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are quoted between 17 and 22 MeV. " The bound
exciton is 11 meV below the free exciton so that
E px lies between 28 and 33 meV. The binding en-
ergy of the hole with respect to the charged im-
purity can be extracted from Cohen and Sturge'
as 34 meV. [In the ca,se of an ideal band struc
ture, it corresponds to the term 2e ~x of Eq. (I),]
This gives, for the energy e„needed to bind the
electron, values between 1 and 6 meV. The cal-
culated energies" e„and e,„ for a hole gas and an
EHP in pure GaP are shown in Fig. 2, as well as
&A+&to„+epo1. ey, (h) is obtained by shifting this
last curve by e„.. One can then obtain the energy
e'(n) of an e-h system in the presence of impuri-
ties by interpolating between the curve e„'(n) up
to n,. and e,„(n). In Fig. 2 we have shown as an
example the curve e'(n) for r, = 1.5 (effective
Bohr radius 49 A). We have used e„=4 meV and
neglected the difference between e,„' and e,„(r,
being much larger than do). Therefore, we con-
clude that for such an impurity density, the hole
plasma is the stablest state and the phase dia-
gram is that of Fig. 1(b).
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The origin of the enhancement of the near-surface yield of backscattered projectiles
at angles close to 180' for swift light ions in solid targets is shown to be a correlation
between outgoing and incoming paths which occurs when an ion scatters by almost 180'
in one of its collisions in a solid. The theory does not invoke the crysta1 structure, or
the disturbance of the medium by the ion. Calculations agree with experiment for 1-MeV
He++ in Pt.

Recent measurements of scattering of H and He
ions in amorphous and polycrystalline materials"
have revealed a surprising enhancement of the
near-surface yield at angles close to 180'. With
the assumption of the usual proportionality of
depth to energy loss, the results indicate that the
intensity of scattered ions as a function of scat-
tering angle 0, for a fixed depth ( 700 A, has a

peak a, few tenths of a degree wide at 180 .
We will show that the effect has the following

simple explanation. In a case (such as shown
schematically in Fig. 1) where a swift light ion
scatters from a heavy atom through an angle 180-
e sufficiently close to 180 in a single collision,
the outgoing path is, by time-reversal symmetry,
nearly the same as the incoming one, ' so that the
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SURFACE

FIG. l. Ion backscattering at nearly 180'. Sche-
matic.

angle P between entry and exit paths is small, of
the order of a. On the other hand, ions which
backscatter with larger values of o have less
correlation (or none) between their incoming and

outgoing paths, and contribute intensity over a
range of angles, extending to 180'. The net ef-
fect, after summing over o, is an enhancement
at small P.

It simplifies the discussion and the calculations
to consider an equivalent problem, in which pairs
of outgoing trajectories are studied, each pair
having a common origin and speed, but with an
angle n &90' between their initial velocity vec-
tors. One such pair is illustrated schematically
in Fig. 1, where the angles between the paths,
the scattering angles, and the atomic sizes are
all exaggerated for clarity. Consider an ensem-
ble of such pairs, with intensity (number of pairs
per unit time per solid relative angle) Io(n). Let
f, (P, n) be the probability density of values of the
angle P between the final velocities (after travel-
ing a distance l) for a given a. (This probability
density is an ensemble average over positions of
atoms in the portion of the medium traversed be-
tween the origin of backscattering and the sur-
face. ) Then the intensity I, (P) of the pairs as a
function of P is given by

Ig(P) = . f" f, (P, ci)l,(a) sinn da.

Now, by time-reversal symmetry of the equa-
tions of motion, we may consider (either) one of
the paths in each of the above pairs of trajector-
ies as being an incoming path. (We are neglect-
ing energy loss and vibration. ) Therefore, if we
take I,(o) to be the number per unit time per unit
solid scattering angle of ions scattering through
the large angle 180 -o. from atoms located at
depths between / and / +d/, we may identify l, (P)

as the corresponding intensity of scattering from
the solid, at a scattering angle 180'-P from the
incident beam.

Before proceeding, we present preliminary es-
timates of the magnitude of the enhancement, and

of its angular width. Suppose the scattering angle
is effectively independent of impact parameter
for differences 4b in impact parameter up to z„
the Thomas-Fermi screening length of the atoms
of the medium, but not for b, b &r,. Then f, (p, a )
= 5(P —n) for o &a, =r,//, but the paired trajec-
tories are not as highly correlated for n &o,.
Therefore, for small angles, p&n„ l, (p) re-
ceives a contribution equaling Io [IO=IO(0) =I,(o)]
from the integration up to e, in Eq. (1), plus a
contribution, ranging from 0 at l = 0 to Ip at large
/, from a &o, For angles P&o„ I, (P)=I,. This
argument leads us to anticipate enhancements at

P = 0 ranging from zero for l =0, to 100% for
large /, with angular widths of about r,/l Al-.
though not as accurate as the theory presented
below, these estimates provide a simple guide to
the systematics of the effect.

To test the proposed mechanism, we have com-
puted scattering intensities for 1-MeV He" ions
in Pt, evaluating Eq. (1) by a Monte Carlo meth-
od. Pronko et al."went to pains to demonstrate
that the enhancement is not associated with chan-
neling or other crystal lattice effects. In the
same spirit, we wish our results to be demon-
strably free from crystal-structure effects, and

even from effects of pairwise correlation of atom-
ic positions in the medium. Therefore, the mod-
el used for Pt is a collection of atoms randomly
distributed, independently of each other, with a
uniform probability density, as in an ideal gas,
with the experimental value of the density. The
He"-Pt interaction potential is taken to be twice
the Moliere potential' for protons on Pt.

