
VOLUME 44, NUMBER 7 PHYSICAL REVIEW LETTERS 18 FEBRUARY 1980

well-defined gaps 6, &4,~&h» &b.». In the mod-
el N exhibits small decreases between thresh-
olds; we have experimentally observed a slight
increase (- 5 peV) in h, a above the first threshold.
Io dif fers from I, by a phonon-trapping factor;
this is consistent with the observed differences
in threshold currents between samples with and
without photoresist coatings. The absence of
third- and fourth-gap states for injection at the
gap edge in our experiments (as well as in Refs.
4 and 5) is also consistent with the model; the
larger A& which occurs in this case increases
I,z, making observation of the third-gap state
more difficult. Using the model and experimen-
tal data, we estimate the effective width of the
boundary between regions to be - 1 pm. The the-
ory of Scalapino and Huberman" indicates a
length scale for the spatial inhomogeneity in Al

of about 30 pm, much larger than the boundary
width, consistent with our assumption of uniform
quasiparticle concentrations within regions. The
boundary width is proportional to the phonon-
trapping factor, consistent with the observed
greater smearing of the gap structure in photo-
resist-coated samples.

The general agreement between the predictions
of this model and our experimental observations
supports our conclusion that we have observed an
intrinsic quasiparticle diffusion instability to-
ward a spatially inhomogeneous nonequilibriun
superconducting state.
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The influence of the electron-phonon interaction on electron-electron scattering in simple
metals has been described within the framework of Landau Fermi-liquid theory. The pre-
dicted electron-electron scattering contribution to the low-temperature resistivity of Al is
enhanced by a factor of -20 by the electron-phonon interaction and is in excellent agree-
ment with recent experiments.

The behavior of the ideal resistivity of Al at low
temperatures has been the object of controversy
for nearly a decade. Recently van Kempen and
co-workers' ' have found that below 2 K p, (T)

has a T' component which they interpreted as
being due to electron-electron scattering, i.e. ,

p, (T) =p„(T}=AT', w. here A = 2.8 x 10 "0 mK '.
This result is qualitatively in accord with earlier

489



Vor.vME 44, NvMaER 7 PHYSICAL REVIEW LETTERS 18 FEBRvARv 1980

work by Garland and Bowers4 and Kaveh and
Wiser' but is at odds with the only published theo-
retical value, 6=0.12X10 "0 mK ', due to
Lawrence and Wilkins. ' Moreover, as has re-
cently been pointed out, it is at first sight incon-
sistent with the absence of electron-electron scat-
tering in the high-T Lorenz function of Al. In
this Letter it will be shown that the phonon-me-
diated contribution to e-e scattering which may
be neglected only above the Debye temperature'
but A'as been neglected in previous theory, dom-
inates at low temperatures in Al. The theoretical
treatment combines previous work on the Landau
Fermi-liquid theory for transport phenomena in
simple metals' "with the s-p approximation
introduced by Dy and Pethick" for the case of
'He.

According to Lawrence and Wilkins, ' the elec-
tron-electron scattering contribution to the elec-
trical resistivity of a simple metal in the im-
purity-dominated regime is given by

p„=2~'m*6./k F'e'~, ,

where

m*'(k gr)' ~(&, p)
8w'k' cos 8/2

u)(e, p) =-,'(ui)(e, y)+-,'u) ti(6, p),

a tt(g, y) and cu i~(9, y) are the transition prob-

abilities for parallel- and opposite-spin scatter-
ing, respectively, and ( ~ ~ ~) denotes an average
over solid angle. The parameter 6 appearing
in Eq. (1) is a measure of the umklapp fraction
for electron-electron scattering and can be esti-
mated from pseudopotential theory (see Ref. 6).
The determination of T„which is proportional
to the lifetime of a quasiparticle at the Fermi
surface, poses the main challenge in evaluating

p„. In Eq. (2) the angle 8 represents the angle
between the initial momenta of the two quasipar-
ticles in an electron-electron scattering event
while y represents the angle through which the
relative momentum of these two quasiparticles
is subsequently scattered. Equations (1)-(3)
assume that the scattering amplitude is nearly
independent of energy for energy transfers up to
-4'BT. Because of the phonon-mediated contribu-
tion, the electron-electron scattering amplitude
will have significant energy dependence on a
scale of -k~6n. For this reason Eqs. (1)—(3)
are valid only in the limit T «6D and this re-
striction will be implicit in the following discus-
sion. For GD«T«TF only the Coulomb part of
the scattering amplitude will contribute signifi-
cantly to the resistivity and so Eqs. (1)—(3) again
apply but with the understanding that electron-
phonon interaction effects are not to be included
in calculating the transition probabilities.

The transition probabilities in Eq. (3) are re-
lated to the four-point scattering function, 'I',
by"

~ i.,(&, q) =(2~/) )I&'(k F)'I'(p, ~, p.~.;p, +q~, p. —qc.)l', (4)

where p, and p, are the momenta of the incoming quasiparticles, q is the momentum transfer for the
scattering event, and the implicit energy arguments are to be evaluated at the Fermi energy.

