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Neutron Scattering by Magnons of an Antiferromagnet with Modulated Spin Amplitudes
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Neutron scattering by the magnons of a spin-density-wave antiferromagnet is investi-
gated with a one-dimensional local-moment model with long-range exchange. The mag-
non dispersion curves are unusual and the neutron inelastic scattering cross section ex-
hibits peaks at a variety of nuetron momentum transfers including the commensurable and
incommensurable points. The general features of the calcu1ation correlate remarkably
well with recent neutron inelastic scattering data on chromium and strongly suggest a new
interpretation of the data.

PACS numbers: 75.25.+z, 75.50.Ee, 61.12.Fy

In a recent Letter Fincher, Shirane, and Wer-
ner~ reported neutron inelastic scattering re-
sults for antiferromagnetic chromium with an
incommensurable spin-density wave' of wave
vector Q along the [001]direction. They observed
a low-energy (4-meV) peak for neutron momen-
tum transfer K = X=—(2m/a)(0, 0, 1) as well as the
expected peaks centered around (2m/a) (0, 0, 1+e),
where & describes the modulation of the spin-
density wave in chromium [Q =(2m/a)(0, 0, 1 —e)
and a is the bcc lattice parameterl. The appear-
ance of a low-energy peak at X was surprising
since the magnon dispersion curves of chromi-
um' ' were thought to rise linearly from the
points (2m/a)(0, 0, 1+ &) with a very large veloc-
ity' (@C =1000 meV A) and therefore they should
provide no low-energy magnons at X. Fincher,
Shirane, and Werner' also observed an anomal-
ous rise in the background counting rate with in-
creasing temperature for the scattering at X.
Based on these observations they speculated that
the 4-meV peak was associated with large-amp-
litude fluctuations of blocks of spins.

In this Letter we present the results of a study
of a simple modulated local spin model which
shows that the magnon dispersion curves are un-
usual and produce very complex structures in
the neutron inelastic scattering cross section.
The model results for the neutron scattering law
exhibit many of the features observed for chrom-
ium and suggest that the 4-meV peak is due to
magnons near the commensurable point.

The modulated spin configuration of chromium
is shown schematically in the inset of Fig. l.
The planes of spins, in the y direction, have
amplitudes that are modulated along the z direc-
tion. For magnon propagation along Q we can
approximate the system by a linear array of
spine whose amplitudes are given by s'(n) =s'
&&cossQ(n+d)a, where s' is a spin amplitude, n
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FIG. 1. Magnon dispersion curves. The inset shows
the modulated spin configuration for chromium.

is an integer, d is an arbitrary phase shift, 2a
is the nearest-neighbor distance and Q is the
magnitude of Q. For Q near to 2m/a, s"(n) de-
scribes a sinusoidally modulated array with the
spins antiferromagnetically aligned except across
the nodes where pairs of spins are parallel as in
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Fig. 1. For chromium, Q is 0.9515(2tt/a) at
low temperatures' (and is slightly temperature
dependent) so that there are about 40 spins in
each modulation period. For Q =0.95(2tt/a) the
spin array would be periodic with exactly 40
spins in each unit cell. This suggests approxi-
mating the actual system by a periodic array with
40 spins in each unit cell.

We use the Hamiltonian

II =—,'QQ J(n, n')s(n) ~ s(n')
n&n'

L'(q, &) = ~tV;
~
t(q)A'(q, i ), (5)

where V, , (q) are the components of the eigen-
vectors of the matrix M. They satisfy the nor-
malization condition

where M, ;.(q) specifies the interaction matrix
elements. The eigenvalues Ant(q) with & =1,2,
. . ., 20 occur in pairs: ~t(q) = —@~ t(q). The
eigenoperators, I.'(q, &), are related to the A+(q,

j) operators by

—Z H, b„s"(n), ~ V,t(q) bj Vt, t*(q) =sgn&t(q) (6)

where J'(n, n') is the exchange interaction, g is a
uniaxial anisotropy energy and b„=s gn[ cos2q(n
+d)a]. The exchange interaction is assumed to
be long range and of the form

J(n, n') = —b„b„.J'exp(-X (
In-n' I —1[],

In order that the assumed spin-density wave be
stable to magnon excitations the long-range ex-
change interaction must reflect the orientation
of the spins of the spin-density wave. The pre-
factor -b„b„.ensures that the pair interaction
energy is negative for the assumed ground-state
distribution. The parameters J' and ~ fix the
energy scale and the range of the exchange inter-
action.

