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Periodic Spontaneous Collapse and Revival in a Simple Quantum Model
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This Letter reports on the existence of periodic spontaneous collapse and revival of co-
herence in the dynamics of a simple quantum model. Also given are the first accurate
expressions for the intermediate-time and long-time dynamical behavior of the model.

PACS numbers: 32.80.Bx, 42.50.+q

The coherent-state Jaynes-Cummings model®
(a relative of the Lee model of quantum field the-
ory? and essentially identical to the spin-phonon
model of NMR) has been studied many times be-
cause of the relatively realistic way that it repre-
sents the quantum physics of a resonant interac-
tion. It is the simplest fully quantized model of
interest in NMR, quantum optics, quantum elec-
tronics, and resonance physics in general. From
this model one hopes to learn, for example, about
the role of quantum mechanics in the coherence
properties of interesting radiation-matter or spin-
lattice systems.

Despite the importance of this model, its dy-
namics have never been fully investigated be-
cause of the central role played by the infinite
sum:

(6,(¢))=—exp[-| P15, (n 7 o>

x cos2A(n)Y2¢, (1)

This sum has no known finite analytic expression.
The physical significance of the sum is that it
represents on a scale between —1 and +1 the de-
gree of excitation of a two-level system. The
excitation is brought about by a quantized Hamil-
tonian interaction between an atom (or spin) and
a single mode of a quantized radiation field (or
phonon bath). The quantum statistical state of the
field is, at £=0, the fully coherent state | a),
and A is the atom-field coupling constant.

The Hamiltonian for the model® can be expressed
in terms of Pauli matrices and creation and de-
struction operators for the field mode:

H=lwy(6,0_ - %) +hwa'a+ m(a’o_+0,a). (2)

The commutators of the model, namely [, aT|=1,
[0,,0.]=0,, etc., are completely conventional.
Note the mixture of Bose and Fermi (harmonic
oscillator and angular momentum) dynamical
variables in the Hamiltonian. Even though there
are only two physical degrees of freedom in the
problem, a finite—normal-mode analysis of the
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dynamics has never been carried out.

The coherence properties of (2), for short
times (At = 10), were first considered by Cumm-
ings* in 1965, and by many other authors since,
While the Hermitean character of the Hamiltonian
guarantees loss-free evolution for all dynamical
variables, it is also known from the work of Cum-
mings,* Stenholm,® Meystre et al.,° and Von
Foerster’ that the model exhibits decay and the
onset of randomness. )

In this paper we report what are apparently the
first results, either analytic or numeric, for the
model that are accurate for nearly arbitrary
times (0 <i¢<10°), We have obtained long-time
analytic approximations for various dynamical
variables in the model, and accurate numerical
representations of them. We have found (a) an
analytic expression, and new interpretation, for
a short-time “collapse function’”; (b) the numer-
ical observation, and analytic confirmation, of
the existence of long-time “revivals” or quasi-
recorrelations of initial coherence; (c) the num-
erical observation, and analytic confirmation,
that these revivals recur periodically; and (d) the
analytic prediction, and numerical confirmation,
that the revivals are bounded by a monotonically
decreasing envelope.

It should be emphasized at the outset that we
believe these revivals are not associated with
Poincaré-type recurrence. We can discuss brief-
ly the derivation of these results, and display
some of them.

For very short times and very large n= | a[?
(which we will refer to as the photon number),
the sum in (1) behaves like cos[2A(7)2¢]. Cumm-
ings first showed* that, when w=w, and for inter-
mediate values of ¢, the cosine oscillations
“collapse”. They are terminated by the Gaussian
envelope exp[-4(1¢)2]. For the same intermediate
range of times we have found an improvement on
Cummings’s collapse function. It is valid for
arbitrary A=w, - w and for intermediate as well
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as very large values of x:
% 2

expl-2(14)?] ~exp<— ﬁﬁ) (0. (3)
Our collapse function has an # dependence that
enters nonlinearly with the coupling constant A,
However, a natural interpretation is given below.
The new collapse function (3) is in excellent
agreement with new numerical evaluations. This
is shown in Fig. 1 for n=25 photons. The signifi-
cantly slower collapse off resonance (A #0) pre-
dicted by (3) is apparent.

