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A model of a monolayer of atoms adsorbed on a crystalline surface is discussed. When
the initial incommensurability, &, between a reciprocal lattice vector of the monol. ayer
and one of the substrate is small, the monolayer has a one-dimensional superstructure
with period depending on 6. For 6 &&,(T) the state is incommensurate; 6~(T) decreases
and vanishes at a T, given by the elastic moduli of the monolayer. The spectrum of small
oscillations has two acoustic branches, one vanishing at the phase transition.

Incommensurate crystals revealed experimen- summary of assumptions and results will be
tally in many physical systems' have become the given. The details will be published elsewhere.
subject of considerable theoretical interest. The We consider a lattice of atoms, situated on a
simplest microscopic model of an incommensu- plane, interacting with elastic forces. The inter-
rate crystal has been proposed by Ying' and in- action with the substrate is described by a peri-
vestigated in some detail in the works of Pokrov- odic potential and assumed to be weak compared
sky, ' Pokrovsky and Uimin, ' and Novaco and Mc- to a characteristic elastic energy. The ground
Tague. ' They succeeded in proving the existence state, spectrum, and phase diagram may be cal-
of an acoustic branch of the spectrum in the culated explicitly provided one of the reciprocal
framework of perturbation theory. A nonpertur- lattice vectors pp of the atomic lattice is close
bative approach for one-dimensional systems has to some reciprocal lattice vector q, of the sub-
been presented practically simultaneously by strate. Only one pair of vectors is assumed to
Bulayevsky and Khomsky, ' Theodorou and Rice,' be close. This is, typically, the case if the atom-
and the present authors. ' In this work an anelo- ic lattice and the substrate lattice are of differ-
gous bvo-dimensional problem is considered. ent symmetry. Only "resonance" def ormations
We hope to apply it to describe the experimentally associated with the periodicity along p, will be
observed two-dimensional incommensurate crys- substantial. These deformations are slowly vary-
tals of the atoms adsorbed on bulk crystal sur- ing functions of distance. Thus, continuum elasti-
faces (for details see the reviews). ' Here a brief city theory may be applied. The potential energy

has the form

BQ et) ~ p BQ 95 2 BQ Bv
U = ——+ —+ — ——— + —+— + v (u + 5x)I .

2 Bx By 2 Bx By By Bx

The quadratic differenhal form here represents
the elastic energy; u and v are components of
displacement; A, and p are the Lame coefficients,
while V is a periodic function with the period, a,
of the substrate. Finally, 6 is a measure of the
incommensurability, & = I/I, -p, la; V and 5 will
be considered as small parameters.

The first problem is to minimize the potential
energy (1)~ The solution of this problem depends
on the parameter &. We introduce a critical
value

! the minimum value of V(&p). An incommensurate
lattice is preferable for ~& ~,. The density and
the displacements in the incommensurate phase
are modulated along a direction which forms an
angle, 8, with the vectors q a,nd po (which are
para, llel), where

cos'8 =(1+v) '

and o =(X —tt)/(X+ tL) is the Poisson coefficient.
The period of the superstructure is equal to

(2)

where the brackets denote an averaging over the
perioda, i.e., (f(y)) =a 'J;f(p)dx, and V;„is

I apl/2([g ~ V(~)]-1/2)

and the constant 8 is related to the initial incom-
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mensurability by

& = 2[(&+ u)/&]u]"'([&+ V(q )]"').
The resulting incommensurability may be repre-
sented by the value (& cp/&x) = a/I. , where cp =u
+ ~x. Besides this, there is a constant longitudin-
al deformation along the y axis, namely,

s v/&y =o&.

The energy of the incommensurate crystal is

U, = -g +[2~]u/(X +p)]t".

%hen 6 tends to 5„ the period 1. diverges as
—In(5 —5,) and the parameter h tends to —V

For 6 &6, a commensu~ate crystal becomes pre-
ferable. Its energy is

U = V,„+[&,p/(X+]u)]&'.

In the commensurate phase (q]= const and v =0) the
transition between commensurate and incommen-
surate phases is of second order. Physically it
is governed by the concentration of atoms.

The total Hamiltonian K differs U [see Eg. (l)]
by kinetic energy terms. Taking these into ac-
count, we find that the spectrum of small oscilla-
tion for the incommensurate phase consists of two
acoustic and, generally, many optical branches.
In the long-wave limit the spectrum of the acous-
tic branches is, explicitly,

(o,' = [c'(p —q&a)'+ 4oq'],(&+ u)'

X+ p A. +p(
p ] 4p,

where p and q are the wave-number components
and

2 2p

The first frequency, (d„corresponds to oscilla-
tions along the direction of density modulation.
As expected, it vanishes at the phase transition.
Below the phase transition only an optical branch
of these oscillations remains with a gap 4 = (V,"/
p)"', where Vo" is the second derivative of V(y)
at the minimum.

