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End Loss from a High-Beta Plasma Column
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The previous theoretically predicted diverging confinement time of a high-P linear
sharp plasma column as P -1 is removed by including the magnetic tension effect near
the column throats. This result explains our own simulation as well as those of Brack-
bill, Menzel, and Barnes, and is in good agreement with experimental values. The con-
finement time 7 of a plasma with thickness a and length L at P = 1 is found to be v = 4
(3/2z) 1/2(1 /2c ) (L,/tg) 1/2

PACS numbers: 52.55.Ez, 52.30.+r, 52.55.Pi, 52.65.+z

End losses from long linear systems such as a
~ pinch and a long solenoid configuration~ heated
either by lasers, or electron' or ion beams are
crucial to consideration of these devices as fu-
sion reactors. There have been many proposals
to reduce the end loss of the linear system, which
include multiple mirrors, a tandem mirror, '
solid endplug, ~ and rf plug. ' However, the funda-
mental end-loss process of the simple long linear
system particularly at high P is not yet fully un-
derstood; there has been considerable discrepancy
between experimental results and theories for
this case.

In most of the reactor designs for linear sys-
tem, the end-loss time & is calculated from &

=L/2c, , where L is the system length, the sound
speed c, =(yp/p)~ ', and y the adiabatic constant.
On the other hand, it has been theoretically ar-
gued that at high P the throat at the end, where
the plasma pressure is low, would be closed by
magnetic pressure, ' "leading to a loss rate pro-
portional to (1 —P) ~ E.

In this Letter, we report our magnetohydrody-
namic (MHD) simulation results indicating no di-
vergence of & at p =1 and show that the surface
magnetic tension at the column throats correctly
accounts for this. Excellent correspondence of
our theory with that of Brackbill, Menzel, and
Barnes recent simulation ' and experiments" '~

are also obtained. We do find, however, that the
size of the tension effect depends on the ratio of
coulumn length to radius.

Computer simulations were carried out on a
2g -dimensional MHD particle code" using the
Lax-Wendroff algorithm to advance the magnetic
field. Initially the plasma is a slab parallel to
the confining magnetic field (the & direction) and
with a sharp boundary in the p direction under
pressure equilibrium. A low-density plasma
exists outside the slab to maintain the MHD ap-
proximation. Particle end loss is treated simply

by taking out the particles which touch the end.
Because of the exact conservation of mass due to
the particle nature of the code, the end-loss pro-
cess is quite accurately described; the very-low-
magnetic-field diffusion given by the Lax-Wend-
roff algorithm allows the sharp plasma boundary
to be maintained throughout the simulation. The
magnetic field boundary conditions are periodic
in both & and g directions. As we shall see, the
magnetic field should be purely in the x direction
at the throat point where the plasma Qow speed
becomes sonic; the periodic boundary condition
in the & direction is therefore justified even
though the field pattern beyond the throat point is
not incorporated in the model. Typical parame-
ters for the simulation are the grid size I- &«,
=128& && 64&, the number of particles N =32 768,
the Alfven speed outside of the column is 2.83'„
the column width 16~, and the size of the parti-
cles a, =a, =1&, where E is a unit length of the
grid'

Figure 1 shows the temporal change in density
contours and the magnetic field intensity contours
for a P =1 case, where P is defined as the ratio
of the internal plasma pressure to the total exter-
nal pressure. For early times the density con-
tours exhibit a surface moduJation (area waves)
of short wavelength as well as a general concave
pattern due to a rarefactive wave ' in the bulk
plasma. The area waves are generated as par-
ticles are lost from ends and they propagate
toward the center of the plasma. As time pro-
gresses, the most prominent area waves become
of longer wavelength, eventually leading to a
cigar-type shape [Fig. 1(b)], which appears to be
a steady-state self-similar configuration. The
width of the high-density plasma region at the
end is quite narrow. On the other hand, the mag-
netic contours [Fig. 1(c)], or field lines show that
although the magnetic field lines are narrowing
at the ends, the magnetic throats remain widely
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FIG. l. (a) Density contours at t = 406/c, . (b) Density contours at t = 100K/c, . (c) B„' contours at t = 40K/c, .
(d) Logarithm of total plasma mass vs time for P = 0.8 and P = l.

open: The surface tension due to the magnetic
field line curvature tends to open up the throat.
Figure 1(d) shows a plot of the confined plasma
versus time for a few cases. Even for p =1 plas-
ma, a finite end-loss time is observed.

