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A thermal gradient in a current-carrying superconductor gives rise to a branch imbal-
ance and hence to a potential difference between quasiparticles and condensate. We pres-
ent a theory of this effect valid for a dirty and for a clean superconductor which is in good
agreement with recent experiments.

Although in the past years there has been an
increased activity of research in this field, ther-
moelectric phenomena in superconductors seem
to remain mysterious. ' Going back in history to
1927, Meissner found evidence that a thermoelec-
tric voltage was absent in a steady-state super-
conductor. Seventeen years later, Ginzburg
pointed out that there still exist thermoelectric
phenomena which can be observed. For instance,
there has to be a contact potential between super-
conductors of different temperatures which is
the analog of the mechano-caloric effect (fountain
effect) in superfluid 'He. Unfortunately, because
of the exceedingly small heat capacity of the de-
generate electrons, this effect and many related
phenomena are difficult to measure. Their inter-
pretation leaves many questions unanswered. As
a striking example, we mention the thermoelec-
tric generation of magnetic flux in a bimetallic
superconducting ring where recent results' show
a discrepancy by orders of magnitude with ac-
cepted theories. '

In an other type of experiment, 4 a thermally in-
duced difference in the electrochemical potentials
of the normal and superfluid component has been
observed. Since the pioneering work of Tinkham, '
such a difference is known to arise from an im-
balance in the population of the excitation spec-
trum branches. However, it is unclear how such
a branch imbalance can be generated by a ther-
mal gradient alone. '

As the experience has been rather discouraging
so far, it seems to us important that recent ob-
servations by Clarke, Fjordbgge, and Lindelof'
can be explained quantitatively as we will show
below. These authors report on the generation
of branch imbalance by the interaction between
a supercurrent and a thermal gradient and they
found that the magnitude of this effect is bilinear
in both of the driving forces.

For convenience, we consider first a dirty
superconductor (T,t; &

«I), in which case,

kinetic equations for the nonequilibrium part
5fs of the quasiparticle distribution function
have been presented in a paper by the authors. '
We have shown there that the branch imbalance
Q can be computed by means of the relation'

q+ = Wr(O) fdZX, (Z) Cy,

where N, is the reduced density of states.
For further discussion, it is advantageous to

split the distribution function into two parts 5fstr~
and Cfear~&, where the transverse (T) and longi-
tudinal (L) parts are even and odd functions of E,
respectively. The local variation in temperature
T(r) = T+ 5T(r) creates a longitudinal nonequili-
brium distribution

6f t~~= —n '(E)(B/T)5T(r),

where n ~' is the energy derivative of the Fermi
function. It has been demonstrated, that in the
presence of a superfluid velocity 2mv, = -VO
—2eA, the longitudinal and transverse modes
are coupled. " Thus, Ofs is determined as the
solution of the Boltzmann equation

where D= vF'v; P/3 is the diffusion coefficient and
where we have assumed that &f is constant in
space and time. In this equation, K is the phonon
collision integral. The second term describes
the conversion of superfluid into normal fluid and
vice versa (branch-imbalance relaxation) where-
as the last term represents a generation mechan-
ism proportional to the product (v, VT) of super-
fluid velocity and temperature gradient. We
remember that in the presence of phonon scatter-
ing (collision rate I/Ts), there exists always a
pair-breaking energy F= 1/2rs. In this case, the
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spectral quantities are given by (!6!—6)

N, Re E+iI
R, j Im [(E+iI")'—6']'~' '

N, Re ih,
Im [(E+iF)' —&']"' '

r

(4)

These relations will be of importance in a mo-
ment.

%e have shown in Section 5 of Ref. 8 how to
solve Eq. (3) in the limit 6-0, and these argu-
ments have been used by Eckern and Schon" to
introduce as an approximation a reduced collision
operator

-K(5f ) =T 'N, (E)[6f r+n '(E)

x J dE'N, (E')gf, , '], (5)

which preserves the conservation of particle num-
ber. Effects of nonequilibrium phonons are ne-
glected. Accordingly, we obtain for the branch
imbalance the following expression:

Q*/2N(0) = 4m D(v, ~ V T) T ' V(1 —Z)

where V and Z are the integrals
NZ= JdEn, (E)

~+ AT@

(6)

V=- J dEn '(E)
N +267 N

In the limit of small pair breaking I'«6 and
small b, such that A(~s I )' ' «T the range of inte-
gration is restricted to E = O(h) which allows us
to put nr' = 1/4T and to—neglect the energy de-
pendence of T~. In this case the integrals yield
[see also Eq. (44) of Ref. 8]

1 —Z = 2Av~ J2 = (&&/4T)(2 FT~)'~', (8)

