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It is argued that the recent prediction of the a dependence of the coupling, g(a), of an
effective lattice gauge theory for quarkless quantum chromodynamics is confirmed by
a recent numerical evaluation of g(a) for a latticized SU(2) gauge theory, thus providing
strong evidence for the dynamical role of instantons. Additional predictions, testing
the validity of the quantum chromodynamics bag model, are presented.

In a series of papers' we have argued that in
tluarkless tluantum chromodynamics (QCD), in-
stantons, because they induce a large coupling-
constant renormalization and because their den-
sity increases rapidly with size, produce an
abrupt transition at a well-defined distance scale
from weak- to strong-coupling behavior. Re-
cently, ' with the aid of a comparison lattice gauge
theory, we were able to make this notion precise
enough to make a rough calculation of the static
tension and radius of the flux tube joining a heavy
quark pair. Unfortunately, these predictions
cannot be directly tested since the real world
contains three light quarks whose presence, we
believe, has a sizable effect on the physics of
QCD. In lieu of accelerator experiments we must
turn to computer experiments (i.e., numerical
studies of a lattice version of QCD) to test our
ideas. Creutz' has recently performed such cal-
culations for a pure SU(2) gauge theory. His
"experimental" results are in such striking agree-

ment with our "theoretical" predictions' that we
feel that they provide strong evidence for the
fundamental dynamical role of instantons in the
Physics of gauge theories (We sho.uld point out
that Kogut, Pearson, and Shigemitsu' have done
a totally different sort of QCD "experiment" —a
Pad(i extrapolation of the strong-coupling expan-
sion —whose results are also quite consistent'
with our picture. ) In this Letter we shall com-
pare theory and experiment, ' make some addi-
tional predictions, and discuss the implications
of all this for the real world [SU(3) and three
light tluarks].

In Ref. 2 we studied the behavior of g(a) ', the
coefhcient of the Wilson term [S~=Q~Tr(II~Uak),
p for platluette] in the effective lattice action
which results from integrating out all degrees
of freedom except those associated with the links
of a lattice of spacing a. Although there are
many other terms, we focus on S& since it gov-
erns the continuum limit (small a, weak coup-
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ling) as well as the behavior of large planar Wil-
son loops (large a, strong coupling). For suf-
ficiently small a, g(a) must equal g,f(a), the
perturbative asymptotic-freedom coupling con-
stant. As a increases, g(a) must be renormal-
ized above g,~(a) by nonperturbative fluctuations
whose importance increases rapidly with scale
size. We believe, for reasons laid out in Bef.
2, that for a significant range of lattice spac-
ings the net effect is a multiplicative renormal-
ization of graf g'(a) = p(a)g, ~'(a), where p(a) is
the permeability of an instanton gas whose scale-
size integration is cut off at p, -a. The instanton
gas is only meant to represent the nature of fluc-
tuations in the theory on scales less than a. It
has a chance of being accurate so long as a is
small enough that the gas is reasonably dilute.
If, within this limit, one finds a significant range
of a where g (a) exhibits the a dependence of the
strong-coupling limit, then the string tension can
be determined from the strong-coupling relation,
c = lng'(a)/a'.

In an SU(2) gauge theory, the permeability
satisfies

p = q+(r)'+1)'/',

n (a) = ;~'f, '(d—p/p)D(p) x(p),

x(p) = —", ln(1/Ap),

where D(p) is the density of instantons of scale
size p. For an isolated instanton, D,(p) C~x'
(p)e "t~l, where C~=1.66&&10' for the lattice
definition' of g'. In an instanton gas, however,
the effect of interactions with all other instan-
tons is to increase the single-instanton density
above Do(p), and we need some quantitative rep-
resentation of this effect. In Ref. 1 we showed
that in the simple approximation in which the in-
stanton sits in a cavity in a continuous medium
of high permeability (Onsager's approximation for
a dipolar medium), the e "in D, is replaced by
e "", where e depends on cavity radius and in-
stanton scale size. A physically reasonable
choice of these parameters yields e =-', and we
therefore take D(p) = Cz, x'(p)e '"

We can now evaluate g(a) and check whether
the string tension, v =lng'(a)/a', approaches a
constant for large a.' As in the case of SV(3),'
we find that once a is greater than a critical
value a, 0 is essentially constant indicating that
the instantons have produced, for a~ a, a strong-
coupling lattice theory. The value of o depends
on X =p,/a (to a very good approximation physical
lengths, e.g. , a, scale like X ', and physical en-
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ergies, e.g. , o, scale like X), and ranges from
(171A)' for X = —,

' to (249A)' for X = 1. We argued
in Bef. 2 that this is the physically sensible range
for p, . To make concrete comparisons with
Creutz, ' we will take p, in the middle of this
range, i.e., A. =~5. In Fig. 1 we showoa' as a
function of P =4/gm(a) for X = -', . This plot (the
same display used by Creutz) indicates an al-
most instantaneous transition from weak coup-
ling, c'a'=exp[- (6m'/11) (P —1.97)], to strong
coupling, oam=lng2(a) = —lnP/4, at a =0.0039A '.
(a is the point at which the extrapolated weak-
and strong-coupling curves intersect. ) The
"dilute gas" validity criterion for our model is
definitely satisfied for P 2 1, since the integrated
fraction of space-time occupied by instantons is
0.015 at P =1. For smaller P and higher density,
the dipole-gas approximation to the instanton
medium begins to fail.

