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It is pointed out that scaling relations suggested previously between the critical and

ground-state properties of electron-hole droplets lack theoretical justification; by de-
tailed calculations for model systems with widely varying band structure, these rela-
tions are shown not to be satisfied. New scaling relations are proposed, and their exis-
tence is traced to systematic trends in the band structure and the exchange-correlation
energy of the electron-hole system.

The condensation of electrons and holes from a
low-density gaseous phase into a high-density
plasma characterized by electron-hole droplets
(EHD) has been studied extensively in Ge. The
complete phase diagram in density n versus tem-
perature T has been measured, and the critical
values n, and T, determined to rather high accur-
acy. ' Recently corresponding studies have been
made for other semiconductors such as Si,'
strained Ge, ' and compound systems. " Experi-
mental uncertainties are considerably larger for
these latter systems.

Based on the principle of corresponding states,
it has been suggested' that the liquid-gas-like
condensation phase diagrams when scaled to n,
and T, should have the same universal shape as
that for the classical liquid-gas condensation; a
corollary is that y/kaT, (y is the condensation
energy), which determines the gas side of the
phase boundary at low temperature, is a constant
for various systems. In addition, the empirical
relations T, /n, 't' = const and n, /no = const, where
no is the ground-state density, have been suggest-
ed." However, there seems to be little theoret-
ical grounds for the existence of these scaling
rules: The principle of corresponding states ap-
propriate for classical gases is not expected to
apply to EHD condensation because the de Boer
parameter for the electrons and holes is typical-
ly of the order of 80, making the electron-hole
system the most quantum fluid known. ' In addi-
tion, within the effective-mass approximation,
the Hamiltonians for different systems differ in
band degeneracy, and their Coulomb interaction
is different in form from the interaction for clas-
sical gases. Thus, one would expect systematic
deviations from the pr inciple of corresponding
states and variations in the shape of the phase

diagram depending on the band structure of the
semiconductor under consideration.

We have made detailed calculations of the criti-
cal properties of EHD condensation in six model
systems involving Ge and Si with varying uniaxial
strain and verify these points explicitly. These
calculations, made for model systems with wide-
ly varying band structure, constitute the most ex-
tensive study of the systematics of EHD condensa-
tion to date. From our study, we propose a new
set of scaling relations, and in addition we trace
their origin to systematic trends in the proper-
ties of the electron-hole system.

In Ge and Si, the strain first eliminates the
conduction-band degeneracy and then splits the
coupled hole bands. These systems are denoted
(Table I) as X[v„.v„j, where X=Ge or Si, and

~, and ~„are, respectively, the number of elec-
tron or hole bands occupied. The correlation en-
ergies of these systems have been calculated by
Vashishta, Das, and Singwi' to high accuracy, in-
cluding band anisotropy and multiple scattering
between electrons and holes. Their results are
used in the present calculation. Two theoretical
approaches are used here to calculate the critical
properties. .One is the uniform-plasma approach, '
and the other is the droplet fluctuation approach';
the latter includes critical fluctuations in an ap-
proximate way and gives the phase diagram for
T ) T, /2 as well as values for T, and n, . The
critical values T, and n, calculated with both ap-
proaches are in good agreement with recent ex-
perimental results, "e.g., 7', from the droplet
fluctuation approach agree with experimental val-
ue to within 5%. For our present purposes, we
list in Table l the results for the ratios y/kB T„
T, /no'~2, n, /no, and also 5 —= (0o)/n ~ k02sT„ah wr ee
o(0) is the surface energy per unit area. This
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last parameter provides a measure' of the shape
of the scaled liquid-gas-like phase diagram (n/
n, vs T/T, ) with larger values corresponding to
a flatter top for the diagram. The results for
these ratios from the two different theoretical
approaches show the same trends between sys-
tems. The constancy of n, /n, is reasonably well
satisfied, but y/k)T„T, /n0+', and 5 show sys-
tematic variations as one goes from the unstrained
to strained systems. Thus we conclude that the
apparent success of the existing scaling relations
is circumstantial.

From our study, we propose a new set of scal-
ing relations. In addition to the existing relation
n, /n0 =const, these relations are le (n0) I jkBT,
=const and (~T, /n, "')(w/p)~4 =c. onst, where e(n, )
is the EHD ground-state energy per pair, I(.

" the
background dielectric constant, and L[L the optical-
ly averaged electron and hole mass (in units of
bare electron mass). From Table I the constancy
of these two new ratios are seen to be satisfied
to a remarkable degree.

