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The positive-mass conjecture states that for a nontrivial isolated physical system,
the total energy, which includes contributions from both matter and gravitation, is
positive. This assertion has been demonstrated in the important case when the space-
time admits a maximal slice. Here this assumption is removed and the general mass
conjecture is demonstrated. Also the topology of all possible asymptotically flat space-
times satisfying the local energy condition is determined.

An initial data set for a space-time consists of
a three-dimensional manifold N, a positive defi-
nite metric g;;, a symmetric tensor #,;, a local
mass density 1, and a local current density J¢.
The constraint equations which determine N to be
a spacelike hypersurface in a space-time with
second fundamental form %;; are given by

p=3R - Ei,jh“hij*L ik,
J? =Ejvj[hij - (Ekhkk )gij],
where R is the scalar curvature of the metric g, ;.

As usuél, we assume that p and J ¢ obey the local
energy condition,

U= (EiJiJi)l/z-

An initial data set will be said to be asymptoti-
cally flat if for some compact set C, N\C con-
sists of a finite number of components N,,...,N,
such that each N; is diffeomorphic to the comple-
ment of a compact set in R®. Under such diffeo-
morphisms, the metric tensor will be required
to be written in the form

gi;=(L+M/2r)*;+p;j,
where
pi;=0(1/7%),
Vpi;=0(1/7%),
and
vVp,;=0(1/7%).

The components of /;; will also be required to be
0(1/4).

The number M is called the ADM mass of N;
(see Arnowitt, Deser, and Misner'). From now
on we shall call N; an “end” of N and we denote
the total mass of N; by M.

In this formulation, the (generalized) positive-

mass conjecture states that for an asymptotically
flat initial data set, each end has nonnegative
total mass. If one of the ends has zero total
mass, the initial data set can be obtained from
the metric tensor and the second fundamental
form of a spacelike hypersurface in the Minkow-
ski space-time. (In particular u and J*¢ must be
identically zero.)

Note that York® has recently pointed out that the
above classical formulation of the mass conjec-
ture can be interpreted as a special case of a
more general problem by relaxing the asymptotic
condition on g; ;.

We proved the positive-mass conjecture assum-
ing the condition that };4,* =0.% In this Letter,
we demonstrate the validity of the general conjec-
ture by reducing it to the previous case. This
will depend on a beautiful formulation of Jang* in
his attempt to settle the positive-mass problem.

Resolution of Jang’s equation.—In Ref. 4, Jang
proposed to use the equation

: DiDiw D;wD;w
i — ., w— 1 J —
E<h ’ (1+|Vw|2)“2><g” | +|Vw|2> 0, (@

i

where w is the unknown function with |vaw| =0(1/
7). Let

Rii=pti —DiDIw/(1+|vw|?)*?, 2)
gij=gi;tD;wD;w. (3)

Then Jang observed that if one can prove that Eq.
(1) is solvable, then the positive-mass problem
is equivalent to proving that the total mass of the
metric g;, is nonnegative in each end and is zero
for some end only if g;; is flat and &;;=0. Since
Jang listed the solution of his equation as an open
problem, we show here how to solve it.

We interpret the equation of Jang as follows.
Consider the product of N with the real line R.
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If H is the graph of w in NXR and if we extend the
tensor %;; to be a tensor in a trivial manner in N
X R, then Jang’s equation says that the mean cur-
vature of H is equal to the trace of &;; with re-
spect to the induced metric onH.

It turns out that in constructing a smooth solu-

tion to Jang’s equation, we have to remove all
the possible apparent horizons in N. However,
the proof of the mass conjecture can still be ac-
complished by using a smooth solution on the
complement of the apparent horizons with suit~
able boundary conditions. Hence for simplicity,
we will assume that N contains no apparent hori-
zons.

We solve Jang’s equation first on large com-
pact subdomains of N. To do this, we use the
method of continuity. Namely, we fix a domain
€ and replace the tensor k;; by the tensor th,;
where 0<¢< 1. Thus for each?, we have the
equation

i D'Dy
E(” - (1+Ilez)”2)

i, 7
D-wD,-w
=i ) =0, Iy
x(g“ 1+|Vw|2> (1)

We consider the set of ¢ where Eq. (1’) is solv-
able over 9 with w|82=0. This set is nonempty
because when ¢ =0, the equation is trivially solv-
able by letting w =0. The set is open, from ap-
plication of the implicit function theorem in a
suitable form. The major part of the proof is to
show that the set is closed. This depends on esti-
mates on the solutions of Eq. (1).

Let H be the graph of the solution of Eq. (1’)
over 2. Lete,,e,,e; be an orthonormal vector
field defined locally on H and let e, be the normal
of H. Then by translating vertically, we obtain a
local orthonormal frame field in @XR. Let

ﬂij=<Deje4’ei> ’
and
7714:<De4e49ei> ’
for 1< ,j<3.
If we consider the tensor %;; and the vector J as
tensors in X R, we can express them in terms

of the framee,, e,, e;, and e¢,. In this expres-
sion, we find

2(u-(J,e)=R —Z}i, j(TTi,- "hij)z =255y —hy)?+ ZZ)iVei(ﬂm =Ry
+ (00 = (i m3)* + 24y (3 sy = Eiﬂa)+294[z>ihu -2 771'5] , @)

where R is the scalar curvature of H and Ae; is
the covariant differentiation taken with respect to
the Riemannian connection of H.