Let us now summarize Creutz's results. ' Us-
ing Monte Carlo techniques, he has evaluated
Wilson loop expectation values in an SU(2) lattice
gauge theory on a 104-site periodic lattice. The
Wilson loop expectation is found for different
loop sizes and values of P =4/g'. Creutz cal-
culates the string tension, for a fixed value of

-).97)j

Ga

.0&
1.0 2.0

p=4/gz

I

5.0

FIG. l. Coupling strength vs lattice spacing squared
(in units of 0 ). The solid line is our solution, the dots
are Creutz's data, and the dashed lines are the expected
strong- and weak-coupling limits.
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P, by fitting the loop expectations to an area law
(which is quite visible for all but small coup-
ling). This determines o'a' as a function of P.
With the assumption that o is a constant, this
determines g as a function of a. For strong
coupling, i.e., small P, one necessarily finds
va' =lng'(a). The acid test of the physical rele-
vance of the lattice gauge theory, beyond its abil-
ity to produce a constant string tension, ' is the
requirement that g(a) join smoothly onto asymp-
totic-freedom behavior for weak coupling. Thus
for large P one should find [va'],g

= exp[- (6m'/ll)
&& (p —po)], where po determines the ratio of ~v

to the continuum renormalization scale parame-
ter A: (6wm/11) Po =In(&A ).

Creutz's results (the points in Fig. 1) clea~ly
show a sharp transition at P =2 from strong-coup-
ling to asymptotic-freedom behavior. His quoted
(but uncertain to within a factor of 2) value for
~o' is 200A. Creutz's transition seems even
sharper than ours, but since our couplings need
agree only in the strong- and weak-coupling lim-
its, this may not be significant. The agreement
with our predictions is encouraging and seems to
confirm the major dynamical role of instantons
in quarkless QCD. There are, of course, some
uncertainties in the "theoretical predictions"
(and to a lesser degree in the "experimental re-
sults"). The curve of va' vs P hardly changes as
X varies from ~~ to 1 (although fo scales as X).
The results are much more sensitive to our rep-
resentation of the instanton interactions: If D(p)
is replaced by Do(p) (e '"~'- e ") the value of po
changes from 2 to 1.5 and +o' decreases by a fac-
tor of 4&

What is invariant to these uncertainties is the
existence of an abrupt transition between weak-
and strong-coupling behavior in the neighborhood
of P = 2 and a string tension which is a very large
multiple of A'. Roughly speaking, the relation
between 0' and the value of g at which the transi-
tion occurs (go) is o =A'exp(24m'/ll go'): Tiny
errors in determining go are amplified into big
errors in 0. For this reason one can think of
the Monte Carlo calculation as providing a means
of fine-tuning the qualitative, but physically
transparent, instanton method.

We have argued previously' that our semiclassi-
cal treatment of QCD produces a physical flux
tube between heavy quarks. This notion was not
used in the above discussion, but it can be tested
with our (or Creutz's) evaluation of g(a). In Ref.
2 we argued that the Qux-tube radius, R, must
be less (greater) than the value of a at which one

just enters (leaves) the strong- (weak-) coupling
regime. Since the transition is very abrupt, the
uncertainty in R is small (+ 20%), and for def-
initeness we can choose R =a =0.0039A '. On the
other hand, if the QCD bag model is correct, the
string tension satisfies v =mR'E, ', where E, is
the effective field strength within the tube. By
flux conservation, E, satisfies [for SU(2)] E,
& ~R'=(3/4)'~'g(R), where g(R) is the static
quark coupling strength. The coupling appropri-
ate to a quark source in a Qux cylinder of radius
R was computed in Ref. 2 for SU(3). The cor-
responding SU(2) result is

8m'/g'(R) = —"ln [4.72/R (19.2 A)1.

Taken together these equations imply that o' R
= (3/4&)'~'g(R). This relation can be tested by
setting R=a, and using either our or Creutz's
results. We find that a' 2a/(3/4m)1™g(a) =1.02
and that to within 5%, this result is independent
of X or of our treatment of instanton interactions.
Given the intrinsic uncertainty in the determina-
tion of R this is excellent agreement, and strong
evidence for the accuracy of the ACD bag pic-
ture.

