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Effect of Flavor Mixing on Proton Decay in SU(5) Grand Unified Theories
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I discuss the effect of flavor mixing on proton-decay Hamiltonian in SU(5} grand unified
theories with arbitrary number of fermion families and show that in the simplest model
with only one (5}Higgs multiplet, all fermion interactions (with Higgs as well as gauge
bosons} are describable in terms of a single mixing matrix. For the more complicated
case of several (5) multiplets, the above feature persists for gauge-boson interactions
though not for Higgs bosons.

Gauge theories based on the local SU(5) sym-
metry group have received much attention re-
cently as a possible candidate for grand unifica-
tion of weak, electromagnetic, and strong inter-
actions. ' ' At low energies (i.e. , E ~ 10' GeV),
only the SU(3) SU(2)I, C3 U(1) subgroup of the
grand unifying group is supposed to manifest it-
self and the associated gauge bosons V„' (i = 1,
. . ., 8), W„', Z, and the photon are believed to
mediate strong, weak, and electromagnetic in-
teractions of the fermions (quarks and leptons).
The remaining twelve gauge bosons (denoted by
complex fields X, "~' and Y;' ', i =1,. . ., 3)
mediate interactions which do not conserve either
baryon or lepton numbers and are responsible
for proton decay. Then, of course, there are the
Higgs bosons interacting with fermions. Thus,
the complexion of flavor interactions in this model
is quite rich. When one includes different gen-
erations of fermions in this model in a sequential
fashion, mixings between different generations
will add further complications to the interactions.
In fact, given that normal charged-current weak
interactions are characterized by generalized
Cabibbo-like mixing angles e,. (&; small), it is

a priori not obvious that baryon-number-non-
conserving interactions would also be described
by the same set of angles. In general, one would
expect them to depend on the mixing angles for
I3@T + p fer mion sector s separ ate ly . It is then
conceivable (and indeed has been suggested') that
the structure of proton-decay Hamiltonian could
be very different from expectations based only
on one generation of fermions and that the most
crucial prediction of the model concerning the
proton lifetime could possibly be affected by in-
clusion of these mixings.

In this Letter, I study this question of flavor
mixing for an arbitrary number of generations
of fermions and its impact on the nature of gauge
boson as well as Higgs-boson interactions with
fermions. The main result is that in the simplest
SU(5) model with a single ( 5j Higgs multiplet,
a/l fermion interactions (both Higgs as weil as
gauge boson) are characterized by a single mix-
ing matrix. As a consequence, the dominant part
of the proton-decay Hamiltonian is the same as
with only a single generation of fermions (i.e. ,
M, d, e, v). For the more complicated case of
several f 5) Higgs multiplets coupling to fermi-
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ons, the above feature persists for the gauge-
boson interactions though not for the Higgs bo-
sons. Thus, the predictions for the proton life-
time are not affected by flavor mixing in the
presence of several generations of fermions and

Higgs bosons. I now proceed to outline the proof
of this result.

To establish notation, let us take M families of
fermions, each family prior to mixing, being

denoted by

where i is the color index, I-' stands for neutrino-
type leptons, and c stands for charged leptons.
The physical fermion fields which are eigenstates
of the mass matrix will be denoted by (u, , d, , v„
e ), (c, , s, , v„, p, ), (t, , b, , v, , T ), . . . . Assign
ment of fermions under SV(5) is given for each
family by
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We are now ready to write down the flavor gauge-boson interaction of fermions. Using the standard no-
tation' for the bosons, we obtain, for the charged-current part of the interaction Lagrangian,

+~2 RYE p' (~' '2Q»' X„Q„& q„,r-„M&+Q2;,r„M»)+H. c

where Q and M are column vectors for unmixed like-charge fermions of different generations (and
qc gqT).

(superscripts stand for generations and subscripts for color).
The fermion mass term in the Lagrangian subsequent to spontaneous breakdown can be written as

=Q,~M + Q~s+Q~M Q»+M, ~M M,~. (5)

The above mass matrices will in general be complex and can be diagonalized by the following biunitary
tr ansf ormations:

U M~+~ U ~ =D~+~,
L 8

V, M~ ~V ~=a&-~.

The physical fermions are then given by

Pz -Uz, Q,z, ,

Ni = Vi Q2z, ~

E ~=V~M~,

and similarly for right-handed helicity components, where

P =(u, c, t, . . .),
N=(d, s, b, . . .),

(6a.)

