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By making similar assumptions as in Eqs. (7}
and (8), i.e. ,

r Vv(r) =F(v(r)),

one obtains

Z(e)= 4'(N-l)E(
& d )+z . (9')

This very simple equation should be of great use
in studying the properties of many-body systems,
such as extensivity or saturation.
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We report a theroetical prediction of a new feature in the spectrum of light scattered from
a Quid in a nonequilibrium stationary state with a temperature gradient. The spectrum is not
symmetric in the frequency shift and the Brillouin components have different intensities. The
phenomenon is linked to the breaking of time-reversal symmetry and to the appearance of a
static correlation function between momentum and number densities which is zero in equilib-
rium, but has a 1/h' dependence in the stationary state. We suggest a light scattering experi-
ment by means of which these predictions can be verified.

We report here some results of a theoretical investigation of nonequilibrium stationary states (NESS)
in simple fluids. The theory predicts some new effects and one of the purposes of this communication
is to suggest an interesting experiment which can probe the new phenomena.

Our analysis is based on nonlinear response theory. In the context of this theory, we have assumed
the existence of a set of "slow" variables, which spans the slow, macroscopic evolution in an N-body
system. " For a simple fluid it is customary to take the densities of the conserved variables (i.e.,
energy, number, and momentum) to compose this set. In the following we denote such a set by
A(X"(t), r), where X"is the phase point and r is the position in space; we use a shorthand notation and
write A(r, t). The set of conjugate variables is denoted by C(r). An inner product in the space of such
sets involves integration over the spatial variables as well as summation on the indices (including
Cartesian component indices where appropriate), and will be denoted by *, as A(r„ t)*B(r,).

With this in mind, we have derived the NESS average of an arbitrary dynamical variable, say B(r, t).
Since an isolated system has no NESS we solved the Liouville equation for a system composed of three
subsystems, two of which are large and act as reservoirs. The third subsystem is smaller and in it a
quasistationary state is established. The result for the NESS average (denoted by ()NE) is

(B(r))NE—- (B(r))q-.f dT(B(r)I(r„-r))L * VP4(r, ) .
In this equation and the following, the caret denotes the deviation of a quantity from its equilibrium av-
erage. The notation ()z stands for an average on a "local" distribution function

fG. c.(X")elf&%'(r, ) *A(r,)]
P»JdX+f G c (X")exp[PC (r,) *A(r,) ]

' (2)
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where fo c is the grand canonical distribution function. The quantities 1(r, t) are dissipative fluxes de-
fined by

A(r, t) = V-J(r, t)

and

I(r, t) = J(r, t).—(J (F, t)A(r, )) * (A(r„ t)A(F, )) '*A(r, t), (4)

where simple angular brackets denote an equilibrium average. The conjugate variables 4 are chosen
so that

&A(F))„,= &A(F) &„

identically, and for a simple fluid they turn out to be4

C~(F) = [P(F)/P] p, +(r) —p,, Cz(F) = 1 —P(F)/P,
(8)

i~(F) = p(F)v(r)/p,

where P(F) = [DEBT(r)], v(r) is the fluid velocity, p. '(F) is the local internal chemical potential, and P
and p, are the corresponding equilibrium quantities.

Equation (4) projects out the "slow" part of J(r, t) and therefore I(r, t) is assumed to vary rapidly.
Notice that for the special case J(r, t) =B(r, t), Eq. (1) gives the well-known result' for the macroscop-
ic hydrodynamic fluxes in a simple fluid. The first term, then, is the Euler (reversible) evolution
and the second is the dissipative part.

In this Letter we concentrate on the fluctuations in NESS. Choosing the variable N(r, t+ o)N(r ', t),
where N(r, t) is the number density

N

O(r —r, (t)),

we find the following for NESS that are close to equilibrium"':

(N(r, o)N(r'))„E = (N(r, o)N(r'))t —f (N(r, o)N(r')I z( —7)) * V j3 C(r)d7 . (7)

This expression follows from the fact that the correlation function in the NESS can be proved to be
stationary and the closeness to equilibrium is used in changing the second average on the right-hand
side (RHS) to an equilibrium one. It is also valid only for small gradients and the subscript, 7' stands
for the variable integrated over all space. Under the same conditions the first term on the RHS may
be computed in an equilibrium ensemble whose thermodynamic properties are the same as the local
properties of the actual system.

