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A spherical-model calculation of the spin-density-wave fluctuations in copper nucle-
ar spins is presented. The results are compared with an experiment where copper
nuclear spins have been cooled to below 0.1 pK. The agreement, with no adjustable
parameters, is found to be satisfactory for spin susceptibility, entropy, and internal
energy. A considerable depression of the transition temperature from its mean-field
value, in Qualitative agreement with the experiments, is also found.

The thermodynamic properties of nuclear spins
cooled to temperatures of the order of tenths of a
microkelvin become interesting for bvo reasons. '
On the one hand, the spin-spin interaction energy
becomes comparable to temperature and one
might expect the nuclear spins to undergo a phase
transition into an ordered state. Such a condensed
state would be the lowest-energy many-body
state reached so far. On the other hand, since
the interaction between nuclear spins is known,
one expects their thermodynamic properties to
be predictable. In other words, these systems
become "ideal systems" on which theoretical
techniques can be examined for thier quantitative
accuracy.

Copper nuclear spins interact via the magnetic
dipole-dipole interaction and via the conduction-
electron- mediated Ruderman- Kittel (RK)' ex-.

change interaction. Whereas the former interac-
tion is overall ferromagnetic, the latter is oscil-
latory and in copper, overall antiferromagnetic.
The resulting ground-state spin arrangement has
been studied by Kjalman and Krukijarvi' for
varying strength of the exchange interaction.
For the strength appropriate for copper, they
find a spin-density wave (SDW) state. This paper
is an account of the thermodynamic effects of the
SDW fluctuations. We calculate the susceptibility,
the entropy, and the internal energy of the cop-
per nuclear spins. We also discuss the depres-
sion of the transition temperature caused by the
same fluctuations. The calculations have been
done within the spherical model which is known
to be exact for a large coordination number' or a
large number of the components of the order pa-
rameter. ' Copper nuclear spins interact with
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long-range forces (practically infinite coordina. -
tion number) and are expected to condense into
an n = 4 state. ' To our knowledge, this calcula-
tion is the first test of the spherical model on a
real system.

The experimental results were obtained by Ehn-
holm et al. ' In their double nuclear-demagneti-
zation cryostat, copper nuclear spins were cooled
to a temperature of about 0.10 p, K. No transi-
tion was seen. However, large fluctuation ef-
fects were observed. The magnetic susceptibili-
ty follows a Curie-gneiss-Neel form down to 0.25
j(LK. At lower temperatures it begins to saturate.
The high-temperature behavior yields a Curie-
Weiss 6 of 0.15 p, K, which is somewhat smaller
than the value of about 0.24 p. K deduced from
NMR measurements. ' The nuclear-spin entropy
decreases by 40% over a temperature range 0.1
1.0 p, K. The internal energy of the system de-
creases even more rapidly over the same tem-
perature range. In this paper, we present an ex-
planation of these results in terms of SDW fluctu-
ations.

The Hamiltonian we use consists of the Zeeman
term and the two interactions between nuclear
spins; the magnetic dipole-dipole and the BK ex-
change interactions. The space dependence of the
latter has been taken to be of the free-electron
form and its strength in copper has been taken
from the measurements of Ekstrom et al. ' The
numbers are different only by small amounts
from the earlier measurements of Andrew, Caro-
lan, and Bandall. ' In the units of the gyromagnet-
ic ratio@@=1,

where

Gp 1 + 2$FZ 2/Fr~~ Ops
1

2r;-'

3(r,,)„(r,,)v

f(x) = cosx —sinx/x, (3)

r„=r, -r;, and kF in the Fermi wave vector.
The Greek subscripts refer to the spin compo-
nents, the index i runs over the lattice vector r, ,
and H is the external field. In the spherical mod-
el, the partition function Z= fD[8] exp( II/kBT) is-
calculated by inserting, as a delta function, the
requirement+, s, '=NS(8+1). The measur. e of
the functional integral D(S] is usually taken to be
the 3N-dimensional unit volume. Strictly speak-

ing it should be fixed in such a way as to give
the correct high-temperature (free-spins) limit
of the entropy. After going through these, and

other manipulations, the final results can be
written"' for the free energy E (in zero magnet-
ic field), the internal energy E, the entropy S,
and the susceptibility X (P = 1/kBT):

—PE =ln(28+1)+PS(8+1)(t, —t,")-I,
PZ = .'[1—t-,/t, "],
8 = k B[ln(28 + 1) —I],
X

' = 2[t,l - ~(q = 0)],

(4)

(5)

(6)

where A.," are the 3N eigenvalues of the matrix
In real space, the matrix can be diagonal-

ized by Fourier transformation. In spin space,
the diagonalization has to be carried out explicit-
ly. The temperature-dependent function t, is a
solution of the equation

In the high-temperature limit t, » max(A. ,") it be-
comes t, = 3k, T/28( 8+1).

The eigenvalues ~," have been calculated for
512 discrete values in the first Brillouin zone us-
ing the tabulated dipolar sums of Cohen and Kef-
fer." The exchange constant, as mentioned earli-
er, has been taken from the measurements of Ek-
strom et al. ' The calculations involve no adjusta-
ble parameters.