A% A%

(6,(¢))=

287 242 -1/4
&)

<1+16

For longer times, the extremely rapid tempor-
al oscillations of cos[2x(7)Y2¢] for A%7 = 100 have
made numerical studies of the model occasional-
ly unreliable in the past. By long times we
mean 2x(7)Y? = 102-10°%, i.e., long after the col-
lapse of coherence is complete. There have been
no analytic studies at all in this time domain.
However, by repeated interaction between analy-
tic and numeric approaches to the problem, we
have developed reliable techniques® for the study
of times as long as 2x(n)Y/2¢~10°-10°,

The analytic expression for (0,(¢)) that we have
derived is

e A cosd(s). (4)

Here the two phase functions have the following forms:

@(t) = 2n sin® (A%t /Q)(1 + 162%0%t2/Q°) 1,

®(¢) = Qt+nsin(2x%t/Q) - 2A%nt/Q - ttan~ Y (4x*%t/QP),

where ¢ cannot be so large that neighboring re-
vivals overlap strongly, and where Q%= A% +4a%
can be recognized as the square of the Rabi fre-
quency for the corresponding semiclassical prob-
lem.®°

The most striking feature of the long-time re-
gime is that the Gaussian collapse implied by (3)
is quasireversible. We have found that the model
contains a “revival time” T, whose analytic ex-
pression is

T o= TAT2(A2 + 4X%0) /2, (5)

At all times t=kTg k=1,2,3,..., the quantity

»Q

FIG. 1. Plots of the short-time behavior of (5,(¢))
for |o|? =7 = 25 and for six evenly spaced values of A,
The lack of reference to either absolute frequency w
or w, is a feature of a rotating-wave theory (see Ref.
9) and |A|<<w,w, is implied. In the small box the
A =0 curve is drawn for the same time scale, and the
short-time collapse function given in (3) is included.
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| (0,(t)) spontaneously revives from nearly zero to
a value =1 and then redecays. These revivals or
quasirecorrelations and their period were first
found numerically, and then confirmed analytical-
ly. Our analysis provides the revival-time (5)
collapse function (3), and is most accurate in the
vicinity of the revivals, but it also gives a bound
B(t) on the peak height achieved in the revivals:

B(t) =[1+16X°222/(A2 + 4x%0)* /2, (6)

FIG. 2. A map of the ¢-A plane showing the earliest
revival points of the solution for ¢G,(t)). A numerical
enhancement has been used to emphasize the revivals
on the map, and the specific shapes of individual re-
vivals are not to be taken seriously. In the small box
the first three revivals for A = 0 are plotted without
enhancement and with much greater resolution over the
same time interval used for the map. The excellent fit
of the long-time envelope function B(t) is evident.
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This envelope is also in good agreement with new
numerical results, as is shown in Fig. 2.

The analytic-numeric results presented here
show new features of the loss-free Hamiltonian
dynamics of resonantly interacting quantum sys-
tems. Any dependence on the nonvanishing of
[@,a"] can be said to be a pure quantum effect.
There are three such effects that stand out in our
results. First, the discrete interval in (1) that
separates the nth and the (n + 1)th terms can be
shown to derive directly from [a,a"]=1. This
discreteness, in turn, implies that, after a cer-
tain interval of time, neighboring terms in (1) re-
cover their original phase relation, and the inter-
val is precisely the revival time T, given in (5).
Second, our interpretation of the generalized
envelope (3) suggests a role for quantum effects
in collapse as well as in revival, Apart from the
factor A%#2, the exponent in (3) is the probability
of occupying the upper state |+) (where &,|+)
=|+)) in the fully power-broadened steady-state
limit of excitation by a strong nonquantized field
whose intensity corresponds to # photons or pho-
nons. That is, collapse occurs only if the upper
state is occupied (i.e., only if spontaneous emis-
sion can occur). Third, the quantum stochasticity
of the interaction, originating at least partially
in the nonvanishing of [4, &%), eventually leads to
randomness in the time record of every expecta-

tion value. This “irreversibility” sets in very ear-

ly if # is small enough, as Fig. 3 shows, and is
expected to occur well in advance of any Poincaré
recurrences., This is in agreement with prelim-
inary estimates of Drummond and Yeh,°

