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A close connection between Griffiths-Pearce "peculiarities" in position-space renor-
malization-group transformations and singularities in the free energies of systems with
quenched random fields is pointed out. For a large class of weight functions the recur-
rence relations for the coupling constants of a nonrandom Ising system exhibit singulari-
ties where there is a phase transition in a related system with a random field.

A fundamental assumption in the renormaliza-
tion-group approach to statistical mechanics is
that the new coupling constants which character-
ize the system after a change in the length scale
are nonsingular functions of the old coupling con-
stants. Griffiths and Pearce' (GP) have argued
that in position- space renormalization- group
transformations for the Ising model this assump-
tion is sometimes violated. Here it is pointed
out that for a large class of weight functions the
renormalization transf ormation for a nonrandom
Ising system exhibits singularities similar to
those in the free energy of a system in which
quenched random fields' are present.

In position-space renormalization the Boltz-
mann factor transforms as

where the weight function to(T, v), which relates
the new and old spin variables, ' satisfies Q,to (v,

v) =1. The Ising spin variables v. and 0 take the
values + 1. Prior to the work of GP it was gen-
erally assumed that a suitable weight function
eliminates long-wavelength critical fluctuations
from the sum in Eq. (1), making the right-hand
side a nonsingular function of the coupling con-
stants in II.

That there are infinitely many T configurations
for which the assumption of no singularities is
violated may readily be seen for the model-I
weight function of GP,

toy(1 0') = p; exp[(p7', v, )/2coshpj (2)

which associates a 7 spin with each a spin. Com-
bining (1) and (2) gives a transformation which
does not reduce the number of spins but which is
particularly simple to analyze. The results can
be readily generalized to a large class of weight
functions which do eliminate spins.

With use of the model-I weight function, Eq. (1)
becomes

H'(T) =N'f~(T) =In+, exp[pg&T& v&+H(v) —N' ln(2 coshP)].

It will be assumed that H'(T) as defined by Eq. (3) may be expanded in a suitable set of interactions
with a well-defined thermodynamic limit. However, GP were only able to prove these properties for
a sufficiently large magnetic field in H. The quantity f~(T) in Eq. (S) clearly represents the free energy
per spin of an Ising system with a local field p, =p~, acting on site i. If all the T spins point up, f~(r)
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is proportional to the free energy of the system with Hamiltonian H(a) +pQ, 0, and has the same singu-
larities. If the T spins are ordered antiferromagnetically, f~(T) has the singularities associated with a
staggered rather than a uniform field. Other 7 configurations obviously lead to other hypersurfaces of
singularities.

GP discuss the singularities of the coupling constants in an expansion of H (7) in terms of lattice-gas
occupation numbers. In this Letter the singularity structure of the Ising coupling constants is consid-
ered. The Ising couplings are defined by the expansion

H (T) =N Ko ++K) 7'g + Q K(j T)7'j + + Klg» TlTJT»+
j&j f&j&k

(4)

The coupling constants may be calculated from
H'(r) with the obvious inversion formula'

IPK ')
H'(~).

TfTjVA
~ t ~

Assuming for simplicity that H' and H only con-
tain interactions between even numbers of spins
and replacing H' by N f» in Eq. (5), one finds

K '=[f ], (6)

K~&' = N' [f»«u, .»,. -6»,
~ -»,.)]- (7)

and similar formulas for the other even couplings.
The square brackets [ ],„

indicate an average
over the fields p& =ps&. The Kronecker & functions
impose correlations on the fields at sites i and j.

An implicit assumption in most of the approxi-
mate position-space renormalization methods is
that the short-range couplings are the most im-
portant. In the limit of large separation between
sites i and j, it follows from Eq. (7) that K&& is
proportional to the spin-spin correlation function
[(o,v&)]„for a system with Hamiltonian H in a
random field + p. For large separations, K,&'

should decrease rapidly with increasing p since
the correlations set up by the parallel and anti-
parallel fields at sites i and j are destroyed by
the strong random fields on the other sites. In
the limit p —~ the model-I transformation re-
duces to the identity transformation H' =H. One
trivially sees that no new couplings are generated
and that the transformation is nonsingular.

Equation (6) implies that the constant contribu-
tion&, ' to the free energy is singular where the
random-field free energy is singular. One antici-
pates an O(N ') correction to the free energy up-
on inclusion of the correlations between the
quenched fields as in Eq. (7) but not a change in
the location of the singularities. Thus one can ar-
gue that in the thermodynamic limit all of the in-
teraction constants E' coupling finite numbers of
spins are singular functions of the coupling con-

p, ' =2[K,'- QK, )'+ Q K,), ' —.. .]. (6)

Equation (8) implies that the infinite-spin Ising
couplings must be included in the sum to obtain
the correct analytic properties of p, ' in the ther-
modynamic limit. The terms coupling finite num-
bers of spins all exhibit singularities where the
random-field free energy is singular.

