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A description of strongly coupled plasmas, in which the direct correlation functions,
c&, (r), are obtained by simple scaling from a universal function, is derived and found
to be in full agreement with available computer simulation data, which it thus extends
for arbitrary mixtures. It is thermodynamically consistent with the "ion-sphere"
charge-averaging prediction for the enhancement factors for nuclear reaction rates,
the results for which confirm the universality of the bridge functions for mixtures.

This Letter is devoted to an analysis of a basic
and extensively studied model of charged fluids,
namely the classical one-component plasma (OCP)
and its extension to mixtures. ' I show that a de-
scription of strongly coupled plasmas, in which
the direct correlation functions (DCF's), c;;(r),
are obtained by simple scaling from a universal
function, is highly accurate and thermodynamical-
ly consistent. The predictions of the model agree
to about l%%uo with the available computer simula-
tion data for one- and two-component plasmas in
two and three dimensions. The scaling enables
us to extend OCP data to arbitrary mixtures,
while its specific form is very important for
calculating enhancement factors for nuclear reac-
tion rates.

Consider a q-component system of point ions
of charges Z;e, concentrations X;, total number
density p = N/V, at a given temperature T = (Pks) ',
imbedded in a uniform neutralizing background,
and interacting via the Coulomb potential Puq, (r)
= Z~ Z&F/r. I' =Pe'/a is the coupling parameter,
and distances are measured in units of the D-di-
mensional Wigner-Seitz ("ion-sphere") radius,
&-p ' . We focus our attention on strongly
coupled plasmas, characterized by negative com-
pressibility, P(8P/Bp)r& s 0, corresponding to,
say, I'~1 for the OCP.

Computer simulation data revealed" that the
DCF's decay rather rapidly to their rigorous
large-distance behavior, c;,.(r) = —Z; Z,.F/x for
r ~ 1, while the pair functions are hard-core-
like, g;;(r) =0 for r c l. Incorporating these ob-
servations in the Ornstein-Zernicke relations,
by ignoring the quantity

pQ;;X, X, fg;, (r) [c;;(r)+Pu;,(r)] d F,

we arrive" at the following key approximation:

PU/N =—[P(&P/Bp) +g;X;c;,(0}].

Equation (1) is exact in the mean-spherical ap-
proximation (MSA), and agrees to about 1% with
the Monte Carlo (MC) and hypernetted-chain

(HNC) results" for the OCP. I have studied
mixtures with quite disparate interparticle po-
tentials by means of the modified HNC approach'
and my results extend the concept of "universal-
ity of the bridge functions"'" to mixtures. In
particular, I obtained thermodynamically con-
sistent results for the DCF's that reproduce the
available computer data for both equation of
state and g;;(r). With the help of these results
I have confirmed the validity of Eq. (1) for plas-
ma mixtures, and obtained direct predictions for
the screening function at small seperations,
lim„oH;;(x), where

H&;(r) = in{g;;(r) exp[Pu;;(r}]).
H;, (0) is the key for calculating the enhancement
factors of nuclear reaction rates, ' at the same .

time providing a direct diagrammatic check of
the accuracy of the universality of the bridge
functions. '

Equation (1) being a very accurate statement,
together with the exact thermodynamic relation

(Bp)~z D (D) D dl'(D) '

provides a model by which we check the accuracy
of global statements concerning the DCF's c;,(r)

We start with the OCP. Let ro(F) be the char-
acteristic decay length of c(r) to its asymptotic
1/r behavior, and write

where Q(r)- 1/r for r» 1. Let us further as-
sume that Q depends on I' only through r„and
write c(0) = BF/r, (F), P(8-P/&p)r =1 —Ax, '(I )I;
where B = Q(0), A= pf[Q(x) —1/x] d i are con-
stants. Using (1) and (2) we write the differential
equation for ro(F) that turns out to have the phys-
ically expected saturation property: limr r,(F)
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(= fluid "Madelung" constant),

(4)

Expressing A. and B in terms of the physical quan-
tities R and e~ and writing y = e~F, we finally
obtain (i) a universal differential equation for the
ratio F(y) =r,(r)/R,

D+1~y dF
2D+ 1 F dy

D B
(2D+1)(D-1) R

'

(2D +1)(D —1)
(y =

D+1

(6)

and (ii) a universal expression for the potential
energy PU/N = Uo(y), obeying the relation

(D+ 1)U, +y' d(U, /y)/dy D'-
(2D+ 1)(D —1)U.-~'d(U. A)/e

The accuracy of assumption (3) can best be judged
by considering a least favorable case, namely
when P(8P/&p)r =0. For that point the solution
of the model equations (6) and (7) gives the follow-
ing constants:

y' =D'/(D+ 1)+D/(2D + 1),

U(y ) —= -D /(D+ 1)+1/(2D+3),

and

F(y') =—1 —(D+ I)/[D(D-1)(2D+3)],

in very good agreement with the predictions of
the MC equation of state. ' F(I") is a slowly vary-
ing function in agreement with direct observation
of the decay rate of c(r).

