of three coexisting phases in the mixture
water + ethanol+ benzene+ ammonium sulfate. We
shall show how such information can be com-
bined with (1) in order to produce a thermody-
namic model which can make predictions of
properties throughout the three-phase region
near the tricritical point. The basic problem is
to find the relationship between the a, , y, and
quantities observed experimentally.

First we let a4 be a measure of temperature':

a, = —,'t=3/2(T/T, —1), (10)

where T is the sample and T, the tricritical tem-

were adjusted to produce a least-squares fit to
the data points. The values of 8 were then read-
justed to improve the fit, etc. By this technique
we were able to fit the Lang and Widom weight
fractions with typical deviations of +0.004 for the
liquids and +0.001 for the salt at 44.91 and
48.04'C, and +0.02 for the liquids and +0.003 for
the salt at 20.9 and 21.0'C.

Next we carried out an interpolation for the
Lang and Widom measurements above 44'C with
use of the functional form [see (11), (13), and
(14)]

( t)J/2b

b;, =b;,, +( t)b;, , — (15)

In seeking a,n optimal form for the coefficients,
we treated T, as an adjustable parameter. While
any value between 49.0 and 49.3'C gave accept-
able results, the values of the 6,,„ in Table I are

One can check that this representation' is con-
sistent with (4), (5), and (10), and that 8=0' and
60' are the n-P and /3-y critical end points.

To determine the b, , in (11), we used the follow-
ing procedure. At a fixed temperature we as-
signed a preliminary value of 0 to each three-
phase triangle whose compositions had been meas-
ured by Lang and Widom, in such a way that for
each component the points x,. (y), as determined
by (12), lay close to a, smooth curve in the inter-
val 0'& cp &180'. The coefficients d, , in

3

x,(y) =d,, + P d, , (cosy)' (14)
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TABLE I. Coefficients 6;,q determined from experi-
mental data.

i =1
(salt)

i =2
(water)

i=3 i=4
(ethanol) (benzene) R

(0, 0)
(1,'0)
(2'. 0)

(3, 0)
(0, 1)
(1'.1)
(2 1)
(3', 1)

0.0166
0.3264
2.324

11.52
-0.1752
-2.784
23.54

-118

0.3542
2.290
0.634

47.01
-0.2159
-2.214
19.86

-4783

0.4562
-0.4373

-12.224
-9.54
0.5146

-1.174
167.0
967

0.1730
-2.179
9.266

-48.98
-0.1235

6.173
-210.4
3934 I.O 20 40' 60

based on

v=(P, v,. )(i —Q c,.„x„x„), (18)

where V, is the volume occupied at the same tem-
perature by an amount of pure component i equal
to that in 1 g of the phase of interest. The coeffi-
cients c,~ for the pairs ammonium-sulfate-water,
water-ethanol, and ethanol-benzene were set
equal to 0.07, 0.1, and 0.007, respectively; these
values were obtained from published data on the
volume of mixing in the corresponding bins~
mixtures. The other c„were set equal to zero.
This is a crude approximation whose main justifi-
cation lies in the fact that employing these non-
zero c,~ in (18) did not produce very large chang-
es in the value of R~ in (19) below (see Fig. 1)
but did give values for the index of refraction in

T, = 49.1'C.
This is somewhat higher than the Lang and Widom
estimate of 48.9+0.1'C, and the 5'pp in Table I,
which are our estimates for the tricritical com-
positions, also differ slightly from those of Lang
and Widom.

