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any 2 8-state population in the case of cesium, in
obvious disagreement with our result.

We conclude that, in addition to the practical
interest of knowing the composition of metastable
He beams, the present results should challenge
theorists to improve the description of the col-
lision mechanisms involved in these processes.

The authors are grateful to C. Kubach and
V. Sidis for stimulating discussions.
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A self-consistent theory of finite-P, universal-mode turbulence is developed, Saturation
results from resonance broadening of the electron response due to magnetic shear. Elec-
tron diffusion, for P, )m, /m;, is due to the magnetic part of the fluctuations. The diffu-
sion coefficient, D=0.l [T /(T;+T )] (m /m;p )(I.,/I„) u;p; /I„, scales inversely with
density, is independent of magnetic field, and is in excellent quantitative agreement with
observations on the Alcator tokamak.

One of the principal theoretical goals in toka-
mak research is the development of a self-con-
sistent turbulence theory for the short-wavelength
fluctuations through to be responsible for anom-
alous transport. This paper presents a nonlinear
turbulence theory for the finite-P, universal in-
stability. An approximate analytic solution of
the coupled, nonlinear, eigenmode equations is
obtained. The accuracy of this solution has been
verified by numerical computations. The result-
ing formula for the anomalous electron thermal
conductivity, E(l. (9), has many similarities with
experimental observations, including absolute
magnitude, and scaling with density, tempera-

ture, and ion mass. For typical tokamak regimes
where P, ) m, /rn, , the calculation constitutes an
example of a self-consistent theory of stochastic'
magnetic fluctuations.

Until recently, 2 most turbulence theories ig-
nored shear in the equilibrium magnetic field.
Without shear, turbulence mainly affects the
ions. The basic saturation picture, as developed
by Dupree, ' balanced linear electron growth,
y, ", against nonlinear (turbulent) ion damping,
y, ". Taking y, "=h~'D is the basis for the y, "/
k ~' estimates of the anomam. ous diffusion coeffi-
cient. However, recent theory' has found that
y, "«k&'D, because the ion-wave interaction is
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weak for low-frequency modes, and consequently,
for tokamak parameters, that ion nonlinearity is
not a. viable saturation mechanism.

Because of their rapid mobility along the field
lines, electrons are the species most strongly
affected by turbulence in a sheared magnetic
field. ' Here, the ions cause linear damping, due
to the shear, at a rate y, . Electron growth is
modified by shear-induced resonance broadening,
toy, ". Saturation9 fg pj 7 can occu~ at low
turbulence levels, consistent with observations.

We do not consider the existence of instability
to be in doubt, but there has been some confusion
on this point. All recent linear theories have
been unanimous in predicting stability and our
recent paper' shomed instability through nonlin-
ear effects. The key physical effect uncovered
by the nonlinear theory, however, as we have
emphasized recently, ' is spatial diffusion in com-
bination with streaming along the lines in the
presence of shear. The amount of diffusion nec-
essary for destabilization is so small that it
wouM be unlikely not to be present in practice.
Specifically, classical collisional scattering of
the guiding centers, D- v„p,', mhich is three
orders of magnitude below observed electron dif-
fusion, destabilizes the mode.

In a sense, the main point of this paper is to
apply shear-induced resonance broadening to the
electromagnetic problem and show that it pro-
vides an effective mechanism for the saturation
of the instabilities. The specific example con-
sidered here is basically a drift wave, although
finite P, does modify the shear damping in an
important way, and when P, &m, /m, , most of the
transport is due to the magnetic part of the fluc-
tuation.

We consider a cylindrical tokamak, with equil-
ibrium field components B=B,ex+Be(r) ee. Since
p, = 4wnT, /8'«1, the compressional mode of fluc-
tuations may be neglected, and it suffices to con-
sider the parallel component of the vector poten-
tial AI). Expanding the modes in a Fourier series
in poloidal and toroidal angle - exp(im6 —intel - i~t),
the parallel wave vector is given by kll=(m -nq)/
Rq, where q =rB,/RBe is the safety factor. For
each mode, the rational surface is at x „,such that
q(r „)=m/n, and we let x=r r„be -the distance
from the rational surface. Then kll =kll'x —= ke x/
L,. As in linear theory the modes have a definite
parity with respect to x. The drift-wave parity
considered here is 4 even, A„odd, so that E
= -ikll (4 4) is odd, where 4, defined as All(L/

k
11

C is eveIl ln X

The nonlinear electron response to 4 and 4
may be computed in the manner indicated previ-
ously. ' Writing the electron fluctuation as

f, = (e/T, )F„[e-(1- (u.,/(u)4']+ k„

where the first term is the adiabatic response
(or the kllvll -~ limit of the drift kinetic equa-
tion), the result of this "renormalization" is
equivalent to computing h, from the diffusion
equation'