In Fig. (1) we show the results for the tempera-
ture dependence of the magnetic susceptibility X.
The fluctuations affect X via the Curie constant
which can be studied separately by subtracting
the zero-temperature intercept of y

' vs T and

comparing it with the theoretical results for t,.
The calculations clearly show the low-tempera-
ture curvature in X

' caused by fluctuations. In
spherical-model calculations, the presence of a
phase transition is indicated by saturation of t,
at the largest eigenvalue [T approaches T, in
Eq. (9) when t, =X,„]. In our calculations, per-
haps because of the finite grid of points used in
the evaluation of the k-space integrals, t, ap-
proaches ~ „only at T =0. However, the tem-
perature dependence consists of three distinct re-
gions. At high temperatures &f,/& T approahces
a constant value, the inverse of the Curie con-
stant. It decreases rapidly near a characteris-
tic temperature but does not reach zero; rather
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FIG. 1. The magnetic susceptibility of copper nucle-
ar spins [the function to(T), see Eq. (7)l. Circles,
experimental data from Ref. 7. Solid line, spherical
model.

FIG. 2. The entropy vs temperature diagram of
the copper nuclear spins. Circles, data from Ref. 7.
Solid line, spherical model.

the actual decrease happens smoothly. If the
last slow decrease is a result of numerical un-
certainties, we can extrapolate the intermediate
&t,/&T to zero yielding a measure of T,. Other
less precise measures of T, yield the same val-
ue. We have determined T, for different values
of J. The resulting dependence on J roughly
amounts to a constant shift of 0.135 pK from the
mean field T, leading to a T, of 0.1 JILK for cop-
per nuclei (2k ~J = 2.8). While the lowest tempera-
tures reached so far are a little lower than this
value, the experiments cannot rule out the possi-
bility of a phase transition at these temperatures.
The estimated T, at J= 0 is found to be 0.045 p, K."
It decreases with increasing t until 2k~ J= 1 (T,
=0.01 pK) and then begins to increase rapidly.

The T,(J) dependence can be further studied in
terms of the fluctuation density of states N(X)
where

pS(S+ 1)= 2 Jdk[N(X)/to —A.];
N(~) = (I/N)Q S(~ —~,&). (10)

ap

The transition temperature p, is determined by
t, =X,~ This requires" the N(X) to approach
&~„as (& —~~„) with 5 &0. Within the accuracy
of our calculations, this condition is satisfied.
However, if the system chose a different ground
state, the result would not appear in the spheri-
cal model. The eigenvalues (or the eigenfunc-
tions) that determine the ground-state spin con-
figuration are the same as those used in mean-
field calculations. For each value of J, we have
the same ground state as the one obtained in Ref.
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FIG. 3. The entropy vs energy diagram of the cop-
per nuclear spins. Circles, calculated from the data
of Ref. 7. Solid line, spherical model.

3, on).y T, has changed.
In Fig. 2, we display the temperature depen-

dence of the nuclear spin entropy. Again the role
of fluctuations in reducing the spin entropy is
brought out semiquantitatively by the calculations.
Finally, in Fig. 3, we show a third measure of
the temperature dependence of this calculation
the internal energy as a function of entropy. The
results differ widely from the mean-field theory
and are in much better agreement with the exper-
iments.

For temperatures below T,=0.10 p. K, the cal-
culations have to be done differently because of
the presence of the ordered spin state. In the dis-
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ordered state, in the absence of any adjustable
parameters, the agreement is satisfactory.
There are small quantitative differences for T
& 0.15 p. K. The experimental susceptibility
while following the predicted saturation, appears
a little higher. The spin entropy apparently set-
tles into a (lnT)-type temperature dependence.
Another possible source of fluctuations is the
presence of the two isotopes "Cu and "Cu (abun-
dance ratio of 7:3) with different gyromagnetic
ratios (difference of -7/o). In a cubic lattice,
the dipolar field is zero only for a uniform en-
vironment. The spatially isotope distribution cor-
responds to a random magnetic field. We plan to
study this effect later in some detail. "

In conclusion, metallic copper nuclei, at low
temperatures, become the first example of the
nuclear spin-density waves.
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To measure 0-Al separation at Al(100) surfaces disordered (low-energy electron-
diffraction beams extinguished) by reaction with oxygen, the extended appearance-po-
tential fine structure was analyzed above the threshold for electron-bombardment ex-
citation of the 0 j.s core. Calculation shows that the outgoing electron has angular mo-
mentum l =0, allowing simple Fourier inversion of the fine structure. The separation,
1.98+0.05 A, suggests that oxygen lies under the top layer, a result undetectable in
extended-x-ray-absorption fine-structure measurements on thicker films.

The reaction of a (100) single-crystal alumi-
num surface with oxygen suppresses completely
the low-energy electron-diffraction (LEED) pat-
tern, once oxygen coverages exceed rougMy a
monolayer. ' This loss of long-range order ren-

ders techniques such as LEED and ion backscat-
tering incapable, even in principle, of determin-
ing the oxygen-metal distance. In a recent paper,
however, Stohr, Denley, and Perfetti' demon-
strated that surface extended x-ray absorption
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