Consider now the simplest stationary state of a simple fluid~ heat-conducting stationary state. In
this case the only dissipative flux present is the heat flux. The most important implication of Eq. (7)
is that time-reversal symmetry is now broken. It is easy to verify that the first term on the HHS is
symmetric under time reversal whereas the second term is antisymmetric because of the coupling
with the flux.

As is well known, the Fourier transform (in space and time) of the density autocorrelation function
can be measured by scattering light from the system. ' Making a Fourier transformation with respect
to 0'and r —r'we find

Sp„(r) = Sk~ (r)+ V ' f (Ng N p~IR r(-v) ~ Vp(r)dr. (8)

Every function still contains an r dependence because the NESS is not translationally invariant. The
first term on the RHS is approximately equal to a structure factor in an equilibrium system whose
properties are the same as the local ones in the NESS, and is symmetric in k and co. The second term
is antisymmetric in k and ~ and needs to be evaluated.

Defining the quantity

w»(k, oIr) = v ' f, &N&(o)N -„IRz(-T)) ~ vp(r)dc= —,'v ' f (Nq(o)N q IRQ-T)) ~ vp(F)dy
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we see that its evaluation is immediate if we can find expressions for the various elements

A"~ (k, )= f „d (A "„(o)a, -„I,,(- )), (10)

where n and y stand for N, F., or & in a simple fluid. We do so by deriving the equation of motion:

A ~ (k, v)=M-„" (o)A" »(k, o)+~k n~»(k, v),

where Eq. (6) has been used,

n" (k, v) = f dT (1„-„(v)w, -„I,,(-T)),

M(, "'(v) =ik. [(J-(o)& (,)*(& (o)& (, ) '] ',
(i2)

(13)

which again, is valid only for small k. Here e is the signature of the n component under time rever-
sal, and the dagger denotes Hermitian conjugation. Further,

r»(k, t) -=(a„-„x,=„I,,(-t)). (i6)
r~(k, t= 0) is easy to calculate in the small-k limit using standard thermodynamic fluctuation theory.

Collecting the above results we see that W»(k, v~ r) can be expressed as

W»(k, v/r) = V '[exp(Mqo)]~~"[ f dvexp(M), T)r (k, 0) exp(M-„r)] " ~ Vp(r).

In obtaining this result we used the fact that the matrix M& is composed of two diagonal blocks. ' ' The
only momentum component that couples to N and E is the longitudinal one. Choosing k to point in the
X direction, we obtain Eq. (17). Performing the algebra involved in Eq. (17) and a Fourier trans-
formation in v, and adding the result to S(, ~ in Eq. (8), we find the following for NESS that are not too
far from equilibrium:

(i7)

and repeated indices are to be summed over. In matrix notation, the solution of Eq. (11) for large o is

A~(k, v) =exp(M), v)A~(k, o=0)+ f dT (exp[M((o —T)]ik, ns('k, ~)}. (14)

Use has been made of the fact that M(v) becomes independent of o for o larger than microscopic times. '
It is possible to show' that for small k and large o (hydrodynamic modes) the second term on the RHS
contributes very little to the density-density component of A~, and hence will be neglected.