In the case of ferromagnetic interactions the
lattice-gas interaction constants p', which couple
finite numbers of particles, are nonsingular in
the critical region of the system with Hamiltonian
H. This also appears to be the case for the Ising
constants K' coupling finite numbers of spins.
Mean-f ield theory, ' Monte Carlo simulations, 4

finite-lattice calculations, ' and exact results for
the infinite-range' and spherical models' all in-
dicate that above the lower critical dimensionali-
ty' the introduction of a random field depresses
the critical temperature. Thus the assumption
of a nonsingular renormalization does not appear
to be violated in the critical region of the system
of interest.

Most of the results reported thus far can be ex-

! stants in H where [f~],„

is singular, i.e., where
there is a phase transition in the quenched ran-
dom-f ield problem.

GP find quite different results for the coupling
constant p, ' of the term linear in n& in an expan-
sion of H'(T) in terms of the lattice-gas occupa-
tion numbers n, = 2(l +T,). There are singulari-
ties in p, ' (and in the constants p„',p, ,»', . . .
which couple finite numbers of particles, as well)
where the free energy associated with the Hamil-
tonian H(o) -pQ&x& is singular. In the 7 configu-
rations which determine these coupling constants,
all but a finite number of spins point down, i.e.,
all except a finite number of the local fields p,
=ps, are parallel. Thus one finds the singulari-
ties associated with a uniform field rather than
a random field.

In terms of the Ising couplings, p, ' has the ex-
pansion
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tended to weight functions which reduce the num-
ber of spins. One such weight function is model
II of GP. It is identical with model I except that
v spins are only introduced on a fraction of the
v sites; for example, every second site of a
square lattice. Another weight function consid-
ered by Gp is the model-III weight function

( ) ~ exp[pT)(v), +. . . +o,„)]
2 cosh[P(o„+.. . +cr«)]

introduced by Kadanoff. ' It associates a cell spin
T, with a cell of n v spins. In the limit p- ~,
weight functions II and III reduce to the decima-
tion" and majority-rule' weight functions, re-
spectively.

For model II, f~(7) is given by Eq. (3) where the
sum on i only includes those sites on which there
are 7 spins. For model III, H(v) -N'In(2 coshp)
in Eq. (3) is replaced by

H„,(cr) =H(v) —Q, In[2 cosh[ p (v„+... +o,„)]] .
The logarithmic terms in H, qf oppose a ferromag-
rietic ordering. Thus for a ferromagnetically
coupled H and a fixed p one expects the system
with Hamiltonian H, f~ to undergo a paramagnetic-
ferromagnetic transition at a lower critical tem-
perature than the system with Hamiltonian II.
For both weight functions it is clear that there
are v configurations (for example, all 7 spine
parallel) for which the right-hand side of Eq. (I)
is singular.

In model II the random fields over which one
averages in computing the K' only act on a frac-
tion of the 0 spins. In model III all of the spins
in a given cell experience the same random field.
Just as with model I, for a ferromagnetically
coupled system one would expect singularities in
the randem-field free energy to occur at a lower
critical temperature than that corresponding to
H, if the singularities occur at all."

GP first pointed out that for models I-III H'(v)
is in general a singular function of the coupling
constants inH(o'). From the study reported here
it is clear that the location of the singularities
in the recrusion relation for the coupling constants
depends on the set of interactions considered.
The lattice-gas interaction constants p' coupling
finite numbers of particles and the Ising con-
stants K' coupling finite numbers of spins have
constant and random-field singularities, respec-
tively. In the 7 configurations which determine

the p', all except a finite cluster of spins are
parallel. The K' are determined by averaging
over all v' configurations. Neither the p' nor the
K' coupling finite numbers of particles are singu-
lar in the critical region of K.

Equation (7) implies that with increasing separa-
tion K&~' has the same characteristic decay as the
spin-spin correlation function in a random mag-
netic field. (The corresponding correlation func-
tion for p„.' involves a constant field p.) Since
the most common approximation methods retain
only a few short-range couplings, it is disconcert-
ing to realize that the infinite-spin couplings must
be included in formulas such as (8) to obtain the
correct analytic properties of the quantity on the
left.

According to domain-wall arguments' the lower
critical dimensionality for a phase transition in
an Ising ferromagnet in a random field is d = 2.
Thus, for d )2, random-field singularities can
be expected in the renormalization transforma-
tion. It is unclear at present whether there is a
phase transition for d =2.

In closing, I repeat that the results reported
here are somewhat speculative because of the
nonrigorous discussion of the thermodynamic
limit.
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