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Multicritical Phase Diagram of Gases Adsorbed on Graphite: Temperature Variation
and Finite-Size Effects

S. Ostlund and A. N. Berker
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(Received 6 October 1978)

Multicritical phase diagrams for krypton and nitrogen submonolayers adsorbed on graphite
are calculated from a position-space renormalization, with flows in a 22-parameter space.
Quantitative agreement with experiment is excellent, with no adjustable parameter. Temper-
ature variation and finite-size effects are taken into account, causing a cusped coexistence
boundary at the multicritical point. Incipient liquid-gas criticality is derived.

Phase transitions in submonolayers on graphite tence boundary suggested by experiments. ' "'
are of much interest. ' '~ The hexagonal basal Our calculation derives incipient liquid-gas crit-
(001) surface of graphite presents a periodic sub- icality. "
strate. The centers of the hexagons are pre- A "solid" (~3 && v 3 epitaxial) phase, with pref-
ferred adsorption sites and form a triangular lat- erential occupation of one of three sublattices,
tice. The potential. between krypton or nitrogen is distinguished from a "Quid" phase with equiva-
adatoms forbids the simultaneous occupation of lent occupation of each sublattice. These are
nearest-neighbor sites, whereas further-neigh- separated by a line of higher-order transitions
bor occupation is favorable. We report here a and, at low temperatures, by a first-order coex-
renormalization" calculation which starts from istence region (Fig. 3, full curves). The higher-
the microscopic description of adsorbed krypton order line joins the convex coexistence region at
and nitrogen, and yields, with no adjustable pa- a multicritical" point. As the multicritical tem-
rameter, excellent quantitative agreement with perature T& is approached, the coexisting den-
experimentally observed' 'o multicritical phase sities approach each other as (Ts —T) ". The ex-
diagrams (Figs. 1 and 2). Temperature variation ponent P„ is 0.206 in this calculation, as deter-
and finite-size" effects of experimental systems mined by the multicritical fixed point. Without
are taken into account, causing a cusped coexis- taking this value too quantitatively, note that it

is less than 1, which gives the flat coexistence
boundary near T~.
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FIG. 1. Predicted phase diagram for krypton on
graphite, vrith smearing M' = 0.8 K. Phase boundary
points from experiments are as follows: first-order
transitions from Refs. 1 (open circles) and 2 (closed
circles); higher-order transitions from Refs. 1 (open
tria~~les) and 3 (closed triarg1es). The density scale
of Ref. 2 is determined by adjusting the high-density
points to Ref. 1.
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FIG. 2. Predicted phase diagram for nitrogen on
graphite, with smearing ~ 0.8 K. Phase boundary
points from experiments are as follows: first-order
transitions from Refs. 6 (crosses), 8 (closed circles),
and 9 (open circles); higher-order transitions from
Refs. 7 (open tria~i les), 8 (closed triangle), and 9 (in-
verted triangle) .
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FIG. 3. Temperature variation and finite-size effects
on the multicritical region for krypton on graphite.
Full curves correspond to the ideal thermodynamic sys-
tem (~T =0). Dashed curves were calculated with tem-
perature smearings of M' 0.1 and 0.8 K.

The above description applies to a thermody-
namic (infinite-extent) system which has equili-
brated under uniform conditions. Even for this
idealized case, we had to keep an accuracy of 1
part in 10' in temperature and chemical poten-
tial to obtain the full curves in Fig. 3. This is
somewhat removed from the experimental situ-
ation. Because of temperature nonuniformities
and variations during a single measurement at
uniform pressure, a small interval ~T in tem-
perature is actually sampled. If the graphite
came as a tightly packed powder, percolative ef-
fects would cause variations in pressure as well.
The finite size of graphite crystallites has a sim-
ilar effect. As the higher-order transition tem-
perature T, is approached, the correlation length
$ diverges as $0 I(T —T,)/T, l ", where $0 is ex-
pected to be of the order of the range of the coup-
lings. The transition is smeared" within a tem-
perature interval &T in which $ for the ideal sys-
tem would surpass the characteristic crystallite
size L, so that L =$ (AT0/2T, ) ". The overall tem-
perature smearing &T depends on substrate, ex-
perimental setup, pressure, and average temper-
ature. We used &T =0.8 K, suggested by a recent
experiment. ' Quantitative changes described be-
low appear mainly as ~T varies between the ideal
zero and about 0.2 K.