One can obtain direct evidence for the QCD
bag model by using computer experiments to ex-
plore the spatial structure of the flux tube direct-
ly. To do this one should evaluate the correla-
tion of a large planar Wilson loop, WL (thought
of as producing a flux tube) with a small, single-
plaquette, Wilson loop W(pv) (thought of as a
dipole probe that measures a lattice approxima-
tion to TrE&„2) [(pv) indicate the plaquette ori-
entation]. To explore the spatial structure of
the flux tube one should choose the large loop
as big as possible, and vary the orientation and
location of the small loop with respect to the
large loop. In order to get an adequate approx-
imation to the continuum field distribution the
lattice spacing should be small compared with
a. The expectation value of the small loop in the
presence of the large loop [taken to lie in the
(03) plane], (Wl, W(pv))/(~z, ), is proportional
to Tr E&„2. At a given point one can measure
the components of the electric field, E;, and the
magnetic field, ei»B» by using loops in the (Oi)
or (ij) planes, respectively.

In the semiclassical QCD bag model one ex-
pects to find a nonvanishing imaginary electric
field, equal to iE„ inside the flux tube. A par-
ticularly advantageous way of testing this is to
measure E =[Tr(B'- E')]' ' as a function of trans-
verse distance from the large loop. First, I'
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vanishes in the vacuum state and no subtraction
is required in the continuum limit. Second, many
fluctuations, such as uncorrelated instantons,
do not contribute to O' —E'. We expect it to
equal E,' for d=0, and to drop sharply to zero
for d&R.

Therefore, we expect that (1) for plaguettes
in the plane of the large loop, F' should equal
E„which, according to the bag-model argu-
ment, eiluals (4/3)' '0; (2) the radius of the flux
tube, R, defined as the ratio of the area under
the curve of I' versus transverse distance to
the central value of I; should equal Rb,8

= (3/
4&)' 'g(R)o '~' =0.77& '~'. These predictions
should be easy to check on the computer, are
insensitive to both the uncertainty in the value
of A and the treatment of instanton interactions,
and thus should provide strong tests of the QCD
bag model. In addition, the measurement of in-
dividual components of the field strength, TrF»',
should yield valuable information on the struc-
ture of the flux-tube surface.

Finally, we would like to comment on the sen-
sitivity of our picture of QCD to changing the
gauge group and to adding light-quark flavors.
We expect the physics to be fairly insensitive
to the gauge group: The instanton method, as
described in this paper, yields, when applied
to SU(3) rather than SU(2), virtually the same
value of o (210A) and a slightly smaller value
of the coupling at which the transition between
week and strong coupling occurs (ga- 1.5 rather
than 2). There should soon be a Monte Carlo
calculation to compare with this predlctlon. On
the other hand we do expect light quarks to have
at least one important quantitative effect: In the
absence of chiral symmetry breaking, light quarks
strongly suppress instantons. But instantons
themselves provide a mechanism for chiral-sym-
metry breaking'" and generate a dynamical quark
mass which increases rapidly with increasing dis-
tance scale and eventually "turns on" the instanton
component of vacuum fluctuations. The net ef-
fect is to inc~ease the distance scale, in units of
A ', of the weak- to strong-coupling transition
and to decxease the dimensionless string ten-
sion, 0' 'A. A rather large effect in this direc-
tion is needed in order to agree with what is

known experimentally about (7 and A. The string
tension has long been known to be about (430
MeV)', while observed scaling violations suggest
a A of 10 to 20 MeV (remember that we are using
a lattice A which is approximately 20 times small-
er than the more conventional perturbation-theory
A). Therefore o' '/A in the real world is some-
where between 20 and 40, whereas in quarkless
QCD both "theory" and "experiment"' yield a
value of about 200. It is therefore a major chal-
lenge to any proponent of QCD to explain this
fact, i.e. , that Eight quarks must produce a large
increase in the length scale of the transition from
weak to strong coupling.

At the moment we have only very rough quali-
tative information, but it seems quite possible
that including light quarks in our semiclassical
treatment will preserve the feature of a very
sharp transition between weak and strong coup-
ling while substantially increasing the length
scale of that transition. We are trying to make
this argument quantitative in order eventually to
compare our predictions with real, as opposed to
computer, experiments I This research was
supported in part by the National Science Founda-
tion under Grant No. PHYV8-01221 and in part
by the U. 8. Department of Energy under Grant
No. EY-76-02-2220.

'C. Callan, R. Dashen, and D. Gross, Phys. Rev. D
17, 2717 (1978), and 19, 1826 (1979).

C. Callan, R. Dashen, and D. Qross, Phys. Rev. D
20, 9279 (1979).

3M. Creutz, to be published.
4J. Kogut, R. Pearson, and J. Shigemitsu, Phys. Bev.

Lett. 48, 484 (1979).
5For SII(N) the string tension is given by In[iVg2(a)1/

a, for all N &2. Our instanton method works and yields
a string tension o = (200A)2 for all 2 ~%~~10.

K. Wilson, Phys. Rev. D 10, 2446 (1975).
'It is conceivable, although unlikely, that @CD con-

fines color, yet the string tension varies like a ~ (0 ~p
&1), for large a, corresponding to a confining potential
that increases as 8 . Creutz's results indicate that
pro

8D. Caldi, Phys. Bev. Lett. 39, 121 (1977); B. Carlitz,
Phys. Rev, D 17, 3225 (1978).

438