The results just described have been used for
various calculations. One of considerable inter-
est in connection @faith the accompanying Letter'
was a calculation of the derivative de/dg which
enters the formula

I~(de/dy)'y

for the intensity of light scattered at zero angle
near the tricritical point. The value of the dielec-
tric constant e can be obtained from the Clausius-
Mossotti formula if the density as well as the
composition of a phase is known. Since the densi-
ties were not measured by Lang and Widom, we
estimated them as follows. We assumed that the
volume occupied by 1 g is given by

FIG. 1. Calculated Rl as a function of 0 at 47.55 C.
The lower curve is calculated without volume of mix-
ing corrections, and the upper curve includes these
corrections.

better agreement with experiment.
From the Clausius-Mossotti formula, with use

of polarizabilities as determined from optical
measurements on the pure components (and solu-
tions of ammonium sulfate in water) near the

temperatures of interest, we calculated e as a
function of the mass fractions at a fixed tempera-
ture, and then de/dg with the dependence of these
mass fractions on g given by (11). Then with the
help of (17) we calculated

~, =(&..&,)/&, (20)

significantly larger than 1 can be carried out by
assuming that the correlation length $ is propor-
tional to (gy)'/', where

g = gp+ gzk+8'2k (21)

is a g-dependent coefficient of the (+)' term in
a Landau-Ginzburg theory. By making g, suffi-
ciently large it is possible to produce values of
R &

as large as those found experimentally. How-
ever, as there is no independent basis for deter-
mining the g, , and as the maximum value of R&

(I 1/2 + I I/2) /I 1/2 (19)

as a function of 0; the results at &= 47.55'C are
shown in Fig. 1. Note that R, has a smooth maxi-
mum near 0=30'at a value, 1.18, which is not
too different from experiments' carried out at
this temperature. However, the maximum value
of &, decreases linearly to 1 as

~
t

~
goes to zero

near the tricritical point, a result not confirmed
by experiment.

A corresponding "classical" attempt to explain
why experiments' give a value of
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at a given temperature is predicted to decrease
to 1 as

~
t

~
goes to zero, a result not supported

by experiments, one must view this explanation
with some skepticism.

Once the model parameters have been fixed, as
in Table I, it is possible to run "computer experi-
ments" on samples of fixed compositions, similar
to those used in the light-scattering experiments,
and to predict meniscus heights and relative scat-
tering intensities as a function of temperature.
We found that by choosing compositions close to
those reported for the experiments we could ob-
tain reasonable agreement for meniscus heights
and somewhat worse agreement for intensities in
the three-phase region, but that the model was
not nearly as good in the two-phase regions ad-
joining the three-phase region. Details of these
calculations will be published separately.

We are grateful to Dr. Goldburg, Dr. Kim, Dr.
Levelt Sengers, Dr. Esfandiari, and Dr. Wu for
providing us with their experimental data before

publication (Ref. 2). Dr. Levelt Sengers gave us
major assistance in the calculation of de/d(.
Qur research was supported by the National Sci-
ence Foundation through Grant Nos. DMR 76-
23071 and DMR 78-20394.
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Measurements of light-scattering intensity and correlation lengths in all three co-
existing phases in the mixtur~eater + benzene + ethanol + ammonium sulfate are
reported for temperatures near the tricritical point. A comparison with two sum rules
predicted by a classical theory shows fairly good agreement in one case and significant
deviations in the other. Possible explanations of the latter are discussed.

Tricritical points are the only multicritical
points which have thus far been observed in ordi-
nary liquid mixtures. ' ' Light scattering is a
useful probe for studying tricritical points, and
in the case of ordinary mixtures it provides di-
rect information about fluctuations in the princi-
pal order parameter. The interpretation of pre-
vious studies' ' of intensity and linewidth has
been hindered, however, by the fact that these
quantities depend not only on the temperature,
but also, in a fairly complicated way, on the

precise composition of the liquid sample, a vari-
able which is not easy to measure or to control.

In this Letter we report measurements of in-
tensity and correlation length in each of three co-
existing phases near the tricritical point in the
system' ' water + ethanol +benzene + ammonium
sulfate, and analyze the data with use of two sum
rules predicted by the classical theory' of tri-
critical points and derived in the accompanying
Letter. ' These rules predict that, independent
of composition, certain functions of measured
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