Because of the assumed periodicity we can
write s (n) =s (p, j), where p is the unit-cell num-
ber and j =1,2, .. ., 40 labels the spins within a
cell. We introduce the operators A(q, j) defined
by

N

A(q, j) =N '" Q [2s'C,.(Q)] '"
P=1

&«xp(iqpD)[s'(p, j)+ &s'(p, j)], (3)

where N is the number of unit cells, C;(Q)
=

I cos2Q( j+ d)a I, D =40(a/2) is the length of the
unit cell and q is the magnon wave number. The
usual equations-of-motion method' yields a 40
&40 matrix equation of the form

Z,'(iIf, „'(q) -@&;„'(q))A'(q, j ') =o,

and diagonalize the Hamiltonian (neglecting fourth-
order terms). The quantities, [2soC, (Q)]' 'V, , (q),
specify the relative amplitudes of spin motion for
a magnon with wave number q and branch num-
ber ~.

Figure 1 shows a graph of the first six posi-
tive-frequency branches of a typical magnon dis-
persion curve. For the example shown, II, =0.16
meV, J s =16 meV, d=0. 14, and & =0.5. The
dispersion curves are repeated in each large
unit-cell zone. In general, the dispersion de-
creases rapidly with increasing branch number.
For the case shown in Fig. 1 there is little dis-
persion for f =6. Branches & =7—20 (not shown)
are Qat and the maximum energy for ~ =20 is
82.6 meV.

The behavior of the lowest branch is similar to
that expected for a spin-density-wave antiferro-
magnet~~ for qnear to the incommensurable points
(qa/2tt= 0.95 or 1.05), but the behavior away from
these points and the existence of multiple branch-
es and energy gaps cannot be obtained from the
usual model for an itinerant antiferromagnet.

For H, «J's', the qualitative features of the
dispersion curves do not depend strongly on any
of the parameters except Q. The particular val-
ues of the parameters used for Fig. 1 were se-
lected so that the neutron inelastic scattering cor-
responds to that observed for chromium, as de-
scribed below.

For the model considered here the scattering
function, S(K, &d), for one-magnon inelastic neu-
tron scattering can be reduced to the form

S(rC, td) =a& &,(K) (n, (K)6((u+ (ut(K))+ [nt(K) + 1]&((u —(ut(K))]

where B is a constant, K is the magnitude of the neutron momentum transfer along Q, n, (K) is the
magnon occupation probability and

T,(K) =Q„Q;rfVt t(K)Vti t"(K)V, ,(K) V, i t*(K)) [C;(Q) C, ~(Q)]~ ~exp[2iK(p -j')a].
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The function &,(K) is symmetric about Ka =2@.
and for the lower branches (& ~ 6) is significant
only in the range 0.9 KKa/2s 1.1. For k(u ~ 30
meV the average value of & (K) decreases with
increasing &. For ~ =1, 1;(K) is peaked at Ka/2w
=0.95, decreases to zero at 1.0, and has struc-
ture at intermediate values of K. On the other
hand, &2(K) is large at both 1.0 and 0.95 but
peaked at an intermediate value of &. 1n gener-
al, the peaks in &,(K) are due to constructive in-
terference between the neutron wave and the com-
plex (nonsinusoidal) spin "motions" described by
the magnon eigenvectors. It is clear that S(K, co)

will have a complicated behavior with peaks at a
variety of K values including both Q and 2n/a.

