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Nonlinear Steepening of the Electrostatic Ion Cyclotron Wave
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(Received ll September 1979)

Electrostatic ion cyclotron waves observed in space at altitudes between 5000 and
8000 km often have a sinusoidal form. Occasionally, however, wave forms having a
spiky or sawtooth form indicative of steepening are observed. The nonlinear fluid
equations which characterize the electrostatic ion cyclotron wave have traveling-wave
solutions with sinusoidal, spiky, and sawtooth forms Th. e wave form depends on the
amplitude and phase velocity of the wave.

We report the observation of the nonlinear
steepening of the electrostatic hydrogen cyclotron
wave at altitudes between 5000 and 8000 km above
the auroral regions of Earth's ionosphere. The
observed waves are shown to have a form similar
to the nonlinear propagating-wave solutions of the
fluid equations which describe the electrostatic
ion cyclotron wave.

The electrostatic ion cyclotron wave is one of
the low-frequency eigenmodes of a magnetized
plasma. "' Such waves may be unstable to cur-
rent-driven instabilities in the auroral magneto-
sphere at altitudes above 1000 km, ' and have often
been observed by S3-3 satellite at altitudes be-
tween 5000 km and the maximum altitude of the
satellite, 8000 km. 4 These waves are usually as-
sociated with beams of 0.5- to 16-keV H' and 0'
ions flowing out of the auroral regions along mag-
netic field lines and with the observations of mag-
netic fluctuations indicative of currents flowing
parallel to the magnetic fields. '

The S3-3 satellite was equipped with three or-
thogonally oriented pairs of spheres which made
three-component measurements of the electric
field. The spheres on two of the pairs were sepa-
rated by 37 m while the third pair was separated
by 6 m. Data from one of these pairs of detectors
from three separate hydrogen cyclotron-wave
events are shown in Fig. 1. The potential differ-
ence has been divided by the separation distance
to give the electric field in millivolts per meter.
The top part of Fig. 1 shows the usual wave form
of the electrostatic hydrogen cyclotron wave. As
is clear from the data there was a narrow spec-
tral peak at 140 Hz which, as is expected from
the theory of electrostatic ion cyclotron waves, '
was above the hydrogen cyclotron frequency of
116 Hz. The middle and bottom parts of Fig. 1
also display hydrogen cyclotron waves. Here,
however, the hydrogen cyclotron waves are steep-
ened. The data in the middle part of Fig. 1 have
a sawtooth from while in the bottom part the wave
has steepened into a series of double spikes re-
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FIG. 1. Three examples of electrostatic ion cyclotron
waves observed by the S3-3 satellite. The orbital pa-
rameters are given in Table I.

peating at frequencies of those hydrogen cyclotron
waves at the same altitude which show little non-
linear steepening. The orbital parameters corre-
sponding to the times of these measurements are
given in Table I. In each case the electrostatic-
ion-cyclotron-wave events lasted for a time less
than the 9 to 18 sec that it took to determine the
complete pitch-angle distribution of the particles.
In the top example the ion detector was fortuitous-
ly pointing along the magnetic field downward to-
ward Earth and saw ions with energies between
0.09 and 1.4 keV flowing up. The detector has
eight energy steps between 0.09 and 3.9 keV.

We now show that these nonsinusoidal wave
forms resemble the traveling-wave solutions of
the nonlinear fluid plasma equations describing
the electrostatic ion cyclotron wave. It has been
shown that traveling-wave solutions for the ion
cyclotron wave may have a sawtooth form. ' Our
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TABLE I. Orbital parameters corresponding to the data in Fig. 1. The
parameters are the orbit number, date, universal time (UT), the local H

cyclotron frequency (f„.), altitude (Alt. ), magnetic local time (MLT), and
invariant latitude (ILA) .

Orbit Date UT
Alt.
(km)

MLT
(h)

ILA
(deg)

Top
Middle
Bottom

757
685
757

11 Oct. 76 0043:00
2 Oct. 76 0204:41

11 Oct. 76 0043:40

116
84
118

6199
7349
6132

15.95
16.84
15.86

73.15
67.72
73.58

analysis differs from the previous analysis in
that we use n =noe'~" instead of the approxima-
tion (n -n, )/no =e P/kT to relate the Potential and
density variations and in that we consider arbi-
trary amplitudes instead of making a small- but
finite-amplitude assumption.

Following the previous analysis we make the
assumption that the ions are cold and that, the per-
turbation is confined to the x-~ plane. This gives

dV dV„C Bd(
x d+ s

dV, V„dV,
dt+ dx

for the ion dynamics where C,' =AT,/M„g =e y/
kT&, and A is the gyrofrequency. Eliminating V„
from the set af equations, substituting $ = (r/V~
-t)Q, to look for traveling-wave solutuions, using
ion continuity to get V, =(dn/n)Vp, and using n

=n, e~ to relate the potential to the density fluctua-
tion together with the assumption of quasineutrali-
ty give

1 dN'
+N —1 =0,

d$ N' P'N d$ J

The solutions for a given p are parametrized
by the value of N . For small N ~ (i.e., N~
«P) the solutions are sinusoidal. For N near
P and P only slightly greater than 1 the solutions
have a sawtooth form Fo.r N near P and 1)

large the solutions have a spiky form.
Figure 2 shows numerical solutions for the

cases P' = 2 and N~ =1.2, P' = 1.25 and N ~ = 1.11,
and P' =20 and N~ =3.25. The corresponding
electric field, given by E ~d P/d $ =d 1nn, /d $ = (1/
n)(dn/dg), is shown in Fig. 3. Note the similarity
of the solutions in Fig. 3 to the data in Fig. 1.

Unlike the acoustic case' the solution does not
steepen with time. Rather steepening may occur
as a result of wave growth or of propagation in a
nonuniform plasma. The actual values of P and
N~ are determined by the factor which gives
rise to wave growth, that is, the resonant parti-
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where N =n/no; n and n, are the actual density in
the wave and the background density, respective-
ly; and P' = V~'/C, ' where V~ is the phase veloci-
ty perpendicular to the magnetic field.

The above equation has periodic wave solutions
provided the maximum amplitude N (p and p) 1.
This ensures that the factor in front of the deriva-
tive is finite. To see that the solution in this
case must be periodic note that (1) is even in $.
Thus the solution is even about any maximum or
minimum. Therefore, if the solution has at least
one maximum and one minimum, it is periodic.
If N (P, the second derivative is negative when
the first derivative is zero and N) 1. This en-
sures a maxim. Likewise, a minimum can be
easily shown to exist.

p = 1.25

O 90—
P'= 2O

0—
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I'IG. 2. Numerical solution of the density in a non-
linear electrostatic cyclotron wave.
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FIG 3. 3. Numerical solsolution of thee electric field '

ic cyclotron wwave.
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