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The crossover from first order to continuous transition induced by a symmetry-break-
ing field g in an n=2 cubic model, for which a stable fixed point is not accessible, is
studied. It is shown that unlike previously studied cases, the (g,T) phase diagram is
rather complicated, exhibiting critical end points, tricritical, and fourth-order critical
points. It is suggested that this phase diagram be studied experimentally in ferroelectric
Thy(MoQ,)3 by applying uniaxial and shear stresses.

It has recently been shown that a variety of sys-
tems, which are predicted to exhibit continuous
phase transitions within mean-field theory, yield
first-order transitions due to critical fluctua-
tions.!”” Within the renormalization-group ap-
proach, this may occur either when the appropri-
ate model does not possess a stable fixed point! ¢
or when the stable fixed point is not physically
accessible.**®* However, by applying a symmetry-
breaking field g, the dimensionality of the order
parameter is reduced. The system may then
flow to a stable fixed point, and a continuous
transition is restored.®”** This situation has been
observed experimentally’? in MnO and more re-
cently'® in RbCaF,. These systems exhibit a first-
order phase transition which becomes second or-
der when a sufficiently strong uniaxial stress is
applied.

The (g, T) phase diagram associated with vari-
ous models has been studied by renormalization-
group techniques,® perturbation theory,® high-
temperature expansions,'* and Monte Carlo cal-
culations.' The models which were studied were
found to exhibit a relatively simple phase diagram
displaying a phase transition line with a tricriti-
cal point at a finite, nonzero g [see Fig. l(a)].

In the present Letter, we show that in certain
cases, depending upon the symmetry of the sys-
tem and the field g, the phase diagram is more

complicated, as shown in Figs. 1(b) and 2. These
phase diagrams exhibit critical end points, tri-
critical, and fourth-order critical points. The
calculation is performed for ann =2 component
vector model with cubic anisotropy, which is the
appropriate model for the ferroelectric transition
in tetragonal'* Tbh,(M0O,),. It is predicted that
the phase diagram of Fig. 2 should be observed
experimentally by applying uniaxial and shear
stresses in various directions in the x-y plane.
We believe that similar phase diagrams should
be observed in some of the physical systems
which do not possess a stable fixed point, such
as'"* UO,, MnO, Cr, and Eu, by applying a mag-
netic field or a uniaxial stress in certain direc-
tions. We shall discuss this problem in a future
publication,!®

Consider an# =2 component cubic model de-
scribed by the following Landau-Ginzburg-Wilson
(LGW) Hamiltonian:

H=[3d%,
g ==37(p+9,0) - 3[(Ve, )+ (Vo,)?]
—ul@,* +9,%) —v0,p,% (1b)

For stability of the free energy, we require u>0
and 2u+v >0, The critical behavior associated
with this model has been studied by several au-
thors.'® It has been shown that in d =4 — € dimen-
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293



VOLUME 43, NUMBER 4

PHYSICAL REVIEW LETTERS

23 Jury 1979

9

(a)

FIG. 1. Schematic (g,T) phase diagrams associated
with the # = 2 cubic model which lies in region (a) with
symmetry-breaking fields gy and g, defined by Eqgs. (3)
and (4). Thin lines represent continuous transitions,
thick lines represent first-order transitions, Ty and T,
are tricritical points, and C is a critical end point,

sions (€ >0) the isotropic fixed point @ * =2u*) is
stable, However, by examining the flow diagram
of this model on the critical manifold it is dis-
covered that, although the model possesses a
stable fixed point, there are two regions in the
(u,v) plane satisfying u>0 and 2« + v >0 which

lie outside its domain of attraction (see, e.g.,
Refs. 5, 6, and 9). The two regions are given by

(a)v>6u>0and (b) 0>v > - 2u. (2)

Therefore, if the initial physical Hamiltonian lies
in one of these regions, the stable fixed point is
not accessible, and the transition is expected to
be first order.5*® The effect of a symmetry-
breaking term