We show the following (i-iii) and utilize them
to derive the theoretical confinement time (end-
loss time) of the high-P plasma in a linear sys-
tem: (i) The plasma mass decay is exponential;
(ii) the plasma flows out with a speed equal to
the dominant area wave plasma velocity without
a flow; (iii) the area waves propagate with non-
zero velocity even at P =1 because of the tension
in the magnetic lines of force. The first (i) is
actually observed to be correct in the simulation
[Fig. 1(d) and Ref. 10j. The overall decay of the
confined plasma is exponential in time with a
small oscillatory structure superposed on it.
This structure is due to transients associated
with the finite length of time required to set up
the steady flow. The dominant overall end loss
is described by retaining only the exponential
part due to the stationary fundamental as

Ls,poao=Lp ao/v = —2p~a~u„

where the subscripts 0 and 1 refer to the quanti-
ties at the center of the plasma column and at the
quarter point where the magnetic curvature ra-
dius becomes infinite; p, a, and u are plasma
mass density, half-width, and fluid velocity, re-

~,pua =0,

8„us/2+c, mp is„p=0,

8,(P + B'/8m) =B'/4',
8„(aB)=0,

(4)

(5)

where Eqs. (2)-(5) are the continuity, parallel
momentum, perpendicular momentum, and Qux
conservation equations, respectively. R, is the
curvature radius of field lines. The right-hand
side of Eq. (4) is the magnetic tension term due
to the field line curvature, having been previously
neglected in the end-Qow theory. The & axis is
taken parallel to the magnetic field. Assume a
sinusoidal modulation of the boundary of the form
a(x) =a~ -&a coskx, where a~ is the half-width
without end Qow and « is the modulational amp-
litude. On the plasma boundary R, = (k'«cos&x) '.

spectively. The second statement (ii) may be
physically understood. " When there is no end
loss and the plasma is stationary, the area waves
are observed to have finite phase and group ve-
locities even for P =1. When there is an end flow,
a stationary area wave is set up and the plasma
now has to Qow relative to the area wave with
the same relative speed as in the former case:
i.e. , u~ = &/& ~~, where ~ and &

~~
are the area wave

frequency and parallel wave number, respectively.
The area wave in the wave frame may be. de-

scribed by the following MHD equations:
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Integrating Eq. (4) over y and differentiating it
with respect to &, we obtain, with the aid of Eq.
(5),

c,'B„p = (Bs/4sa)B„a +(B,'/4s)&ah' sinkx, (6)

where B and B, denote the magnetic fields inside
and outside of the column. In order to integrate
over y, we have used the property &'g =0 outside
of the plasma and expanded in terms of &«& 1,
where B = &P. Equations (2) and (3) give rise to
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8„a = —a(1 —c,'/u') p 'B„p. (7)

Equations (6) and (7) yield the dispersion relation
for area waves
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~,
+ (y —2)P/2 ' (8)

where c~;s = B' /4' cia the Alfven speed inside
the column (c~' = B, /s4&p, ). The terms propor-
tional to &&

ll are the surface tension effect, which
keeps u finite even at P =1 in contrast to the pre-
vious theories for a sharp boundary plasma (u =0
at p =1). This dispersion relation, Eq. (8), was
checked against our simulation and found to be in
good agreement.