V = ln + 2(2w~I' —1)~' ar ctan(2T~ I —1)'~'4~

In the limit I' = I/2~~, the result can be put in
the simple form

' ' '(v, ~ VT) in(8m~~). (9)

— - P n, '(E-,)Ep +i/np]=0, (10)

where I is the collision integra. l, E~ = (c~'+ &') ' '
3nd Q

p Ep + p v, is the excitation energy in the
presence of a supercurrent. The branch imbal-
ance can now be found from the relation Q*= 2N(0)
x J de~ ((e~/E~)6n&), where ( ~ ~ ) denotes an
angular average. Inspection shows that it is ad-
vantageous to multiply Eq. (9) by N, (E)(e~/E~)
x6(E —P, p) and integrate with respect to e~. Fur-
thermore, we introduce the notation"

q(E, p) = J de, (e, /E, )6np 6(E E-, ). —

It is interesting to note that, although electron- .

phonon collisions are responsible for branch-
imbalance relaxation, the dependence of Q* on

w~ is extremely weak.
A supercurrent acts as a source of pairbreak-

ing adding to I" a contribution DI'= 2m'Dv, '.
Therefore, we must require 5I'« I/Tz in order
to guarantee that Eq. (9) is valid. This is equiva-
lent to the condition that v, be smaller than the
critical velocity at least by a factor [T~(T,—T)] ' '.

The corresponding calculations for a clean
metal (T,7; p»1) are rather involved if one uses
the Green's-function technique of Ref. 8. As an
alternative, we present a Boltzmann equation in
the excitation representation which has been laid
out by Aronov and Gurevich. "

In the presence of a uniform temperature gra-
dient, and for the stationary situation which we
are considering, the Boltzmann equation takes
the form

where we have also allowed for the possibility of
additional sources of pair breaking in addition to
phonon scattering; hence I'- I/2w~.

Neglecting for the moment some complications
(to be discussed later) in connection with the im-
purity collisions (which a,re otherwise assumed
to be isotropic), we obtain from Eq. (10)

v~ 'fN, (E —p v, )cp(F-, p)+nr'(E) JdE' ,'[y(E', p)+ p(E', -—p)] j+~; p '[q(E, p) —(q(E, p'))]
= 2(p VT/m T)n, '(E)E, (12)

where we have written down the phonon collision
operator in the reduced form corresponding to
Eq. (5). An important feature is the dependence
of the density of states on the shifted energy E
—p v . The solution for y linear in p v, is ob-
tained without difficulty in the case w; p «7z,

! and we essentially recover Eq. (6) with the follow-
ing exception: The divergent integral V= -2
x JdE nr'(E)(a'/c'), leads to the previous value
(in the case of I"/~ «1 and I + 1/27 ~) only if we
cut off the integration below E= 6+ I'/2. In
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retrospect, it becomes clear that an expansion
in powers of p F v, requires that p F v, « I".

A detailed calculation reveals that, in Eq. (12),
the impurity-scattering term qr(E, p)/7; ~ carries
an extra factor

Q2
L,(z, p)= ~

Ep Ep/ EpEp I pl

where E~= E —p v„etc. One can convince one-
self that this factor is relevant only if p Fv,
a A(T; z/vs)' '. In particular, if pFv, »T(T; z/
ws)'t', then phonon scattering becomes unimpor-
tant, and we obtain the result

pFvs-

where a constant of order unity.
In conclusion we may say that in a rather di-

verse variety of limiting cases, we have obtained
almost the same expression for the branch im-
balance Q*-(ppl; z/T)(v, ~ VT) which is generated
by the interaction between supercurrent and heat
flow. Furthermore, Q* depends very little on

temperature if 6 & T. On the other hand, from
Eq, (7) it is clear that Q* vanishes exponentially
at low temperatures. In the dirty limit, we may
eliminate advantageously v, in favor of j, in Eq.
(9) and obtain Q*=(4/v'eh')(j, ~ VT) In(86vz) which
is independent of material para, meters except for
a weak dependence on 7E. In the experiments of
Ref. 7 the difference between the quasiparticle
potential and the pair potential U= Q*/2eN(0) Gqs
(where GNs is the normalized junction conduc-
tance to the normal probe) is measured and it is
found that the reduced quantity VGNs/(j, .V T)
varies proportional to (1 —t) ' where t = T/T, .
The logarithm in our result changes this depen-
dence only very little: If we use the material pa-
rameters listed in Ref. 7, the exponent is shifted
from -1 to about -0.9, a result which actually

fits the data even better. Furthermore, using
the same material parameters we find in the dirty
limit the absolute value of VGNs(1 —t)/( j, VT)
= 1.2 ~ 10 "Q cm', which is in good agreement
with the experimental prefactor which varies
from 0.8 to 3.8 for different probes.
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