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It is suggested that odd-A nuclei be treated as a system of interacting bosons and fer-
mions. It is shown that a simple choice for the form of the boson-fermion interaction is
sufficient to describe the variety of observed spectra.

The purpose of this Letter is to point out that
we have developed a new model for describing
collective properties of odd-A nuclei, which con-
tains as limiting cases both the particle-vibration
(weak-coupling) and Nilsson (strong-coupling)
models. It can additionally be used to discuss
other situations, including those intermediate be-
tween weak and strong coupling. In this model,
an odd-A nucleus is treated as a system of inter-
acting bosons and fermions. The bosons repre-
sent correlated pairs of particles" coupled to I.
= 0 (called s) and I.=2 (called d), while the fermi-
ons represent the odd, unpaired particles. The
total Hamiltonian is written as H =H~+H~+ V»,
where H~ is the boson Hamiltonian of Ref. 1, HJ,
=p, e(j)a, ta, , is the fermion part of 8 and

V» denotes the boson-fermion interaction. The
boson part is fixed by requiring that its eigenval-
ues describe accurately the adjacent even-even
nucleus, which, in the present approach, is cal-
culated simultaneously with its odd-A partner.
However, the spectra of odd-A nuclei depend cru-
cially on the boson-fermion interaction, V». In
this Letter we show that a particularly simple
choice of V» (i) leads, in limiting cases, to spec

tra analogous to those of the particle-vibration,
the Nilsson, and the particle-plus-y soft-rotor
models, and most importantly (ii) is sufficient
to describe, to a good approximation, the ob-
served spectra.

In order to write down explicitly this interac-
tion, we begin by showing in Fig. 1(a) all possible
couplings linear in the boson and fermion vari-
ables. In this figure, we have separated the
terms which arise from a two-body fermion-fer-
mion interaction (denoted by a circle) from terms
which arise from the antisymmetrization of the
fermion lines (exchange terms). We then note
that, because the s and d bosons describe pairing
and quadrupole correlations, ' we expect the J = 0
and 0=2 terms to be dominant in the diagrams
(2), (4), and (6) of Fig. 1(a). We also note that
the exchange terms (1) and (3) can be rewritten
as a renormalization of the monopole (J = 0) and
quadrupole (8=2) coupling terms. We are thus
led to suggest that the structure of odd-A nuclei
is, to a large extent, dominated by the interplay
of three terms: effective monopole and quadru-
pole interactions, and the exchange diagram (5),
as shown in Fig. 1(b). These three terms can be
written as

Vsi, =A[(s tx s) ' x (a, tx a,)'"+r([(dtx s+s txd)"~+y(dtxd)&'~]x (a."xg.)~'&p'&

-A:[(dxa,. )&'&x(d xg,.)' &]~'&:, (1)

where we have used the same notation of Refs.
1 and 2 with d„= (- 1)"d „,a, = (- 1)' a, , and
considered, for simplicity, the case in which the
odd fermion can occupy only one level j. The pa-
rameters A, I, A denote the strength of the mono-
pole, quadrupole, and exchange terms and they
become matrices A,-, I,,', A, , ' in the general
case in which the odd fermion can occupy several
single particle levels j, j', . . . . Normal order-
ing (:) has been introduced in the last term in or-
der to remove the contribution arising from the
commutator of d and d~. The three parameters
A, 1', A (or the three matrices A, , I', , , A, , .' in
the general case of several single-particle levels)

!can, in principle, be calculated from the under-
lying fermion-f ermion dynamics using either a
procedure similar to that described by Otsuka,
Arima, and Iachello'. for calculating the param-
eters appearing in the boson part of H, or using
the nuclear field theory of Bortignon et a/. For
the purposes of the present Letter, they will be
taken as phenomenological constants to be adjust-
ed to experiment. We now claim that a diagonal-
ization of 8 =8s+8~+ V» with Vs+ given by (1),
produces, in limiting situations, spectra analo-
gous to those of (i) the pa.rticle-vibration model,
(ii) the Nilsson model, and (iii) the particle-plus-
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FIG. 1. (a) Diagrams describing the couplings of an odd particle with angular momentum j (single line) to the
bosons s and d (double line). Two-body fermion-fermion interactions are denoted by a circle. (b) The three terms
which dominate the structure of odd-A nuclei. The square denotes an effective fermion-fermion interaction.

y soft-rotor model. These limiting situations oc-
cur whenever the boson Hamiltonian, HI„pos-
sesses one of its three possible dynamical sym-
metries' SU(5), SU(3), or O(6). Postponing a
discussion of the limits (i) and (iii) to a longer
paper, we concentrate here only on the limit
based on the SU(3) boson symmetry and show that
it gives spectra similar to those of the Nilsson
model. ' To this end, we present in Figs. 2(a)
and 2(b) the results of two calculations for a par-
ticle with j = z coupled to an SU(3) boson core
with V» as in (1) and A = 0. The two calculations
correspond to two different choices of the inter-
action strengths A and I'. In the first calculation,
Fig. 2(a), done with A = 0 (corresponding to an

empty shell) and I'&0 (corresponding to a nega-
tive deformation), the diagonalization produces
a series of rotational bands with bandheads Kp
=&, ~, ~5, ~, and ~. These are analogous to the
bands which can be constructed in the Nilsson
model for a single particle with j = z moving in
a deformed potential with deformation P &0. How-