My approximation for u(9, qr) is based on the forward-scattering limit (q= 0= y) of 'I. In this limit"

2 2 k Z
PPl F

where g(p, &, p, v, ) is the scattering limit of the Landau interaction function, Z is the ionic charge, M
is the ionic mass, rn is the quasiparticle mass, and @~and V), are, respectively, the polarization
vector and velocity for a phonon at long wavelength. The notation of Pines and Nozieres" js used for
the Landau parameters. The second term in Eq. (5) is the forward-scattering limit of the long-range
repulsive Coulomb interaction while the last term describes the long-range attractive interaction
caused by induced variations in the ion density. " The average in the last term of Eq. (5) is over direc-
tions of phonon propagation and is necessary in order to remove the crystal anisotropy, as reflected
by the phonon dispersion, from the theory. The Landau intera. ction function can be expanded in terms
of Landau parameters in the usual way as
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where the 0, =+ 1 for 0, = & and o, = -1 for 0, = &.

Since the last term in Eq. (6) is readily calcu-
lated from experimental elastic constants, it fol-
lows that, in the forward-scattering limit, the
scattering function on the Fermi surface may be
expressed in terms of the system's Landau pa-
rameters and known quantities.

For convenience, I introduce the scattering
amplitude A(8, 9)) defined by

~ i.(6, q) = (»/@)!A ).(6, y) I'.

Equations (5) and (6) specify A(8, @=0). To ob-
tain the general A(8, y) I follow Dy and Pethick"
in noting that if only s and p waves contribute to
the q dependence of the scattering, the scattering
amplitudes are completely specified by their

= 0 values,

At~(6, y) =A~~(8, @=0)cosy,

A ()(6, (V) =A ))(6, 0= 0)

—A
~ i( 6, y = 0)sin'( i()/2) .

(8)

This s-p approximation proved to be useful in its
original applications to 'He and has recently been
applied successfully to calculate transport prop-
erties of simple metals in a temperature range
unaffected by the electron-phonon interaction. '
Since the scattering amplitude should be less q
dependent for the shorter-ranged phonon-mediated
electron-electron interaction than for the Cou-
lomb interaction, the s-p approximation may be
expected to be equally accurate in the present
ease.

The Landau interaction function in the presence
of both electron-electron and electron-phonon
interactions has been discussed in detail by
Prange and Sachs. ' It follows from their analy-
sis that

F ' 11 A '

1+E,'/(2l+1) (1+X) [1+A,'/(2l+1)]+

&=~, s, (10)

1+A,'/(21+1) 1 ' 4, '/(1l+1))
to be satisfied. The parameter g, is related to X by

g, = X/(1+x).

A, ' = A, (»'(m, r, /e),

m„* = m, [1+-'.A,'(I )(m, r, /~)],

(12a.)

(12b)

where r, is the usual conduction-electron density
parameter and A, &»'(r, ) is Landau parameter of
the homogeneous electron gas with density pa-
rameter r, . The values used for mb and & are
discussed in Ref. 8. In evaluating Eq. (6) I have
truncated the sum over /' at l =1. This is justi-
fied because the higher moments of the Landau
scattering function are expected to have little
influence on properties such as the resistivity
which measure some sort of average scattering
rate. Comparing Eqs. (5) and (6) it is seen that
I'0' does not enter .the forward-scattering limit
of the scattering function while A.,' and Ao' are
available via Eqs. (12) from calculations of the
homogeneous-electron- gas quasiparticle mass
and spin susceptibility, respectively. ' A.,' is
fixed by requiring the sum rule"

where A, ' is the Landau parameter in the absence
of the electron-phonon interaction, A. is the elec-
tron-phonon mass-enhancement factor, and g, is
the Lengendre polynomial moment of the phonon-
mediated scattering function discussed, for ex-
ample, by Rice." For many simple metals, the
higher moments of g, will have considerable
anisotropy", the value to be used in Eq. (10) in
this theory is the average over the Fermi sur-
face. In any case, we will see that only the l=0
and k =1 moments which have less anisotropy
will enter the final approximation for the scatter-
ing amplitudes. Recall as well that

m *= m„*(1+Z),

where m„* is the quasiparticle mass in the ab-
sence of the electron-phonon interaction. To de-
termine m«* and A&' I approximate the simple
metal by a uniform electron gas with the electron
mass modified to mb and the electron-electron
interaction reduced by a factor c so as to account
for the crystalline effect on the kinetic energy
and the polarizability of the core electrons. This
leads to'

The values of X recommended by Grimvall" are used and g, is fixed by requiring

F s y a]+z' '+ ~ r —C' =0
1 + k /(2 I + 1)

+
1 + + / (2 I + 1
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w„/r
(10 ' m/Wl

Metal CO CO

TABLE l. Electron-electron scattering contributions to the electrical and thermal resistiv-
ities of simple metals. p«was calculated from Eq. (1) and +« from a similar formula given

in Ref. 6. The columns labeled Co and P~ correspond, respectively, to neglecting and includ-

ing the phonon-mediated contribution to the scattering amplitudes.