In order to compare the predicted scattering
with the experimental data for chromium we in-
troduce the function (S(K, (u)), which is the con-
volution of S (K, u&) with a Gaussian resolution
function having full-width-at-half-maximum pa-
rameters, MC = 0.005 (2 m/a) and &@~= 1.2 meV.
The values of ~ and &@ are consistent with

those of the Cr data.
The results for (S(K, &u)) for a temperature of

0.4

200 K are shown in Fig. 2. The patterns are sym-
metric about K =2 m/a and the intensity is signifi-
cant only for Ka/2r between 0.900 and 1.100 even
though the dispersion curves repeat in each zone.

It is important to note that the peak in (S(K, ~))
for 4 meV around Ka/2m=1. 0 is a result of scat-
tering from K's near 2m/a which are included in
the resolution function [S(K, (u) itself is zero at
K =—2w/a]. The peaks in (S(K, u)) for 8 meV,
however, are directly related to peaks in S(K, cv).

In Fig. 3(a), a comparison with the data of
Fincher, Shirane, and sterner~ is given with

(S(K, tc)) normalized to the same scale as the
data. The agreement is seen to be very good,
especially considering the simplicity of the mod-
el. The peaks in (S(K, &)) are atKa/2m =0.9525,
1.0000, and 1.0475. The outer peaks in the data
are shifted from those of theory. This differ-
ence is, in part, due to the fact that the experi-
mental Q is larger than the value of 0.95(2v/a)
assumed in the calculation. The peak in the data
around 1.0 is less well resolved than in the the-
oretical curve. This may be due to the scatter-
ing from K's off the Q axis which lie within the
experimental resolution ellipsoid. The asymme-
try in the data about 1.0 is due to the eQect of the
form factor, an effect not included in the theo-
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FIG. 2. Constant-energy scans for several energies
for (8(K,~)) as a function of the neutron momentum
transfer.
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FIG. 3. (a) Comparison of (S(~,~)) with the neutron
data {Ref. j.) for Cr at 4 meV and 200 K. {b) Compari-
sons vrith the data for E = {2&/a}{0,0, 1}at a tempera-
ture of 200 K.
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retical curves.
A comparison of the theoretical results (nor-

malized at 4 meV) with the experimental con-
stant-K scan at (2m/a)(0, 0, 1) is shown in Fig.
3(b). A constant background of (130 counts)/
(12 min) has been added to the theoretical results.
The correlation is quite good. The rise in scat-
tering intensity at very low energy is not given
by the theory but the peak at 4 meV and the sub-
sequent falloff is well represented.

The results presented here strongly suggest
low-energy magnon modes exist near to K =2s/a
and that the scattering peak observed at 2z/a for
chromium is due to the presence of (small-ampli-
tude) magnon modes rather than large-amplitude
fluctuations of blocks of spins as suggested by
Fincher, Shirane, and sterner~. This conclusion
does not rule out the possibility that large-am-
plitude excitations also exist in chromium. The
results presented here do not account for the
large increase in the background scattering with
temperature which Fincher, Shirane, and %er-
ner' observed.

The model discussed here is clearly too sim-
ple to provide a precise description of chromium
and the details of our calculation should not be
regarded as accurate. A model including the
three-dimensional magnon dispersion, the large
anisotropyv which confines the spin motions to
the plane perpendicular to Q as well as the ex-
perimental three-dimensional resolution func-
tion will be required in order to provide a satis-
factory analysis of the chromium data. Never-
theless, our results establish a number of im-
portant physical properties of a modulated spin
system which must be present in any model: (1)
The magnon spectrum is complex, contains a

number of energy gaps, and has low-energy
modes near the commensurable point. (2) Peaks
in S(K, td) arise from interference between the
neutron wave and the nonsinusoidal magnon spin
"motions" and can occur at a variety of K vectors,
including the commensurable point. (3) Peaks in
(S(K, &d)) may be produced by unresolved struc-
tures in S(K, to) and do not necessarily imply a
special feature in the magnon dispersion curve.

The considerations discussed here will also be
of importance in understanding neutron scatter-
ing from other spin modulated systems including
erbium and thulium. '
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