We have taken into account temperature varia-
tion and finite-size effects by incorporating into
the evaluation of densities a temperature smear-
ing of &T. First, the phase boundary lines in

temperature-chemical-potential space were de-
termined accurately. Then, densities were evalu-
ated in the range + &T/2 from these lines, at giv-
en" chemical potential p, . When this was carried
out, the higher-order transition occurred over a
range of densities, observable close to the multi-
critical point. This portion of the phase diagram
thus became a narrow continuation of the coexis-
tence region (Fig. 3, dashed curves), yielding
the cusped coexistence boundary suggested by ex-
periments. ""'" These effects are important
because the density n varies sharply" at the high-
er-order transition, as In-n, l-IT-T, I' ". The
aypropriate" three-state Potts-model exponent"
is 1 —a-0.6. The effective value for this expo-
nent gets much smaller as the multicritical point
is approached, because of crossover to the multi-
critical form" 1 —a~ =0.067. In addition to modi-
fying the shape of the apparent coexistence region
as estimated by our temperature-smearing pro-
cedure, nonideal effects will of course round the
thermodynamic signals at the dashed boundaries
ln Flg, 3.

Predicted phase diagrams for krypton and ni-
trogen submonolayers are in Figs. 1 and 2. Ex-
perimental data' " 'are also shown. The quanti-
tative agreement is excellent, with no adjustable
parameter. Larher' has observed, for nitrogen
on graphite, a very narrow coexistence region
which shifted to higher density as it stretched up
to 82 K. This is reproduced by our bending cusp
in Fig. 2. Our phase diagrams exhibit a single
Quid phase. However, note the nearly horizontal
boundary between the Quid and the coexistence
region. Within trajectories which flow close to
a liquid-gas critical fixed point a small change
in initial conditions would introduce a liquid-gas
critical point. This "incipient criticality" mech-
anism, proposed by Griffiths, '6 explains the ex-
perimentally observed specific-heat maxima. ~"
This region is very close, in temperature and
chemical potential, to the multicritical point.
Thus, another explanation is that a given experi-
mental measurement at the near-horizontal bound-
ary actually samples the multic;itical region, be-
cause of the &T effects discussed above.

Our calculations start from adatoms interact-
ing pairwise via a Lennard-Jones potential V(r)
=4&[(&/r)" —(o/r)']. The renormalization is ap-
plied to the lattice-gas Hamiltonian,

where n; =0 (1) when graphite site i is empty
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(full), and (ij)„represents an mth-neighbor pair of sites. At full registered monolayer coverage, eve-
ry second neighbor of an occupied site is also occupied. The solid phase (n&0.87) is always close to
full coverage (n =1). Accordingly, a temperature-dependent second-neighbor coupling constant is de-
rived from the simple coarse-graining formula

J~'~=z 'J d'r;d'r, V( r, —r, ~) expj- [U(r,)+ U(r,)]/kT), (2)

with z = f d rexpf —U(r)/kTJ. The integrals in (2) are over the two hexagons (ij),. The integral in z is
over one hexagon. U(r) is the sum of the substrate potential,

U,(r) =-,'U, (cos(i, r)+cos(i, r)+cos[(i, +a,) r]j
where a, , are the reciprocal-lattice vectors, and
of the potential caused by the occupation of all six
second-neighbor sites. At full monolayer cover-
age, no third- or fourth-neighbor pair of sites
are simultaneously occupied. Thus, the phase
diagram depends only weakly on J&' and J~'.
No reasonable coarse-graining formula presents
itself for these constants, so the values of V(r)
at the corresponding site separations are taken.
We use the substrate' well depth U, =37 K, and
the Lennard- Jones parameters e = 145 and 78 K
and o = 3.60 and 3.70 A for krypton' and nitrogen,
respectively. '» (The first-neighbor site separa-
tion is 2.46 A. ) A lattice gas results, with first-
neighbor occupation forbidden, and further -neigh-
bor occupation favored, but decreasingly with
separation. The m~ 5 couplings are negligible.