(10 5 QmK ) L„/Z, ,
CO yM ~13

Al
Pb
Cu

Ag
Au

0.29
0.37
2.2
2.3
2.9

7.1
26
2.4
2.1
3.8

0.18
0.27
2.0
2.0
2.5

4.1
16
1.9
1.7
3.0

0.25
0.30
0.37
0.36
0.35

0.24
0.25
0.32
0.33
0.32

3.98
4.27
0.22
0.25
0.15

0 4
0.4
0.55
0.55
0.55

These values were calculated using the low-temperature elastic constants given by Kittel
(Ref. 19) .

For Al, A was taken from Ref. 6 while for the noble metals the chosen value is the average
of the estimates of Lawrence (Ref. 20) and Black (Ref. 21). The estimate for Pb was obtained

by combining the formulas of Ref. 6 and a Heine-Abarenkov pseudopotential (Ref. 22).

where

(16)

The sum rules, Egs. (13) and (15), reflect the
requirement that the parallel-spin scattering
amplitude be zero when O=p =0 both with and
without the electron-phonon interaction.

In Table I the value for the coefficient of T'
in the low-temperature resistivity of Al predict-
ed by the above approach is listed together with
the value which would be predicted if the elec-
tron-phonon interaction were not included in the
analysis. For the purpose of comparison the
corresponding thermal resistivity of Al, W„, as
well as thermal and electrical resistivities for
several other cubic simple metals have been in-
cluded. From Table I, we see that p„ in Al is
enhanced by a factor of - 20 at low temperatures
because of the electron-phonon interaction. Of
this a factor of - 2 may be ascribed to the elec-
tron-phonon enhancement of the quasiparticle
mass which enters p«as m~'. The remaining
factor of -10 reflects the fact that the attractive
phonon-mediated electron-electron interaction
is roughly speaking about four times stronger
than the repulsive Coulomb interaction in Al.
The numerical value for p„/T' is only 4%a

higher than the recent experimental result of
van Kempen et al. '"' Moreover, the predicted
I.«/I. o (I«/I. ,=p„/I. ,W„T) which, like p„,
is roughly proportional to d, is also - 40% larger
than the value measured by Garland et al.4 We
therefore expect that most of the error in p„ is

due to an overestimate of the value for ~.
To illustrate the expected manifestations of this

effect in other simple metals we have presented
in Table I the results for the distinctly different
cases of Pb and the noble metals. In Pb, which

has a strong electron-phonon interaction, p« is
enhanced by a factor of - 60. However, because
of the large T, /en ratio the resistivity is likely
to be dominated by electron-phonon scattering
immediately above T, and it is not likely that
the enhanced p«can be directly observed. We
expect the electron-phonon enhancement of elec-
tron-electron scattering to be most clearly ob-
servable in the superconducting simple metals
with low &, /eD ratios. In the noble metals, on
the other hand, the Coulomb repulsion is strong-
er than the attractive phonon-mediated interac-
tion so that the total effective interaction is weak-
ened. The competition between this reduction
factor and the mass-enhancement factor leads to
largely unchanged values for p„. This prediction
is consistent with the comparison of high-temper-
ature Lorenz function and low-temperature resis-
tivity data in the noble metals. " The tempera-
ture dependence of the effects discussed here
will be treated in a future publication. "
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A spherical-model calculation of the spin-density-wave fluctuations in copper nucle-
ar spins is presented. The results are compared with an experiment where copper
nuclear spins have been cooled to below 0.1 pK. The agreement, with no adjustable
parameters, is found to be satisfactory for spin susceptibility, entropy, and internal
energy. A considerable depression of the transition temperature from its mean-field
value, in Qualitative agreement with the experiments, is also found.

The thermodynamic properties of nuclear spins
cooled to temperatures of the order of tenths of a
microkelvin become interesting for bvo reasons. '
On the one hand, the spin-spin interaction energy
becomes comparable to temperature and one
might expect the nuclear spins to undergo a phase
transition into an ordered state. Such a condensed
state would be the lowest-energy many-body
state reached so far. On the other hand, since
the interaction between nuclear spins is known,
one expects their thermodynamic properties to
be predictable. In other words, these systems
become "ideal systems" on which theoretical
techniques can be examined for thier quantitative
accuracy.

Copper nuclear spins interact via the magnetic
dipole-dipole interaction and via the conduction-
electron- mediated Ruderman- Kittel (RK)' ex-.

change interaction. Whereas the former interac-
tion is overall ferromagnetic, the latter is oscil-
latory and in copper, overall antiferromagnetic.
The resulting ground-state spin arrangement has
been studied by Kjalman and Krukijarvi' for
varying strength of the exchange interaction.
For the strength appropriate for copper, they
find a spin-density wave (SDW) state. This paper
is an account of the thermodynamic effects of the
SDW fluctuations. We calculate the susceptibility,
the entropy, and the internal energy of the cop-
per nuclear spins. We also discuss the depres-
sion of the transition temperature caused by the
same fluctuations. The calculations have been
done within the spherical model which is known
to be exact for a large coordination number' or a
large number of the components of the order pa-
rameter. ' Copper nuclear spins interact with

1980 The American Physical Society 493