To simplify the computation, the medium was
divided into 6.25-A-thick layers parallel to the
surface, and all the atoms in a given l.ayer were
treated as though they lay in the midplane of the
layer. This was done so that changes in angle
would be computed only every 6.25 A along the
trajectories. Since the mean free path for ap-
preciable change in angle greatly exceeds 6.25 A,
this layering should not affect the results, and

this was confirmed by comparing with some in-
tensities calculated using four times the layer
thicknes s.

Intensities I, (P) were computed from Eq. (1)
with I, = 1, using a Monte Carlo method for the
integration up to a =2, and a method described
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below for the contribution from e & 2 . For the
Monte Carlo calculations, a bin method was used,
in which the range of P is divided into finite inter-
vals or bins, and each pair of trajectories is as-
signed to a bin according to its value p, of angle
between the final velocities. The intensity I, (p),
averaged over the jth interval, is approximated
by the sum, over those trajectories falling in that
interval, of n~„sinn, ./¹o, sinP, where N is the
sample size, e „is the upper limit of the Monte
Carlo integration, 2', u,. is the angular width of
the jth bin, and o, and P,. are the angles for the
ith pair of trajectories. Except where noted, the
bin widths are 0.05 for the first two bins (p
~ 0.1'), and 0.1' for the rest. The angles a, are
chosen randomly from a uniform distribution
from 0 to 2', and a different random solid is gen-
erated for each pair of trajectories. The statisti-
cal relative error (standard deviation) of the in-
tensities is approximately 0.07 for the first two
bins, and is - 0.03 for the remaining bins.

The contribution from e &o „=2 is approxi-
mated by 2P(n, „)-P(n, „)', where P(o. ,„) is
the fraction of single trajectories whose final and
initial velocities have an angle between them of
greater than o „. The derivation of this last ex-

pression assumes that (i) o. ~~/P» 1, (ii) two tra-
jectories are not correlated in their scattering if
the initial angle n between their velocities ex-
ceeds a, and (iii) P(a,„)«1. The derivation
is based on the result that, in a pair of trajec-
tories with a large a, if the trajectories become
nearly parallel, it most likely occurs by one or
the other of the trajectories bending by an angle
= o. toward the other one. Angular distributions
obtained as a by-product of the Monte Carlo cal-
culation give P(cI „).

The correlation of trajectories is illustrated in
a separate set of calculations for a single value,
0.1, of e, for 1-MeV He" from a depth of 100
A. The bins are 0.02 wide. The resulting inten-
sity is shown as the solid curve in Fig. 2. For
comparison, the dashed curve shows intensities
calculated in the same way, also for e =0.1', but
with no correlation between the scattering proc-
esses in the two trajectories of each pair. The
chosen value of o, 0.1, is somewhat greater
than the critical value a, =r,/l discussed above,
which is 0.06'.

As anticipated, we see from Fig. 2 that the in-
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FIG. 2. Calculated backscattered intensity of 1-MeV
He'+ from Pt, arising from scattering by 179.9' at a
depth of 100 A. Solid line, correlated trajectories;
dashed line, uncorr elated trajectories.
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FIG. 3. Enhancement of intensity of scattered 1-MeV
He'+ from Pt, calculated for four different depths.
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tensity at small angles is much greater than
would be the case for uncorrelated collisions.
Moreover, the intensity at P = 0 is three times
that at p =o. This extra intensity for p& cI is due

to collisional focusing of trajectories. How it oc-
curs is illustrated in Fig. 1, where, in the first
collision after leaving the origin, the path with
the smaller impact parameter is bent by a larg-
er angle than the other one, sufficiently so to
make them parallel. (This is a special case
where the focal length for the collision equals
the distance from the origin of the trajectories
to the atom in question. ) This focusing can also
be achieved as a cumulative effect of collisions
with more than one atom, with path length less
than the focal length. The focal length depends
on the velocity and the impact parameter. Its
value, for a pair of trajectories at impact param-
eters b and b+db, is (d9/db) ' where 8 is the
scattering angle.

The main computed results, the enhancements,
given by I I (p)/I, -1, are shown in Fig. 3. The
angular widths at half-height decrease with depth
for 20, 50, and 100 A, and correspond roughly to
the predicted critical values, r,/I. The 200-A
results appear at first to violate the trend. How-
ever, there presumably is a sharp peak of half-
width = r,/I = 0.03', which is not resolved in this
computation because it is narrower than the
width, 0.05', of the first bin.

We note that the calculated enhancements for
50 and 100 A for P & 0.1' exceed the preliminary
estimate (100%%uq) of the maximum enhancement for
P =0. The discrepancy is due to focusing, which
is not incorporated in that estimate.

In Fig. 4 is plotted as a solid line the calculat-
ed maximum enhancement, defined as I,„(P)/
I ~(0.55') —1, where I~„(P) is the value, obtained
from the previous figure, of the intensity from
whichever depth gives the largest intensity at the
given P. The circles are the corresponding ex-
perimental results of Pronko et al. ' The agree-
ment between this theory and the experiment is
quite good, and supports the proposed explana-
tion for the origin of the effect. The enhance-
ment is therefore seen to originate in the corre-
lation between incoming and outgoing trajectories
without invoking the disturbance of the medium
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FIG. 4. Maximum enhancement of intensity of scat-
tered 1-MeV He++ from Pt, as compared with the
maximum intensity at 179.45'. The solid curve is the
present theory, while the circles are experimental
(Ref. 1) results.
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by the ion, the crystal structure, or even the
atomic pair distribution function of the medium.
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