[- i((u -k llv ll) —Dd'/dx'] k,

= (e/T, )E„i((u —(o.,)(4 -4). (2)

Now D contains magnetic as well as electrostatic
contributions,

c kg 5))
82 m~ +limn R( kllvll)p (3)

m, n C

where R =~o dt exp[i(m kllvll) t 3(kll vll)'Dt'1 is
a turbulently broadened resonance function. Since

All ——(c/v~) 4 [see Eq. (10)],where v„= (8'/4wnm, )'~',
note that when v, '/v„2&1 or P, &m, /m, , diffusion
due to the magnetic pa,rt of the fluctuations is
dominant. The physical properties of shear-in-
duced resonance broadening can be inferred di-
rectly from Eq. (2).'

Equation (2) is appropriate when the particle
orbits in the presence of the fluctuations exhibit
the stochasticity property, thus justifying diffu-
sive behavior on the spatial scale of a wavelength.
This will happen when the island-overlap (or
Chirikov) condition is satisfied. For poloidal
mode numbers in the 10 range which, we find,
dominate the spectrum, island overlap occurs
for electrostatic fluctuations of order ep „/T,-10, or magnetic fluctuations of 8„„„/8-10'.
Thus for these high-mode-number fluctuations
the rational surfaces are packed very densely
together and the stochasticity condition is, for
all practical purposes, always satisfied.

Turning to the eigenmode problem, the electron
density and current fluctuations can be computed
from Eq. (2). Finite-gyroradius ion fluctuations
are computed from linear theory. Combining
these, using quasineutrality n, =n,. and Ampere's
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law, -V g A )) (47(/c) (J )(, +J
~~ ( ), l.eads to

—(o=(@-0)& —( —v*x'+ '
)

d' d'e , , a, Ix I

d dx Ix I

(4)

d C (Od

~A k!!C

We have retained the standard notation wherever possible, defining

(5)

f =k,'p,. ', 1„(f) =e-'f„(f ), 7 =V, /r, , xe ~/kll Uq q x~=(dq/kii 5, d= (I 0
—I ~)(T+(d~/(d)

( =(1 —I' )/(I' —I',), A =d '[1+v(1 —1 ) —I' &u, /u], g =d '(w+u, /&u) I (+ /~7)2(L, /I, )2

ki('-=k~/L, , d'=2+1.2i(l —(d/co„, )(tv~, /(u, )x, , &, (Ix I)/Ix I=(1 —a) ~/(o)d (x,/Ix I)Z((x, +ix,)/Ix I ).

Note that the underlying electromagnetic modes
persist in the presence of stochasticity, at least
for the odd parity of A ~~.

To simplify the solution to Eqs. (4) and (5),
we use an approximate algebraic relation between
4 and P (obtained by interpolating between the
asymptotic relations) in Eq. (4) to give a self-ad-
joint equation for 4. The approximation is based
on the following argument. ' We are concerned
with what is basically a drift wave, and the prin-
cipal dynamics are described by Eq. (4). The
primary finite-P effect (as is known from previ-
ous work') is the reduction of the parallel elec-
tric field, or 4 —j, within the Alfvdn layer, xA
= &u/k

~,

' v~ due to inductive effects. To represent
this algebraically, note that g- 4 follows from
the x -0 limit of Eq. (5). The large-x behavior is

I

! found by combining (4) and (5) to give

d'4/dx' $ C

= (k inc/(dd)(v p /c )(d /dx b) k pc&/(I)

d~c x2(A —p2x'+ a, ) + @'@2

dx X +X/
(6)

Equation (6) passes to the usual electrostatic
equation' as x8-0.