Nearest-neighbor exclusion allows us to group
the lattice-gas sites into triplets [Fig. 4(a)] and
to associate a sPin which either points from the
center of the triplet toward an occupied site, or
is zero meaning no occupation. The lattice-gas
Hamiltonian (1) then determines a nearest-neigh-
bor spin Hamiltonian, with spin degrees of free-
dom coupled to the lattice directions. This in-
cludes most of the original lattice-gas interac-
tions, i.e., all of the first-neighbor exclusions,
all of the second-neighbor interactions, and 3

and-,' of the third- and fourth-neighbor interac-
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FIG. 4. Prefacing and renormalization procedures.
In (a), a spin configuration and one basal graphite hexa-
gon is shown. In (b), (c), and (d), small tria~gles rep-
resent spins, and cross-marked tri~~gles represent
pla, quettes.

! tions. The spin interactions belong to every other
adjacent spin triplet [Fig. 4(b)]. Such an interact-
ing spin triplet is called a plaquette. The renor-
malization is applied" to the plaquette system. "
In a 2 X2 unit cell, one plaquette is moved" onto
the other three [Fig. 4(c)], and the interior spins
are dedecorated [Fig. 4(d)]. Renormalization-
group trajectories are generated in the 22-dimen-
sional space of the most general spin-triplet
Hamiltonian,

X/k T =—+p5~, K '~q&'~(s, ~,s,~, s,~),

where P denotes a plaquette, and c denotes a con-
figuration of the spins s», s», s». The pro-
jection operator Q~'~ (s„s„s,) is 1 (0) when s„
s„s,are (are not) in configuration c. Many con-
figurations map onto each other by the symme-
tries of the triangle and have identical interaction
constant K~'&, which reduces the number of dis-
tinct K~' from 64 to 22. This procedure is sensi-
tive to the connectivity of the lattice gas, and thus
takes into account "frustration" effects occurring
when the lattice geometry is incompatible with
every bond having lowest energy.
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son for critically reading our manuscript, and
to R. J. Birgeneau, D. M. Butler, R. B. Griffiths,
E. M. Hammonds, P. Heiney, P. M. Horn, F. A.
Putnam, and G. A. Stewart for useful conversa-
tions. This work was in part supported by the
National Science Foundation under Grant No.
DMR77-10210 and (for A.N.B.) an IBM Postdoc-
toral Fellowship.
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Theory of the Heats of Formation of Transition-Metal Alloys
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A simple expression for the heat of formation AH of transition-metal alloys is derived with-

in the tight-binding approximation that has the form 6H =f (N) AN, where N and b N are the

average and difference in number of valence d electrons, respectively. The prefactor f(N) is
most negative for N lying near the middle of the series and it becomes positive towards the

edges. The theory gives good agreement with Miedema's semiempirical values of AH.

Recently Boom, de Boer, and Miedema' have
developed a highly successful semiempirical
scheme that reporduces the observed signs of the
heat of formation of about 500 alloys of the sim-
ple and transition metals. It is a natural exten-
sion of Pauling's' original description of electro-
negativity in which the heat of formation ~H was
proposed to be proportional to the square of the
electronegativity difference hX. Boom, de Boer,
and Miedema, ' in order to overcome the problem
that Pauling's scheme always predicts a negative
&H, included a repulsive contribution proportion-
al to the square of the charge-density mismatch
at the Wigner-Seitz boundary &Ã"'. Thus

where the attractive charge-transfer term was
originally' assumed proportional to the square of

the difference in the work function 4p. Unfortu-
nately, good agreement with the experimental
sign of 4H could only be achieved by adjusting the
experimental work function p, sometimes by as
much as &p itself, to new values' p*. It was,
therefore, not clear what fundamental significance
should be attached to the final coordinate p*. In
this Letter a microscopic theory of the heat of
formation of transition-metal alloys will be pre-
sented that not only gives good agreement without
any adjustable parameters to Miedema's semi-
empirical values of &H, but also suggests a dif-
ferent interpretation of the underlying physics of
the coordinate p* from that previously' ascribed
to it.

The cohesive energy of the pure transition-met-
al constituents arises' ' from the strong bonding
of the valence d electrons, which are well de-
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