Thermal fluctuations destroy the long-range
order in the incommensurate state. Nevertheless,
the incommensurate phase does exist in some re-
gion of temperature and concentration. The first
problem to solve is the dependence of the critical
value, ~„on the temperature. It can be found
using the renormalization-group approach, which

To

sc(o) sc
FIG. 1. Phase diagram in the (T, ~) plane showing the

critical locus and the commersurate (C) and incommen-
surate (I) phases.

was developed for the similar problem of the sine-
Gordon field by Wiegmann. ' For further consid-
eration we take V = V, cos(2m']/a). The resulting
phase diagram is shown schematically in Fig. 1.
The commensurate and incommensurate phases
are denoted by C and I, respectively. Every-
where along the phase boundary a phase transition
of second order is predicted by the theory. The
critical line ends at the points T = To = 4p(X+ p)aa/
v(X+2p, ), 6 =0, T =0, & =6,(0), where 5,(0) is de-
fined by (2). If T is not too close to the critical
temperature [( T —To(» T~V/(y+ p)], the analytic
expression for 6,(T) is

[T(x+ g)]' ' va*)' '"
)

+/l 0

va(Z p) +' T

The gap 6 in the spectrum of oseillations of the
commensurate crystal is proportional to 5, (T).

The elastic moduli do not depend significantly
on temperature. The resulting incommensurabil-
ity may be found by using a transformation from
Bose to Fermi operators, similar to that used by
Luther and Emery" for the sine-Gordon field
and by Luther and Pokrovsky" for the analogous
one-dimensional problem. The resulting incom-
mensurability (Sp/&x) near the phase transition
line behaves as [5 —&,(T)]' ' or [T —T,(5)]' '. It
should be recalled that, on neglecting the

fluctuat-

ionss, (Bcp/%) behaves as [In(5 —5, )] '. The dis-
crepancy between these two results ean be ex-
plained by the increasing amplitude of fluctuations
in the close vicinity of the critical curve. Similar
considerations for quantum fluctuations were
presented in our previous work. '

Our analysis may be directly applied to the
lattice of vortices in a supereonducting film with
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a periodically modulated thickness. " Second-
order commensurate jincommensurate transitions
have been observed experimentally for molecules
H, and D„atoms He' and Kr, and some others
adsorbed on a Grafoil substrate. ' our theory
cannot be applied directly to these cases because
two pairs of basic reciprocal lattice vectors be-
come close simultaneously. The appropriate cal-
culations are now in progress.

We are indebted to P. B. Wiegmann for illumi-
nating discussions and to A. I. Larkin who in-

- formed us that he and A. Luther came to the
same model in connection with the problem of a
vortex lattice in a supereonducting film. "

One of us (V.L.P.) is grateful to the Materials
Science Center at Cornell University and espe-
cially to Professor M. E. Fisher for their cordial
hospitality.
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In contrast to the case of 4He, we find no evidence for spontaneous nucleation of a uni-
form surface solid layer from the liquid phase of 3He near Grafoil substrates. However,
surface solid could be detected after forcing the rapid growth of bulk solid from external
points of nucleation. The experiment covers the temperature range between 30 and 320
mK at pressures just below the bulk melting curve.

The role of a Grafoil substrate in nucleating
solidification from superfluid He was studied re-
cently by Landau and Saam' (L-S). The principal
conclusion was that uniform nucleation of a sur-
face solid phase always occurs as the pressure
approaches the bulk melting curve. If the gener-
al analysis of Dash' and Peierls' are applied to
this problem, one concludes that the growth of
the ~He surface solid is analogous to their Class-
I adsorption process (i.e. , unimpeded growth of
the adsorbed layer). The principal purpose of
this experiment was to test whether the Class-I
behavior also applied to nonsuperfluid 'He on
Grafoil. We found, to our surprise, that 'He
does not show any sign of uniform nucleation of
a solid phase near the bulk melting curve. These
results, combined with the observation from neu-

tron diffraction studies~ ' that the completed
monolayer of noble gases, including 'He and He,
adsorbed on Grafoil displays a triangular symme-
try, suggest that continuous growth of a liquid-
solid interface is possible only when the symme-
try of the monolayer matches the symmetry of
the bulk solid lattice. The hexagonal structure of
solid He matches with a triangular monolayer
while the cubic structure of 'He does not. Thus
the adsorptive solidification of 'He on Grafoil
should be classified as Class II in the Dash-
Peierls scheme.

In the L-S experiment the nucleation of solid
~He layers on Grafoil in equilibrium with bulk
superfluid He was studied using equation-of-
state-type measurements. They observed iso-
pycnals' just below the bulk melting curve, find-
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