A quadratic form

As x -~, the derivative terms are dominant,
implying f- Cx~' d/ x', and so by a simple interpo-
lation, g =—Cxz'/(x'+x 8'), where x q'=x A'd. . The
approximate eigenmode equation is then obtained
from Eq. (4):

S= jdx((dq/dx)'+ qF(d'/d)[x'(A —p'x'+ o., ) + (x8']/(x'+x ~'))

whose first variation gives Eq. (1) may be con-
structed in the usual way. Since we are interest-
ed in the dispersion relation near saturation, we
pass to the limit +7,=- ~[a(k ~~' v, )'D] ' ' (1 of the
electron response, ' or o., = i3 I"(3)d-'(a —&u„,)7,.
This limit, as confirmed by the numerical solu-
tions, gives the upper (saturated) marginal stabil-
ity point. Taking the normalized trial function to
be 4' = (n jm)'i'exp( ax'/2), w—ith n the variational
parameter, and doing the integrals for n'~'x&& I,
yield S= 2o. —

I '/2m+ m'~'gxs c('~'+ A+ „owhi hc
again reproduces the electrostatic form when x6

68/5a = 0 = —'+ p, /2o + v'i x~go.''~ /2.

Dominance of the first two terms gives the Weber
trial function. However, when vxs'$'& p, , or p,
&(1.„/1.,)'(1+7)'/7m'~', which is typically satis-
fied for tokamaks, the last two terms dominate
and we obtain o.' 2=e" '(p. '/w~'$x )' ' as the
variational parameter. Here e'"~' is chosen uni-
quely as the cube root of -I, by applying the out-
going-wave boundary condition. The dispersion
relation now follows as

5= 0= ~4(~' '$ px}'8i'+ A i[+(4v'~'@8 p)' '+ 3 I(3)d '((d —(u~,)r,].
Note that the primary finite-P, effect is to modify the shear damping. Finite xb pushes out the eigen-
mode, enhancing the outward convection of wave energy; the resultant damping involves a geometric
mean of xg and p.

584



VoLUME 43, +UMBER 8 PHYSICAL REVIEW LETTERS 20 AUGUsr 1979

At marginal stability, the frequencies are real,
and the real and imaginary parts of Eq. (7) give
the frequency, &u= ~(ki), and diffusion coefficient,
D=D(ki), respectively. Here D(ki), which is
interpreted as the amount of diffusion necessary
to stabilize mode ki, is given by

4 m L 'v
D —Q Q7 8 F —8 & i bii2 (8)T, +T& m;P, L„L„

This is not yet the transport coefficient since it
depends on the wave parameter k~. Actually ion
collisions, as well as higher-order spatial turbu-
lent broadening effects and ion nonlinearities, "
act to give additional damping for b) 1, with the
consequence that D(b) will have a maximum near

,=2. The dependence of b~„on plasma pa-
ra'meters affects the scaling of D very weakly.
For convenience, in practical applications, we
simply put b=2 in Eq. (8), giving the formula
quoted in the abstract, which coincides with the
values obtained by numerical solutions to (4) and
(5).

The D of Eq. (8) is an electron-test-particle
diffusion coefficient. When inserted in the elec-
tron kinetic equation, appropriately using the
ambipolar potential, "one can obtain transport
equations in the usual way. The transport equa-
tions in Ref. 11 apply to the present case when p,
)m, /m;. For crude estimates, D equals the elec-
tron thermal conductivity y, and particle diffu-
sion is not anomalous (there is no fast ion motion
along the field lines).

Rewriting (8) to display the scaling (with lengths
in centimeters and temperatures in electron volts,
p, the ion mass in units of the proton mass) gives

&/2 T T I
which is independent of magnetic field. For T,
= T, , D increases with temperature, but if the
dependence on ~= T, /T; is considered, (9) is con-
sistent with recent observations on PLT (Prince-
ton Large Torus), "where confinement improved
with increased. T,. The behavior with ion mass,
D ~ p,

'i' is in a.greement with ISX-A (Impurity
Study Experiment) measurements. " Further,
Eq. (9) shows a tendency for improved confine-
ment with decreased aspect ratio, [note that L, /
L„=(Rq/r)d Inn/d In@ is approximately R/a] a fea-
ture which, qualitatively, has been seen in the
data 14

Note that Eq. (8) can be written

6x10 '

This, to the extent that the factor in brackets is 1
(it is of the order for tokamaks), is the Ohkawa"
formula. Of course, the physics underlying the
present diffusion coefficient is much different,
being due to low-frequency modes, as is the scal-
ing with ion mass, the T, /T, ratio, q, and sev-
eral other parameters.

