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Second-Harmonic Emission at Resonance Absorption
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This paper reports on numerical studies of the generation of second-harmonic radiation
by ap-polarized electromagnetic wave incident on an inhomogeneous overdense plasma.
Maximum second-harmonic emission coincides with maximum absorption of the funda-
mental wave. The importance for second-harmonic emission of electromagnetic struc-
ture resonances due to density plateaus near the critical layer is demonstrated.

The generation of the second harmonic (SH) has
been observed in laser' and microwave4' plas-
ma irradiation when a p-polarized electromagnet-
ic wave is incident obliquely on an imhomogene-
ous overdense plasma. Analytical studies"' have
predicted some of the main characteristics of SH
emission: The SH increases with the square of
the amplitude of the fundamental wave, it is emit-
ted specularly in the same direction as the re-
flected wave, and it assumes a maximal value for
a certain angle of incidence which is determined
by the density scale length of the plasma.

In this work, the reflection of a p-polarized
wave and the associated SH generation in an in-
homogeneous cold plasma are investigated by con-
sidering a plasma composed of a large number of
homogeneous layers" with a stepwise change in
plasma density from one layer to the next. Only
a rigid plasma is studied here; i.e. , no plasma
motion is allowed. Calculations including the re-

action of the plasma to the ponderomotive forces
will be presented in a forthcoming paper.

When the influence of the second harmonic back
on the fundamental wave is neglected, the elec-
tric field oscillating at twice the frequency z0 of
the incident wave is governed in each homogene-
ous layer by the usual linear wave equation with
a given nonlinear source term,

V2E{2) V(V. E(2))+ o &(2& )E(2)
C 0
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The dielectric of the cold plasma, including an
effective collision frequency, is

e((o) = 1- ((oi,'/(o')(1+i v/(o) '.

The nonlinear current density of frequency 2&0
due to the fundamental wave is given by

')=-en"~P' —en v ' =-en ' v' ' i(ne'/-4m'(o ')V(E "~ E('))

Because in a cold plasma only transverse waves
can propagate, the density perturbation n ') and
hence the first part of the nonlinear current van-
ish within each layer. At the boundaries, how-
ever, a surface charge is induced due to the jump
of the longitudinal component of the electric field
E~ ' . (By longitudinal component we mean that
parallel to the density gradient. ) This leads to a
surface current and consequently to a jump of the
transversal magnetic field,

(2) ~ (2)+&('- ~) &( )
~ (x)
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The second part of the nonlinear current is a gra-

dient, and thus the field due to this term is irro-
tational and is given by

2
) = — & —' V(E( ) ~ E('))
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%hen the fundamental wave quantities are known,
the SH in each layer is given by the sum of the
source field (5) and the solution of the homogene-
ous wave equation. Application of the boundary
conditions for the transverse electric and mag-
netic fields yields a set of coupled equations for
the amplitudes of the SH in the various layers.
This set has a pentadiagonal structure and can
be solved numerically by standard methods.

1744 1979 The American Physical Society



VOLUME 42, NUMBER 26 PHYSICAL REVIE%' LETTERS 25 JuNE 1979

1 01

(1)

LT

Eo

100

1.5

n
nc

1.0

I2—[%1
Ip

0.5

L=5A

0 1 0.5

1Q-2
0

10 "-
(2)

E

1 Q
2

x/)„

- 1.5

n
nc

.1.0

Qo

1.0

0.5

10o 20o 30' 40' e

10 - 0,5

po 10 20

I

30 40 8

10-'
0 x/), ,

0
3

FIG. 1. Longidutinal and transverse electric fields
for a linear density profile (L =3k,O, ~n»=3n, , eE0/
mac=0. 005, v/coo=0. 005, 0=15'). (a) Fundamenta1
wave; (b) SH.

FIG. 2. (a) H,elative intensity of backscattered SH and
(b) absorption of the fundamental wave for a linear
density profile as function of the +~pie of incidence and
for different density scale lengths {n~»= 3n~, eE0/mac
0.005, v/~0=0. 005).

In the following some results of our calculations
will be presented. In Fig. 1 the longitudinal and
transverse field components are plotted for both
the fundamental wave and the SH in the case of a
linear density profile. The fundamental wave
shows the well-known behavior, a standing-wave
pattern up to the critical density, a sharp reso-
nance of the longitudinal component at the criti-
cal density (note the logarithmic scale! ), and
then a quick decrease. The SH is generated
around the critical layer and is emitted into the
direction of lower density only, which is in agree-
ment with analytical results. '

In Fig. 2(a) the intensity of the backscattered
SH is shown as a function of the angle of inci-
dence of the fundamental wave. With growing
density scale length L [defined by (d Inn/dx) ' at
the critical density n, ] the maximum of the SH

emission increases and shifts towards smaller
angles; the angular region for SH emission, how-

ever, becomes smaller. When comparing with
Fig. 2(b), where the corresponding absorption of
the fundamental is shown, we see that the angle
for maximum SH emission is somewhat smaller
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FIG. 3. Relative intensity of the backscattered SH
and the reflection coefficient for a density profile with
a plateau as functions of the plateau length (n ~»=3n, ,
eZgmwc=0. 005, v/F0=0. 005, 8=30'). {a)s&~
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by the modified density profile. The significant
feature in the SH behavior is that the SH does not
decrease beyond the critical density in contrast
to the simple linear profile considered earlier.
A closer investigation shows that the SH is still
generated near the critical density (only here the
source terms are nonnegligible), but it is emit-
ted now in both directions. Thus, in this case,
the properties of the plasma up to the critical
point for the SH, that is up to 4n„are crucial for
the resulting pattern of the SH, since now the SH
emitted in the forward direction can be reflected
and thus interfere with itself. The emission of
SH radiation in the forward direction was also ob-
served by Batanov and Silin' who investigated a
Gaussian profile with a peak density of 3n, .

This work was supported in part by the Fonds
zur Forderung der wissenschaftlichen Forschung
(Austria) under Grant No. 2781/S.

FIQ. 4. Longitudinal and transverse electric field for
the situation of Fig. 3(a) and a plateau length of 0.25&o.
(a) Fundamental wave; (b) SH.

than that for maximum absorption. We further
see that for a scale length of 3A, , (x, vacuum wave-
length) and a ratio of electron quiver velocity to
velocity of light (eZ,/m~c) of 0.005, the intensity
of the emitted SH is maximally half a percent of
the incident intensity, which is also the order of
magnitude found in experiments. '

It is well established now that for strong inci-
dent fields a plateau is formed due to the pon-
deromotive forces near the critical density. " "
We investigated such a modified profile also, and
found that this plateau formation and the struc-
ture resonances resulting therefrom can very
strongly influence both the reflection of the funda-
mental and the SH emission. In Figs. 3(a) and
3(b) the change of these two quantities with the
length of the plateau is shown when all other pa-
rameters are kept constant. In Figs 4(a) an.d
4(b) the fields for a profile with plateau are plot-
ted. A characteristic enhancement of both the
longitudinal and the transverse fundamentals is
observed which can be understood in terms of the
excitation of surface waves" which are supported
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