Our work also shows clearly the origin of much
misunderstanding of earlier numerical work.
Our formulas (3) and (5) make it clear that values
of n smaller than 10-20 are not large enough to
separate the tail of the beginning of the first re-
vival. Only with the computation and display of
results for # =102 and A¢ = 10% do the collapse
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FIG. 3. Plot of the sum given in (1) for  =V2 as a
function of A¢t. The smoothly decreasing lines repre-
sent the envelope function B(t) defined in (6). It pro-
vides a surprisingly good bound even here where @ ~ 1
instead of >> 1.

and revival of the model’s dynamic quantum co-
herence become recognizable.

A much more detailed description of the coher-
ence properties of the model, with use of the
same techniques used in obtaining the results de-
scribed here,® can be obtained from a study of
the multiple-time correlation functions® in the
theory. The second-order correlations allow a
discussion of the system’s emission spectrum
and of the photon statistics. These further re-
sults, and the role of collapse and revival in
them, as well as a full description of the analytic
and numeric methods we have used, will be re-
ported elsewhere,'®
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Electron-irradiated high-purity a-iron doped with various amounts of interstitial carbon
impurities has been studied by positron-lifetime measurements. It is shown that during va-
cancy migration at 220 K an asymmetric vacancy-carbon pair is formed, where the car-
bon atom is located off the center of the vacancy.

PACS numbers: 61.70.Bv, 61.80.Fe, 78.70.Bj

The properties of atomic defects as well as
their interactions, especially in bcc metals, are
not well known in spite of their great technologi-
cal importance.*? The most important example
in this respect is carbon in iron, where the char-
acteristics of vacancies and interstitials have
been difficult to extract. Recent experiments,?
utilizing positron-annihilation technique,* re-
vealed that vacancy migration occurs already
around 220 K. At this temperature the intersti-
tial carbon atoms are still immobile.® A contra-
dictory view of vacancy migration, based mainly
on the vacancy migration energy derived from
high-temperature data, has also been presented.®

In this Letter we report positron-lifetime meas-
urements of the interaction of monovancies and
interstitial carbon impurities in electron-irradi-
ated a-iron. Positrons are sensitive to vacancy-
type defects, whereas interstitials and their ag-
glomerates do not affect the annihilation charac-
teristics. Positron localization at defect sites
gives information on both the concentration and
the internal structure of the defects.* Our re-
sults show that the migration of vacancies at 220
K leads to the formation of asymmetric carbon-
vacancy pairs.

The high-purity a-iron samples were prepared
by zone-refining methods described earlier.®
The interstitial impurity concentration (carbon
and nitrogen) was below 5 ppm. Carbon doping
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was made in the liquid phase followed by solution
annealing at 750 °C. The specimens were then
quenched into icy water, electrolytically polished,
and stored at liquid nitrogen temperature. Two
sets of samples were prepared with carbon con-
centrations of 50 and 750 ppm. Two identical
samples (6x8x0.3 mm?®) from both sets were
electron irradiated at 20 K with 3-MeV electrons
to a total dose of about 3x10' ¢”/cm?. Positron-
lifetime measurements (resolution 290 psec full
width at half maximum were performed after iso-
chronal (30 min) annealing treatment of the sam-
ples. The lifetime spectra were measured at 77
K up to 340-K annealing, whereafter measure-
ments were made at room temperature. After
source-background corrections, the lifetime spec-
tra were analyzed with use of one or two exponen-
tial components.

Figure 1 gives the shorter positron lifetime val-
ues 7, as a function of the isochronal annealing
temperature for both carbon-doped, electron-ir-
radiated Fe specimens. For comparison, we also
give the 7, values for an undoped (<5 ppm C) Fe
sample with an irradiation dose of only 6 x10'®
e”/cm? (refered to as the high-dose sample in
Ref. 3). The longer lifetime values 7, as well as
the relative intensities 7, of the longer component
are shown in Fig. 2. The corresponding data for
pure iron are given in Ref. 3.

At annealing temperatures below 200 K all life-
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