FACKREXN) (3)
on the transition has recently been studied,® if we
assume that the initial Hamiltonian lies in region
(a). It has been found that the (g,,T) phase dia-
gram exhibits a tricritical point, as shown in
Fig. 1(a). Here we analyze the effect of a sym-
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FIG. 2. Schematic (gy,g,,T) phase diagram. Thin
lines are continuous transitions; thick lines and shaded
areas are first-order transitions; dash-dotted lines are
tricritical points; and dashed lines are critical end
points, T, and T, are tricritical points, C is a critical
end point, and F is a fourth-order critical point. The
line T',F is the wing critical line associated with the
tricritical point Ty. The critical lines in the g-T, g,~T,
and gy-g, planes and the curve TyFC form a boundary
of a critical surface.

metry-breaking field

82P19 20 4

It is readily seen, by applying a 45° rotation in
the (¢,,9,) plane, that this problem is equivalent
to one which is described by the same Hamiltoni-
an (1) but which lies in region (b) with a symme-
try-breaking field g,. We therefore consider the
Hamiltonian

== %quplz - %yg‘pzz —%l(vﬁol)z + (V(pz)z]
—u(¢14+‘p24) ‘U(p12q)22, (5)

withv,=r-g, v,=r+g, and - 2u<v <0, We ana-
lyze the phase diagram associated with this mod-
el in the limit of large symmetry-breaking field
g>1and forv,u«1, v +2u<«<O,u). Forgz1
there exists a critical line I defined by »,~0,v)
which separates the disordered phase (¢, ={p,
=0 from an ordered phase in which (¢ )+ 0 and
(@=0. Inside the ordered phase, there exists

a transition line II below which (¢, becomes non-
zero. To study this phase transition we define a
shift in the order parameter ¢,:

0, =M+o, M*=v,/4u. (6)
In terms of 0 and ¢, the Hamiltonian (5) takes the



VoLuME 43, NUMBER 4

PHYSICAL REVIEW LETTERS

23 JuLy 1979

form
== %;7102 - ’12‘72<P22 —%[(Vo')z + (V(Pz)a]
-7/{)103 —w20¢22—u(04+¢z4)—v02¢22, (7)
where 7, =2r, |, 7,=7,=20M?, w,=4uM, and w,
=20M. Far from the transition to the disordered
phase, i.e., for »,< -1, one can integrate over

the o variable and obtain an effective Ising-like
Hamiltonian

err= =37 0,2 - 2(V,)?
—U P = U = (8)

The parameters which appear in this Hamiltonian
can be calculated with use of a diagrammatic ex-
pansion in # and v, We find that to second order
in # and v the parameter «, is given by

u,=u - (1/4up? - 4BF)0*+00°u%), (%)
where
o 1 d'q
B@)= [y <le)<1 it PP G’ (9b)

By calculating the appropriate diagrams for 7
and ug, one obtains 7 =7,+0 (u,v), and u,~0@*,v°)
>0. In three or more dimensions the effective
Hamiltonian (8) yields a continuous transition for
u,z 0, a first-order transition for «, <0 (with u,
>0) and a tricritical point at 7 =~ O (x,) and u,
gO(ue). The tricritical point can, therefore, be
located to leading order in # and v by solving the
equations 7,(r, g,u,v) =u,(r,g,u,v)=0. The in-
tegral B(7,) is a decreasing function of 7,, and it
approaches zero as 7, -, Therefore, for large
7, one has u,>0, and the transition is continuous.
However, as 7, decreases, u, changes sign and
the transition becomes first order. The system
hence exhibits a tricritical point at 7, =7, , given
by

B7,,)= &2 -v/u)u+v/v?),

Since the expression is valid for 7, , = 1 [with
B, ) <0(1)], the existence of the tricritical
point has been established only for 0<2u +v sv?2,
However, the same result is expected to be valid
even for 2u +v >0 @?) (with v <0), since by apply-
ing renormalization-group transformation in d
=4 — € dimensions, the Hamiltonian flows to the
region 0<2u +v <O (v?), where Eq. (10) can be
satisfied, A similar analysis for the critical line
I shows that no tricritical point exists on this
line in the limit of large symmetry-breaking
field g. This suggests that the critical line I
should terminate in a critical end point'” as shown

(10)

in Fig. 1(b).