By using the local energy condition, we know
that the right-hand side of (4) is nonnegative.
Let H' be a compact subdomain in the interior of
H. Then we can multiply (4) by a suitable cutoff
function; and integrating, we obtain an estimate
of [4/(374, ;m;°) which is independent of . With
this integral estimate of 7,;;, we can find a point-
wise estimate of 7;; in the interior of H’ by com-

puting A(}7; ;7;,°) and applying elliptic estimates.

After providing a pointwise estimate of 7;; in the
interior of H (which may blow up at the boundary
of H) we still need an estimate of 7;; in a neigh-
borhood of 8H. To do this, we construct a bar-
rier near 8H to bound the gradient of w. Then we
use some well-known theorems in minimal sub-
manifold theory to bound 7;; in a neighborhood of
8H.

These previous estimates are independent of ¢
and 2. However, if we allow the dependence on
©, we can find estimates of all derivatives of w
independent of t. The closedness of the set of ¢
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where Eq. (1’) is solvable on § follows readily
from these estimates. In particular, we have
proved that Jang’s equation (1) is solvable over
Q with w|88 =0,

Now we let ©; be a sequence of increasingly
large domains in N which exhausts N. Letw; be
the corresponding solution of Jang’s equation
over ;. Then we prove that w; converges to a
global solution w of Jang’s equation with the cor-
rect asymptotic behavior in the following way.

Let H;be the graph of w; over Q,; and recall
that we have pointwise estimates of the second
fundamental form of H; independent of i. Using
these estimates and standard elliptic theory we
can prove that H; converges to a complete, prop-
erly embedded, smooth hypersurface H without
boundary in NXR. The mean curvature of H is
equal to the trace of P,; restricted to H. It re-
mains to be proven that H is the graph of a func-
tion w defined on N.

Let v be the vertical vector field in NXR. We
can estimate AIn{v,e, on the interior of H, in-
dependent of i. Using this we show that (v,e,) is
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bounded below by a positive constant everywhere
on H or {v,e, is identically zero on H. In the
first case H is a graph and we have shown the
convergence of w; to a limit. We show that it is
impossible that {(v,e ) be identically zero on H
since this would imply that H is the product of R
with a two-dimensional surface in N which has,
by (4), a type of stability property similar to that
which we considered in Ref. 3. By arguments
similar to those in Step 3 of Ref. 3 we show that
the existence of such a surface is incompatible
with the local energy condition unless the initial
data set is trivial. Hence we have shown that
(v,e,) is positive on H and H is a graph. This
shows the existence of a solution of Jang’s equa-
tion (1) with the required growth properties.

Reduction of the geneval positive-mass prob-
lem.—Since we have demonstrated in the last sec-
tion the solvability of Jang’s equation, we as-
sume the existence of smooth function w defined
on N which satisfies (1) and |vw| =0(1/7). Since
a slight modification will be enough to cover the
general case, we assume that N is diffeomorphic
to R®.

The total energy of the metric g;; [see (3)] is
clearly equal to the total energy of g;;. By using
the analysis that we used in Ref. 3, we can apply
the inequality (4) with # =1 to demonstrate the ex-
istence of a positive solution ¢ of the equation

A¢=3Ro, (5)
where ¢ =1+A/7 +0(1/7%) with
A== (1/4n) [sRoldet(g,;,)]"?dx. (6)

By direct computation, the metric ¢’g;; is as-
ymptotically flat with total mass equal to the total
mass of g;; plus 3A. Since ¢’g,; has zero scalar
curvature, the theorem that we proved in Ref. 3
shows that the total energy of g;; is not less than
(1/647)[yRoldet(z;,)]/?dx and equality holds only
when ¢%g,; is flat.

However, by using Egs. (5) and (4), we can
show that [yRoldet(g,,)]"/%dx is always nonnega-
tive and is equal to zero only when ¢ =1. There-
fore, the total energy of g;; is always nonnega-
tive and is equal to zero only when ¢ =1. In the
later case, the metric g;; is flat by the assertion
in the last paragraph. Hence R =0 and we can in-
tegrate Eq. (4) to prove u={J,ey, h;;=m,;;, and

h;,=m;,. Since H is a graph, the local energy con-
dition u = |J| and p=(J,e,) easily imply that u=|J|
=0. Similarly, we derive from the identities k;
=m,;; and h;, =7, the equality %;;=0. This furnish-
es the proof of the positive-mass conjecture.

Topology of asymptotically flat space which
satisfies the local enevgy condition.—The meth-
ods discussed previously show that over any
three-dimensional manifold N which satisfies the
local energy condition, there exists an asymptot-
ically flat metric with zero scalar curvature.
From this fact, we can prove that by compactify-
ing each end of N, one can find a compact three-
dimensional manifold N with positive scalar cur-
vature so that N is diffeomorphic to N minus %
points where % is the number of ends of N. Since
compact three-dimensional manifolds with posi-
tive scalar curvature are basically classified in
our earlier work,>® we know that, modulo some
standard conjectures in topology, N is the con-
nected sum of copies of elliptic spaces and copies
of $2x S, (Recall that elliptic spaces are com-
pact three-dimensional manifolds covered by the
three sphere.) One can easily verify’ that these
spaces also admit metrics with positive scalar
curvature. Hence we can say that we know the
topology of any asymptotically flat three-dimen-
sional spacelike hypersurface in a space-time
which verifies the energy condition.

If the space-time is the Wheeler universe, one
can say the same thing about the topology because
we can demonstrate the existence of a compact
slice which admits a metric with positive scalar
curvature.
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