The confinement time & can be now evaluated
by Eq. (1). u, is given by Eq. (8)" with k,

~

= 2w/L
and p, is obtained by integrating Eq. (3) as for
(y =1)

p, =p, exp(- u, '/2c, ').
To relate a1 to a» Eq. (4) is employed:

p1+B1s/8& =B,s/8s,

p, +Born/8w =B,'/8s+ 0 &a B,'/8s,

(10)

pc[I. —exp( —u1/2c )]

—(B,'/8s) (a,s/a, ' —1) =k (a, —a,)+s/4s, (12)

where && =&,-a,. The nozzle conditions' do not
have to be enforced because they should be auto-
matically adjusted to the surface-wave conditions.
In fact, the nozzle conditions cannot influence
the behavior inside because the flow at the end
is equal to the sound speed [Eq. (7) yields u =c, ,
where &„a =0 for sharp boundaries] and signals
propagating with c, just sit at the end.

The normalized confinement time 1I =2c,7/L
=a,p, c, /a, p1u, can be calcu»ted by combining
Eqs. (8)-(11):

FIG. 2. (a) Confinement time q vs P. Open circles,
our simulations (y = 1,2); dots, simulations of Brack-
bi11, Menzel, and Barnes; real lines, our theory;
broken lines with labels TW, S; M, andFW are theo-
ries of Refs. 6-9, respectively; the letters A, .h, C,
and D are experiments from Refs. 11—14, respectively.
(b) Confinement time g vs aspect ratio L/a.

with u1 given by Eq. (8). Numerical solutions of
Eq. (12) are displayed in Fig. 2. Our simulation
results as well as those of Brackbill, Menzel,
and Barnes1c fit very well with our theory [Fig.
2(a)]; experimental values roughly fall between
our y = 1 and y = 2 curves. Figure 2(b) shows the
aspect-ratio (L/a) dependence of the confinement
time. When 1 —P ~ (16s'/15) (a /L) and L/a» 1,
we can expand the left-hand side of Eq. (12) and
obtain the scaling law

——(3/2s)1~2(L /a)1~2 (13)

in good agreement with Fig. 2(b). When L/a =10'
at P =1, g 16.5, about an order of magnitude
larger than a simple estimate, although t) rapidly
decreases as P decreases. For P« 1, q- e' '(1
+ CP).

We also carried out simulations which included
externally imposed mirrors. In these simula-
tions, addition of mirror fields at the throats
increases the confinement time roughly in pro-
pol tlon to the mirror rat10 + w1thout plasma~
i.e., g ~B,.

An important question regarding the use of high
P to reduce end losses from such systems is
whether or not it is realistic to assume 1 —P can
be made smaller than 3.4a/L. We note there that
in experiments on laser-heated solenoids P= 1
is achieved. " However, as the column starts to
expand the absorption will rapidly drop so that
an appreciable expansion of the column and re-
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duction of the internal field is not possible. Main-
taining the column diameter and density and hence
absorption by raising the external magnetic field
as the plasma pressure rises could result in
high-P plasma with use of the laser heating con-
cept. Another possibility would be to heat the
column with particle beams whose rate of energy
deposition drops only as density & rather than &2.

In this case one might be able to heat and inflate
the central section of the plasma column like in-
flating a balloon, achieving large self-mirror
ratios. In this regard we might point that heating
the plasma with moderately heavy ion beams of 1
MeV/nucleon seems possible. The range of an
ion of charge «, mass I, and energy 8' in a
plasma with electron temperature T, (in electron-
volts) and electron density &, is roughly equal
to l =4 x ]0 T~ g (1)d/pyg& ) /g rte If we con
sider a 1-MeV Ne ion stopping in a 10 keV plasma
of density 5X106, we obtain a range of 8&10~
cm, which is not an unreasonable length for a
long linear system. To heat the plasma to 10
keV would require that we inject 3% Ne which is
not an unacceptable level for totally striped Ne
(effective & of 2). To achieve this heating re-
quires 20 MJ/cm' in about 2 msec if we assume
a loss time of &= (L/2c, ) X 10. We would require
an ion beam of 10~ A/cms of 1-MeV particles to
produce this heating; the confining magnetic
field would have to be 200 ko.
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