In order to analyze the phase diagram in the
three-dimensional space (g, 8,,T), we first out-
line the calculation which shows that there exists
a fourth-order critical point at nonzero fields g,
and g,. The various thermodynamic surfaces
which appear in the (g,, T) and (g,, T') planes can
then be connected in a simple way to yield the
phase diagram of Fig, 2. We consider a Hamil-
tonian which lies in region (a). The phase diagram
associated with region (b) is obtained by inter-
changing g, and g, in Fig. 2. To verify the exis-
tence of a fourth-order critical point, we first
perform a rotation in the (¢,,®,) plane so as to
diagonalize the quadratic term. The following
Hamiltonian is obtained: '

= % ’7’1Zp12 - %7-21/}22 —%[ (VZ/)l)z + (lez)z]
- 7‘2(2/)14 +1/)24)—17¢12¢32 -“71/)14)2(1/’12 - d}zz); (11)

where 9, and ¥, are the rotated ¢’s, and the pa-
rameters 7,, 7,, i, #, and @ are functions of #,
81 &, U, andv. Assuming large symmetry-
breaking fields, we take #,~0 and #,~1, Integrat-
ing over the ¥, variable one obtains an effective,
Ising-like Hamiltonian

1~ ~
¥ eff = —27 Zp],z - %(Vlj)l)z -u4¢14
- ae‘ple - ﬁs‘pxs -

where #, #,, %g, and %, can be calculated diagram-
matically for small # and v. To leading order in

u and v, the fourth-order critical point is defined
by the equations

(12)

cee o

;’(T’gngz’u’v) =774(79g1’ gz,u,v)
=lig(r, 8, &, u,0) =0,

with #;>0. We have solved these equations, and
thus demonstrated the existence of a fourth-order
critical point. This solution will be discussed in
more detail in a future publication.®

The model described in this paper is directly
applicable to the phase transition in** Th,(MoO,),.
This is a tetragonal crystal which exhibits a
first-order ferroelectric transition associated
with a zone-boundary mode §=[3,%,0]. The tran-
sition is described by the LGW Hamiltonian'*

5e==37(p2+9,2) -3 (Vp,)?+ (Vo,)
- 7"(§914 + ¢24)—1)(p12(p22 - w¢1¢2(¢12 - (022)
+0(¢%). (13)

This Hamiltonian possesses an extra fourth-order
term, w, which does not appear in the Hamiltoni- '
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an (1). However, this term is a redundant vari-
able. By applying an appropriate rotation in the
(¢, ®,) plane, the Hamiltonian (13) can be trans-
formed into a model of the form given by Eq. (1).
By applying uniaxial and shear stresses along
various direction in the x-y plane, the fields g,
and g, are realized and the (g,,8;, T) phase dia-
gram can be mapped.

The analysis presented in this paper can be
easily extended to the case of the n =3 cubic
RbCaF,, and the phase diagram (2) is expected
to be realized in this crystal. It is also expected
that similar phase diagrams should also occur in
systems with no stable fixed point, such as UO,,
MnO, Cr, and Eu., This can be achieved by ap-
plying a symmetry-breaking field which favors
an ordering different from the one favored by
the fourth-order anisotropic terms.!®

In summary, we have demonstrated that the
crossover from first order to continuous phase
transition induced by symmetry-breaking fields
can lead to quite complicated and interesting phase
diagrams. We suggest that these phase diagrams
be tested experimentally in real physcial systems.
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1By adding a sixth-order term w(@t+¢,9%, w>0,to
the Hamiltonian (5), one can study its phase diagram
in the otherwise thermodynamically unstable region 0
<2u <-wv, using the mean-field approximation. The
phase diagram of Fig. 1(b) is obtained.
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A change in the phase of the order parameter of *He-A can be undone by a subsequent
rotation. We investigate the dynamical consequence of this broken relative gauge and
rotational symmetry. In particular a wheel rotated in the liquid acts as a “gauge trans-
former” driving a superflow. Such experiments provide a very direct probe of this unu-
sual feature of the order parameter, at the same time measuring the orbital quantum

number of the pairs.,
The defining property of a superfluid is the
broken gauge symmetry; that is, the phase of a
wave function becomes a significant and macro-
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scopic variable, The Anderson-Brinkman-Morel
(ABM) state, generally accepted to describe the
SHe-A phase,! breaks this gauge symmetry in a
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