A "one-Quid" equation of state for plasma mix-
tures is known to be accurate. ' My model pre-
dicts a "one-fluid" equation of state (PU/N), ~~„

U ( Z ff r), provided (i) that

c„(r)/r = (-z;z;/r") Q»,»(r/r, "),
with Q»» a I'-independent function that may de-
pend on charges and concentrations, and (ii) that
a decoupling of the T'-dependence of xp is as-
sumed: ro" =t~&((x, Z))ro(r). Under these as-
sumptions, Eqs. (1) and (2) lead to (4)—(7), pro-
vided we modify the constants, A- A.' and B-B',
according to

The solution to this identity equation for tq; is

t —~ (z 1/& +z 1/&)/(z)i/D

giving the "ion-sphere" charge averaging

z 2=/, .x.z 2/t. . =(Z)~/&(z2 ~/+) (12)

(the notation is (Z') =Q,.X, Z, ').
We have thus derived a universal scaling form

for the DCF's:

-ZqZ;I r
t F(z 'r) Q t, ,Fg 'r) '

where Q(r) =limr „[-cocp(r)/r] is a given func-
tion. This form is thermodynamically consistent
provided (i) t; &

and Z,«' are given by (11) and
(12), respectively, (ii) F is a. universal function
given in terms of the OCP energy U, (I') by Eq.
(7), and (iii) the equation of state for the mixture
is given by the "one-fluid" model with the "ion-
sphere" charge averaging. This description
agrees to about l%%uo with all available data for the
OCP and binary mixtures in the strong-coupling
regime. ' These results are formally valid for
any dimensionality D and for arbitrary mixtures.

Exactly the same analysis leading to (11)-(13)
within the HNC and MSA models can be performed
by use of' [instead of Eq. (2)]

B' =(P;X;Z /t„-)B (8)

P,x,.z,.'/t„- =g, ,x,X, z, z, t, , . (10)

A' = (Qg, X; X; Z; Z,. t;, ~)A»».
In the limit I - we expect only one physical
scale, and thus make the further assumption that
R is independent of charges and concentrations.
In view of the relations (4), (5), (8), and (9), this
leads to the following identity:

PU
N' (14)

This leads to universal functions FHNc(y) = F(y)
and UHNc(y) =—U, (y) that are very similar to those
obtained via Eq. (2). The fact that (o.„)„Nc—= n„
is consistent with the identity Q„Nc=Q provided
that RHNC =[(2D+1)/(D+1)]R . Indeed, we find
by direct comparison of HNC and MC data in
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three dimensions that

D+1 / D+1q»c" 2D+1 ~ 2D+1

where

a
p~X; N r&z)

to an accuracy of about 1%. The analytic solu-
tion of the MSA and the numerical HNC results,
in three dimensions, give R»c=2. Thus we find
g = 1.66, in agreement with direct observation of
the DCF's c;,(r).

By a straightforward extension of the analysis
for the OCP' it can be rigorously shown' that the
short-distance behavior of H, ,(r) is given by

H, ,(r)
=(), +p, , —p, „)+r/4&Z)r'+, (15)

is the chemical potential for a charge Z, at a
given total charge density and temperature, a,nd
F is the excess free energy for the mixture [PF/
N=f c(r) for the OCP]. For example, in the lin-
ear,

p
—=Q, x,f (r(z)'"z,.'"),

"one-fluid, "PF/V =f,(I'&Z)"'&Z'")), and "ion-
sphere, "pF/N = —0.9 I'&Z)'"&Z"'), approxima-
tions, one thus obtains

H; j(0)=f.(r&Z)"'Z '")+f.(r(Z)'"Z, '") -f,[r&z)'"(Z;+Z,)"'],
H;;(0) = U, (r&Z)"'&Z"')) [Z,."'+Z ."'—(Z;+Z .)"']/&Z"')

H, t(0) = —0.9r&Z)'I'[Zi'I'+Z 'I' —(Z, + Z,.)'I'],

respectively. For I'» 1, these three approxima-
tions yield nearly identical results for H, „.(0),
that are in about 1'%%uc agreement with the predic-
tions of the universality of the bridge functions. '
All these results for H, ,(0) are concentration in-
dependent for a given total charge density. The
results of Itoh et al. scale like our c;,.(0), and
are clearly thermodynamically inconsistent, pre-
dicting about 1(P/c too high values for H, ,(0)—enor-
mous error for the enhancement factors.

See, e.g., Strongly Coupled I'/gama@, edited by Q.
Kalman and P. Carini (Plenum, New York, 1978). A
review article by M. Baus and J. P. Hansen is to be
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The spectral cascade processes in interchange-mode turbulence have been studied in
the limit k~~ =0. For positive-energy waves we find a cascade process towards smaller
and larger kz. We also obtain possibilities for up conversion. The conservation rela-
tions of the system are discussed.

The spectral cascade process for mode coupling
of drift waves has recently been discussed. " It
was found that the spectrum cascades towards

larger and smaller wave number perpendicular
to the external magnetic field. This does, how-
ever, not allow an excitation of a mode with high-
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