ever, the diagonalization produces other excited
bands. In order of increasing energy, we find
bands with K=K, and K =K,+ 2 [Fig. 2(a)]. The
bands correspond to the bands built on the SU(3)
representation (2N-4, 2) in even-even nuclei'
and thus could be called P and y bands. While
here they arise automatically, in the Nilsson
model they must be either placed ad hoc or cal-
culated by use of other methods. In the second
calculation, Fig. 2(b), done with A &0 (corre-
sponding to a, partially occupied shell) and I'&0
(corresponding to positive deformation), the di-
agonalization still produces a series of rotational

bands but with different ordering. The band with

Kp 2 is now the lowest, followed by Kp =

z, and z. Associated with these bands there are,
at higher energies, the corresponding P and y
bands as before. The different ordering of the Kp
bands here results from a balance between quad-
rupole (I') and exchange (A) couplings. Since, as
one can directly demonstrate starting from the
shell model, '~ the effects of the latter term are
proportional to the occupation probability of the
shell, this balance is analogous to the balance be-
tween deformation, P, and Fermi energy, X~, in
the Nilsson model; it is the crucial ingredient in
producing spectra similar to those of the Nilsson
model within the framework of the present ap-
proach. The introduction of the monopole term,
A, does not modify these conclusions.

The most interesting aspect of the present meth-
od, however, is that, in addition to the three lim-
iting cases (i), (ii), and (iii), it is potentially cap-
able of describing intermediate situations. As an
example, we show in Fig. 3 the results of a pre-
liminary calculation of the low-lying negative-
parity states of the odd Eu isotopes, which orig-
inate from a proton in the 1hyyg2 level coupled to
the even-even Sm cores. In this. calculation, the
boson part of II was taken from Scholten, Iachel-
lo, and Arima' and the parameters A, 1", and A

appearing in the boson-fermion interaction were
adjusted so as to produce a good overall fit (they
are given in the figure caption). Further details,
including results for the positive-parity states
based on theg7(2 d5yz single-particle levels and
electromagnetic transition rates will be present-
ed in a longer paper. Here we emphasize that

680



VOLUME 43, NUMBER 10 PHYSICAL REVIEW LETTERS 3 SEPTEMBER 1979

E (MeV)

p
&1e

2J
13

--15 '

l l

-'-13-'-9
23 '(

I- -'-21 2
' K=I&/

K=~/z
K=9/Z-- 19

-- I?

--15 K=9/
I I

K /P

K= /p 2
--I I

—'-I
I :I:—7

K =/p
--21-'-7 0

3K=II/z ' l3
--19K=/PK= /2 9-,'— - - P 2

7-- 17 E5
--15

r--13
r

-'-9~
w7

'K ='/z
0

[440] Ilz

[431]3yz

[422] siz

[413]7jz

[4o4] ~i

0-

--15
——13
——

I
I~'

9
0

E(Mev)

i~ 6
—13—9 5
K=»/,

K=5/ 2
2

P Y
—5—3—

I K= 5/&

K= /p

0-

—7—I

2K= I/

K=~/p

r
-3

I

—9-7 -9K= /p K= /p
K= /2

K=7/p

=I
K =I/20~7 =3

Ko- &/)
K=7/

Ko= 5/2

[404]~lp

[413]~&a

'[42a] siz

431]3/z

[44O]1i,

(b)

FIG. 2. (a) A typical spectrum in the SU(3) limit of the interacting boson-fermion model. The number of bosons
is N=6, the odd particle has j $ and the energy levels are calculated by diagonalizing the Hamiltonian (Ref. I) H

—&(5 ~
) [Q xQ ]~ +I'[ x(u, xa, ) ]@ with &=12.5 keV, I'~-500 keV, and Q ~(d~xs+s~xd) Only a

selected number of levels is shown. The levels have been arranged into bands denoted by the lowest value of the
angular momentum, K, contained in the band. This quantum number is only approximately equivalent to the quan-
tum number E in the Nilsson model. In the inset, the corresponding situation in the Nilsson model is shown.
(b) Same as above but for jj~- I((5) [Q xq ] +I'[g x (g x~ ) ] —A-[(dx@ ) x (d x~™-) ] ~ with g ~]2 5
keV, I'~175 keV, A~1385 keV. Only the lowest state of each band is shown.

the possibility of following the complex inter-
weaving of levels across a transitional region in
odd-A nuclei opens a new perspective into the
very rich phenomenology of this class of nuclei.

Finally, we point out that although one of us (F.I.)
in collaboration with Arima' had already indicat-
ed the most general form of the boson-fermion
Hamiltonian, we had not previously succeeded in
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FIG. 3. Low-lying negative-parity states in the odd Eu isotopes. The numbers next to each level denote the values
of 2J. The experimental location of the levels J = 9j2, 13/'2, and 15/2 in '55Eu is not known. The theoretical
curves are calculated by use of (1) with A= 300 keV, l"= 1800 keV, and A= 5889 keV.

showing explicitly that it would produce spectra
with the observed properties. The key develop-
ment has been the recognition of the special role
played by the exchange term, A, in determining
the ordering of the various co11ective bands.
This term had already been introduced by Civi-
tarese, Broglia, and Bes' in their particle-vi-
bration description of '"Pb. Its importance in
producing a Nilsson-like scheme has also been
recently suggested by Bes and Broglia" in their
nuclear field-theory treatment of the interacting-
boson model.
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