(6b)
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D' &=diag(m„, m, , m, , . . .), D~ i=diag(m, , m, ,m, , . . .).
In terms of the physical fermion fields, Eq. (3) can be rewritten as

(8)

where F.'~ = V„M». Note that in this model since all neutrinos are massless, E'„ is also an eigenstate
of the Hamiltonian. From Eq. (9), we find that cha. rged-current weak interactions are described by the
matrix U~ V~ which for two families can be made completely real by suitable redefinitions of the
phases of the fermion fields. For three families, it can be written in the form first suggested by Koba-
yashi and Maskawa. The interaction of X and F bosons, however, contain mixing matrices like U~ U~

or U„*V~, etc. , which will involve mixing angles very different from those in U~V~ . However, we
now show that the SU(5) model possesses an intrinsic symmetry for the mass matrix of the I,~=+-,'
quarks, which enables us to simplify Eq. (8) further. To see this, note that, the Yukawa coupling lead-
ing to M~'& is

Zh. ~"""(X'),'e, C 'X. "
a,b

(10)

where C is the Dirac charge-conjugation matrix. An examination of Eq. (10) reveals that the mass ma-
trix M~'~ following from it has the following property,

(M")„=v(h„+h„)= (M'~)„,
where v -=(y, ). It the follows that

U~ = KU~*,

where K is a diagonal unitary matrix. Using Eq. (12), we find that

U of& U t ~ 1
R L

and

(12)

U~*V~ =K 'U~V~ (13)

Thus, up to a diagonal unitary matrix K, all gauge-boson interactions in Eq. (9) are expressible in
terms of a single mixing matrix U~V~ . From this, it follows that, since the mixing angles betweenL ~
the light-mass quarks (u, d, . . . ) and&he heavier ones (c, s, . ..), etc. , are small, the proton-decay
Hamiltonian is not substantially altered in the presence of more generations of fermions. This is the
main result of this Letter.

I now proceed to show that for the simplest Higgs system with one (5) and one (24) Higgs multiplet,
even the Higgs-boson-fermion interactions become very simple. As is well known, only the (5) mul-
tiplet y interacts with fermions prior to spontaneous breakdown:

Z~ ——Q f,b
X" '9'~%a+ Z hgye '""(X )q, 'V„C '

X,t +H.c. (14)
a, b a, b

We write

where Fl, are the heavy, colored, fractionally charged Higgs mesons that couple to baryon-number-
nonconserving currents. We will concern ourselves with their interactions with the physical fermions.
From straightforward algebra, it follows that their interaction with physical fermions can be written
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as

+ e;,„(N ) „~C
' V~*DC U~ t&~~ + (I' );,~ cC 'U„3CV~ tE ~ ) + H c. (i5)

Up*%Vs =K '(UiVi )D v

U~&Vst =(Ur, Vr, )D~ ~v

U *XV '=D'"SC '(U V ')v '

V, *XV,'=(U, V, ')'Z-'D" v',
UsRV~ =D (U~V~ )v

(16a)

(16b)

(16c)

(16d)

(16e)

Thus, all Higgs baryon-number-nonconserving
interactions become also expressible in terms of
the same mixing matrix U~V~ that describes the

where (6'), =f„; (R)„=h„. But note that F=v 'Mi ~

and &=Mi tv '. Therefore, using Eq. (6) and
(12), we find

! charged-current weak interactions. Therefore,
the Higgs contribution to the proton decay can
also be safely estimated using the model with a
single generation of fermions. It is now obvious
that if there are more than one j5j Higgs multi-
plets coupling to fermions, Eqs. (16a)-(16e) do
not hold and, therefore, the nature of the baryon-
number-nonconserving Higgs-boson interactions
becomes more complicated.

We would now like to comment on the impact of
adding Higgs fields belonging to j45j representa-
tion' of SU(5), denoted by Z,„~. This will generate
new kinds of Yukawa couplings involving j5*j and
j10) as well as those involving only the j l0} rep-
resentations of fermions. These interactions
will be given by &~'.

g~'= Q, f, 'X " '(„Z&,"+Q, ,It„'e~'" (y )r, 'C 'y, „~Z„'+H.c.

The Z fields acquire vacuum expectation values
as follows: (Z„')= —3(Z, , ') (no sum over i). By
substituting (Z) into Eq. (17), it becomes clear
that the contribution of ~' to the up-quark mass
matrix Mi' does not satisfy Eq. (11). This en-
ables us to draw the following conclusions: (a) If
the j45) Higgs & contributes only to the down-
quark mass matrix M (as in the model of Geor-
gi and JarIskog'), my conclusions about the domi-
nant structure of the proton-decay Hamiltonian
remain valid '(b) O.n the other hand, if & con-
tributes to M~'~, then the situation will be very
different and my conclusions will not hold in gen-
eral.

In summary, I show that increasing the number
of fermion generations and inclusion of flavor-
mixing effects do not change the estimates of pro-
ton lifetime calculated on the basis of a single
generation of fermions. Crucial to this conclu-
sion was the observation that the mass matrix for
the up quarks in SU(5) model is necessarily sym-
metric for j 5j Higgs mesons.
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The lepton and down-quark mixing matrices are
then different but this difference has negligible effect
on the proton-decay Hamiltonian.