Finally taking Alcator" profiles at r= 5 cm, L,
= 100 cm, L„=—5 cm, and T = 1 keV, and defining
7's = a~2/D, —we find 7's 2.4 x-—10 '~ na~', which is
within 50 of the Alcator empirical scaling
law, ' '" 7.~= 3.8 x10 "na~'. We might note that
this transport mechanism is also consistent with
the interpretation of the soft-x-ray anomaly
given in Ref. 11, and that the absolute value of D
from Eq. (8) agrees very well with that found
empirically from the x-ray data.

Obviously, the theory as described in this paper
is not accurate to 50%, and many omitted effects
and questions about the finite-P, eigenva, lue prob-
lem remain to be considered. However, the main
attributes of Eq. (8), namely, absolute magnitude
and density scaling, have been verified by the
numerical solution of Eqs. (4) and (5). The signif-
icant point is that, when saturated by shear-in-
duced resonance broadening, the most fundamen-
tal drift instability, the universal mode, gives
inverse density scaling of the anomalous thermal
conductivity. One then feels that this feature will
be retained when complicating effects are added,
and that on this basis, the established empirical
scaling, v~~n, can be understood.
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Decay spectra during the rf heating were identified as the parametric decay into the cold
lower-hybrid waves and the ion-cyclotron waves at the plasma surface. The decay insta-
bilities absorbed some fraction of the rf power, hence they affected the plasma heating.
However, they did not prevent the penetration of the lower hybrid wave to the plasma cen-
ter. Drastic reduction of the decay spectra was obtained when the resonant parametric
decay condition was destroyed.

Lower-hybrid heating is one of the most attrac-
tive techniques for the further heating of a toka-
mak plasma aiming at a thermonuclear fusion re-
actor, because of its engineering feasibility. ' But
physical understanding about the interaction of in-
tense rf fields with a tokamak plasma does not
seem to be sufficient. Since the required rf pow-
er is more than Ohmic heating power for the fur-
ther heating, nonlinear phenomena will inevitably
take place. Among them, parametric instability
is the most important in the lower-hybrid range
of frequency. ' In fact, decay spectra were ob-
served in the lower-hybrid heating of the ATC,
Wega, and other tokamaks. ' ' Prokolab has pre-
dicted that the heating in the ATC correlated with
the presence of the decay spectra. 2'4 In the Mega,
correlation between generation of high-energy
ions and parametric decay was stressed. " It is
recently discussed the existence of parametric in-
stabilities must lead to blocking and subsequent
accumulation of lower-hybrid waves on the low-
density surface plasma. The role of parametric
instabilities in the lower-hybrid heating experi-
ments is still not clear, despite the enormous
works on parametric instabilities. "' "

Lower-hybrid-heating experiments have been
successfully carried out in the JFT-2 tokamak at
Japan Atomic Energy Research Institute (JAERI),
and efficient ion heating was obtained. " Para-

metric decay was also observed in the JFT-2.
In this paper, properties of the decay spectra
measured with electrostatic probes placed in the
plasma periphery will be studied. Identification
of the observed decay spectra in plasma heating
will be presented.

A 200-kW, 650-MHz (or 750-MHz) radio-fre-
quency system was used for lower-hybrid-heating
experiments on the JFT-2. A lower-hybrid-wave
launcher was a phased array of four waveguides. "'
The dimensions of the each waveguide at a plasma
edge were 14 mm &&290 mm. Experimental param-
eters are summarized in Table I. Schematic ar-
rangement of the launcher is shown in Fig. 1.
The front edge of the launcher was embedded in
the scrape-off layer. The electron temperature
and density in the scrape-off layer measured
with a double probe were 7', = 15-25 eV and n,
=(5 —10)&&10" m ', respectively.

The wave signal was measured with a molybden-
um coaxially shielded electrostatic probe, 3 mm
long and 1 mm in diameter, immersed in the
scrape-off layer. Typical freiluency spectra dur-
ing the rf pulse are shown in Fig. 2(a). Input fre-
quency was 650 MHz. The low-frequency and
sideband modes satisfy usual frequency conserva-
tion law and the upper sideband intensity is negli-
gibly small. The frequency separation between
the pump wave and the nth peak of lower sideband
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