We now demonstrate that the existence of these
new relations can be traced to systematic trends
in the exchange-correlation energy and the band
structure of various EHD systems. The free-en-
ergy density can be written as nf (n, T) = n[An"'
+ & "(n) Dn ~'7 ]-where A. = (3/10)(sw') "p(m)
+ m„„')(2R„), D = —'(n/3)"'p '(m„, +m, „)(2R„),
and 7 = kBT/2R„; m„; are the total density-of-
states effective masses, and the usual atomic
units are used; 2R„=e'/a„t&, a„=z8/pe'. The
first term is the zero-T kinetic energy, and
e"'(n) is the exchange-correlation energy taken
to be independent of T.' The T dependence is the
leading term in k, T/EF from the kinetic energy. '
For an inhomogeneous system (surface), the lead-
ing gradient expansion from the kinetic energy
has the form Cn 'IV'n I . Within the uniform-
plasma approach, e(n,) and n, are determined by
minimizing f(n, 0), and T, and n, are determined
from the inflection point in the chemical potential
p. =&[nf(n, T)]/&n. The shape parameter is ob-
tained from a simple variational calculation' with
use of a parametric form for the surface density
profile n(P). It has been already noted"'" that
&"' calculated for different semiconductors has
an almost universal form when expressed in ap-
propriate atomic units. In fact, we find for the
model systems under consideration, e"'(n) and
its derivatives for densities between no and n, are
given very accurately by a one-term polynomial
of the form ~"'(n) =bn (R„) all with the same 5
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TABLE D. Ratios formed from most recent experimental values. Re-
sults for Get4;21 are from Refs. 1 and 6; and those for Si[6;21 are from
Ref. 2; those for strained Qe are from Ref. 3; and those for GaP and SiC
are from Ref. 5. Units for the third column are 10 'K cm3

Get 4;2l
S't6 2]
Strained Ge
GaP
SiC

I c (n, ) I/&6'a

10.3+ 0.7
ll + 1.6
9.2+ 3.0
= 9.5
= 11.0

+z /Sp

0.31+ 0.07
0.35+ 0.03
0.28+ O. l

{Kk T /Np } {K/P}

2.01 + 0.2
1.97+ 0.7
1.80 + 1.0

= 2.0

and p." For this choice of &"'(n), one obtains

~ e(ng(/kBT, =f,(p)l» /(2R. )']' ',

n, /n, =f,(p),

(1)

(2)

(K T, /n, '")(~/I4'"

=bf, (p)[AD/(2R„)'] ' ' 'K cm' ' (3)

5-=~(0)/n "k,T,

= [I ~(n, ) I /k, T,]f,(p)(C/A)"', (4)

where f,.(p) are smooth functions of p. It is now
seen that the approximate scaling rules based on
(1)-(3) exist because (i) [AD/2R„)'] ' ' is approx
imately constant and (ii) the single term &"'(n) is
a good representation for a large group of semi-
conductors. The parameter [AD/2R„)'] '~'

~ (m„, m, „)' '/(m„+m~„) depends very weakly on
the ratio m„, /m, „, and, for example, for the six
model systems considered here, it varies by( 5% from the average value of 0.478. To assess
the effect of the single polynomial form of e"'(n),
we have computed all of the scaling ratios using
the same uniform-plasma approach for the choice
b =3.5 and p =0.24. This gives le(n, )l/k~T, = 8.38,
n, /n, = 0.203 for Ge [4;2] and I e (n, ) I /k B T, = 9.02
and n, /n, =0.203 for Ge[1;1]. The corresponding
values in Table I calculated with the detailed cor-
relation energy from Ref. 7 are 8.76, 0.193 for
Ge[4;2] and 9.52, 0.222 for Ge[1;1]. Results
for other systems are similar. Together with
the weak variation in the parameter [AD/2R„)'] ~',
this indicates that the scaling relations (l)-(3)
should hold for a wide variety of EHD systems
with deviations between systems of the order of
20%. The parameter C/A, on the other hand,
varies systematically with band structure. (For
isotropic bands with degeneracy v as v'~'. ) This
leads to variations in the shape parameter 6 and
a deviation from the universal shape of phase
diagram" by as much as 40%%uo for T/T, -0.9 and

is consistent with the results in Table I.
Very recently EHD have been observed in a

number of compound semiconductors. ' In these
systems, the exchange-correlation energy to
which the electron-phonon interaction makes
some contribution is not as well known; nonethe-
less, recent calculations" for GaP, GaAs, CdS,
Agar, and several other compound systems can
be fitted between no and n, with the single poly-
nomial form (with the same b and p as above) to
within a few percent (( 5/o), and thus the rela-
tions (1) and (2) are expected to hold. These cal-
culations"" suggest that for many compound
systems, a good approximation for calculating
&" is to scale the Coulomb interaction by the
low-frequency dielectric constant &, and use the
polaron masses (systems with EF,her~ (+&u~,
where co~ and +La are the plasmon and LO-pho-
non frequencies); if this is the case then the re-
lation based on Eq. (3) holds with e, and polaron
masses.

The values of the present scaling ratios are in
agreement with available experimental results as
summarized in Table II. At present, there is
too little data to provide a definitive experimental
test. More accurate measurements, especially
for more widely varying systems would clearly
be desirable.
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