Using similar ideas to those outlined above, one can obtain an expression for A~(k, o= 0). This reads'
(in components)

A"~ (k, v= 0) = (1 —e c z) f d~ [exp(M), r) I' (k, T = 0) exp(M), r) ] "»,

where

2k, Tp C, r,k' 2k, Tpr. k'-
mc ' Cv (u +(I k')' mc (

1 —c(r) 1 —e(r)
td —kc ) +(I;k )' (td+).'c) +(I;k ) (18)

c, k ~ V lnT(r)
2I,k k' (i9)

and kB, T, p, C~, C~, m, c„ I"~, and I', are
Boltzmann's constant, the temperature, the den-
sity, the heat capacities per particle at constant
pressure and volume, the particle mass, the
sound speed, and the heat and sound attenuation
constants, respectively. All quantities appear-
ing in Eqs. (18) and (19) are those of a homogene-
ous system whose thermodynamic properties cor-
respond to the actual ones at the point r. As was
mentioned before, the light scattering spectrum
is proportional to Sz, and is shown in Fig. 1,
for argon at a density of 1 g/cm' and a tempera-
ture of 235 K which is subjected to a 0.5-K/cm

temperature gradient. The wave vector k = S52
cm '.

The spectrum consists of three Lorentzian
curves: the central heat (Rayleigh) peak and the
two sound (Brillouin) peaks. Although the three
peaks have the same widths and positions as are
found in equilibrium, notice that the amplitudes
of the two sound peaks are no longer equal. The
size of the asymmetry is governed by e(r) which
in Fig. 1 is 0.12. From Eq. (19) one sees that
the coupling of the density fluctuations to the
sound mode propagating with the heat flux is en-
hanced at the expense of the one going in the oppo-
site direction. The spectrum can be decomposed
into its symmetric and antisymmetric parts (in
&u). From Eq. (19) we see that the symmetric
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part [obtained by putting e(r) = 0] is the same as
the equilibrium spectrum, whereas the antisym-
metric part [the term involving e(r)] is also anti-
symmetric in k, and contains all the new effects.

The origin of this effect is interesting. As
sketched above, and as can be seen clearly from
the detailed analysis, "the asymmetric term is
a direct consequence of the fact that the NESS
static correlation function (Pk'N k)N~ is not zero;
here, I q' and Ãk are the Fourier components of
the longitudinal momentum density and number
density, respectively. In equilibrium, the static
correlation function is zero because of time-re-
versal symmetry. In NESS, not only is it not
zero, but it has the form

k gT k ~ V in&(r)
k -kiNE 2 8

(20)

For small k's this quantity becomes very im-
portant, growing like k . This is characteristic
of a behavior found in broken-symmetry phenom-
ena. The existence of dissipative steady fluxes
destroys time-reversal symmetry and the fami-
liar k ' dependence arises. Notice, however,
that contrary to the usual broken-symmetry phe-
nomena in equilibrium systems, time reversal
is a discrete symmetry which means that no new
peaks (Goldstone modes) are expected in the light-
scattering spectrum. Our results show that all
static correlation functions between hydrodynam-
ic variables that are zero in equilibrium as a re-
sult of time-reversal symmetry now exhibit a k '
behavior. The implication of this is that the ef-

0
Frequency Shif t

FIG. 1. The predicted spectrum of light scattered
from argon subject to a temperature gradient of 0.5 K/
cm. The density is 1 g/cm3 and the temperature at the
scattering point is 235 K. Here 0 =852 cm ', which
for an incident beam with 0;„=10'cm ' corresponds to
a scatterirg A~@?e of 0.4'. Notice the asymmetry in the
Brillouin peaks which is attributed to the implication
of broken time-reversal symmetry.

feet shown in Fig. 1 grows when k (or the scat-
tering angle) is reduced. It is important to com-
ment, however, that the k 'behavior cannot be
taken as a divergence. The theory, at present,
is limited to k's that are larger than the macro-
scopic length scales [1/VT(~), say] and thus the
limit k -0 is not accessible with this theory.

The k ' behavior is equivalent to 1/~ decay in
physical space. This is an indication of a long-
range order that sets in once a NESS is estab-
lished. We stress that this long-range order is
found far from any instability and is just a conse-
quence of the Symmetry breaking associated with
the existence of the fluxes.

The predictions of our theory could be tested
in the following simple light-scattering experi-
ment. The scatterer is a simple fluid with a
linear temperature profile. One can then send
a laser beam perpendicular to the temperature
gradient and observe the scattered light in the
beam-temperature-gradient plane. As was men-
tioned before, the spectrum measured at scatter-
ing angles 8 and —0 (in that plane) will not be the
same since the new terms in Eq. (1) are antisym-
metric under this transformation (which is equi-
valent to k —-k). By "subtracting" the two spec-
tra one can obtain (twice) the new term which is
purely antisymmetric in ~. The scattering angle
associated with the spectrum depicted in Fig. 1
is 0.4'. Notice that the asymmetry is proportion-
al to 1/k' and thus depends strongly on the scat-
tering angle. Although this angle is fairly small,
the shifts associated with the Brillouin peaks in
Fig. 1 place such an experiment well within the
regime of modern light-scattering techniques.
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The quantum-chromodynamic predictions are computed for production of large-trans-
verse-momentum lepton-antilepton pairs from qq scattering (which is relevant to x p or
pp collisions). A simple formula not involving the parton distributions is derived for two
of the three coefficients describing the a.ngular distribution.

It has been increasingly realized' recently
that the perturbation expansion of quantum chrom-
odynamics (QCD)' is applicable to many hadron-
ic processes, such as production of high-mass
lepton-antilepton pairs. Perturbation theory in
the coupling g is used for inclusive processes
with initial parton states and the cross sections
are convoluted with parton distribution functions
to give hadronic cross sections. Since the par-
ton distributions depend on the long-distance be-
havior of QCD, which is asymptotically free, '
they are not computable by simple perturbative
methods.

Moreover the infrared-sensitive part of the
parton cross sec5.ons can be absorbed" into a
redefinition (i.e., a renormalization) of the par-
ton distributions. Thus the final result of the
perturbative calculations comes from momentum
scaLes set only by the large energies of the prob-
lem. Consequently asymptotic freedom shows
that a small-coupling expansion is valid.

The simplest proof of such statements is for
deep-inelastic lepton scattering, when the opera-
tor product expansion can be used. ' For other
processes such as dilepton production one can
analyze Feynman diagrams —as summarized be-
low or in Ref. 2.

In this note I compute the angular distribution
of large-transverse- momentum dileptons pro-
duced when the dominant parton collisions are of
quark and antiquark, as is expected in m p or pp
scattering. There the quark and antiquark can be
valence, so that the original Drell-Yan process, '
qq -"y"- p,

'
p, , certainly dominates at low trans-

verse momentum q~ of the dilepton. Large q~ is
produced with an order g2 cross section by the
diagrams of Fig. 1. From these a simple result,

Eq. (6) below, is obtained in the Collins-Soper'
frame. However, large q, can also be produced
in order g2 by gluon-quark collisions. But since
a large-transverse- momentum parton must be
produced in addition to the virtual. photon, the
initial-state partons must be at fairly large x,
For example, with a dilepton invariant mass of
M= 4 GeV and with q~= 3 GeV, the minimum par-
ton center-of-mass energy is q~+ (M'+q~')'l'
= 8 GeV. When the hadrons have s = 400 GeV',
this gives a typical parton x of 8/v 400=0.4. Since
there are probably more valence quarks than
gluons at large x, the qq process should domi-
nate. Note that in w'p, in contrast to m p colli-
sions, the dominant valence process is dd scat-
tering, rather than uu, so that there is an extra
factor of & due to the electric charge of the d
quark, and there the gluon-quark process may
well be important. Previous work' has concen-
trated on pp collisions, where gluon-quark scat-
tering is important, and has not used the Collins-
Soper frame where the simple result Eq. (6) is
derivable.

Consider production of a dilepton of momentum
q" from hadrons of momenta p," and p,". I write
q =x,pg +x2p, +q wlthq p, =q, p, =o, and
I consider the limit s —= (p, + p,)'- ~ with a, and

x, fixed and q arbitrary. By dimensional analy-
sis, this is equivalent to keeping s fixed and let-

'000000 000 i

000000001

FIG. 1. Diagrams for production of large-q~ dilep-
tons. The curly lines are gluons.
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