
VOLUME 42, NUMBER 23 PHYSICAL RKVIKW LKTTKRS 4 NNz 1979

which it is impossible to satisfy all the bonds in
the ground state. Surprisingly, Betts once again
finds that the ground state belongs to minimum
IM, I f However, the ground state is now highly
degenerate, in contrast to the previous case
where Frobenius's theorem applies. Similarly,
our reference Hamiltonian (V) will, after change
of sign, have not only a uniilue (or doublet) ground
state belonging to I =0 and m=0 (or I=2, m=+ 2)
but a dense spectrum of low-lying states, &/most
degenerate with the ground states (in the limit N

oo I ccN) ~
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A sum rule is derived from the connection of the critical specific heat with the critical
correlation function in the disordered symmetric state. The "Ornstein-Zernike hole"
which appears above the critical point must, by virtue of this sum rule, be canceled ex-
actly by the "Fisher-Langer tail. " It follows that the anomalous dimension index p is
fixed by the shape of the spectral function. A spectral function satisfying certain gene-
ral properties yields q = 0.04.

The order-parameter-order-parameter corre-
lation function, G(l', K), and its Four ler tl ans-
form, g(k', z') describe correlation in configura-
tion and wave-number space, respectively. The
critical-region temperature dependence enters
through the inverse correlation length K and is
expressed by the differences bG(x, K) -=G(x, v)
—G(x, 0) and bg(k', ~')=g(k', 8) --g(k', 0). In many
cases a sufficiently accurate approximation is
the Ornstein-Zernike' formula

g'o (k', ')=G I(k'+ '),
where Coz is a positive constant. In this approx-
imation the critical variation is given by the neg-
ative-def inite expression

OZC
k'(k'+ &') '

But with the experimental precision which can
presently be achieved, ' a more accurate repre-
sentation of g(k', K') is needed. This is also true

in theoretical calculations where g(k', K') enters
as an essential ingredient. An accurate form for
g(k', z') is especially important in calculations
where fluctuations of large k enter in an essen-
tial way, such as in studies of the critical vis-
cosity' and of the critical attenuation of sound.
For k» K the correlation function must asymptot-
ically approach its v = 0 Green -Fisher' form

g'(k', o) =~c~k ""
assuming that k is still small enough to be in the
critical region. Here C~F is a constant and q is
the anomalous dimension index. g is the most
basic of the critical indices and its calculation is
one of the central problems in the theory of phase
transitions. A related problem, generally studied
independently is the detailed k' and ~' dependence
of g(k', v'), i.e., the "shape" of the function. In
this Letter we discuss a sum rule which is equiv-
alent to a certain identity in Lagrangian field
theory. ' This sum rule imposes an intimate con-
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&G(0, z)=(1/2~ )2f, dkk'ag(k', ~2)=0. (4)

At this point the reader may well object that we
have thrown the baby out with the washwater. We
hasten to explain that Eq. (4) refers only to the
scaling portion of b,c and does not imply the
complete absence of any critical specific heat.
More precisely, we should write Eq. (4) as
lim, ,e ""bG =0. The true critical behavior
ensues from the high-k deviation from scaling,
such as the Debye cutoff on the Fisher-Langer
tail. '

We have verified the two-dimensional version
of Eq. (4) by explicit numerical integration using
Tracy and McCoy's' tabulation for the two-dimen-
sional Ising model. Similarly, we have confirmed
in the screening approximation"" or n ' expan-
sion"'" that the Fisher-Langer tail does indeed
have the strength necessary to cancel. the Orn-
stein-Zernike hole exactly. The general case is
most conveniently handled by means of the spec-
tral function Im4g(- Ik' I, K2). This is the analy-
tic continuation of 4g in the complex k' plane to
the upper side of the cut running along the nega-
tive real axis. With the basic assumption of no
singularities except along the cut, Cauchy's

nection between q and the shape of g(k', ~'). Once
the shape of g(k~, z') is established, the value of

g is fixed by this sum rule.
The sum rule follows from the critical-region

temperature dependence of the internal energy of
the system. For a short-range pair-interaction
potential the critical energy is proportional to
bG(r, ~) where the force range is characterized
by some small value r «z '. We therefore set
r = 0 and substitute from Eq. (2) to find EGoz(0, z)
= —z/4m. (We mainly treat the three-dimensional
case. ) This would require that v, the critical
index for the correlation length, be also the en-
ergy critical index. Temperature differentiation
would then yield the specific heat, but saith the
svxong cubi ti cal index. The exponent would be larg-
er than the correct exponent o. by 2v- 1. (Here
we have used the scaling law 3v=2- n. ) As v is
generally larger than &, its mean-field value, it
follows that the negative definiteness of Eq. (2) is
qualitatively inaccurate. The correct correla-
tion function bg is known, in fact, to have a posi-
tive tail of the Fisher-Langer' type in the k» z
range. We therefore assert that this "Fisher-
Langer tail" must exactly cancel the "Ornstein-
Zernike hole. " This requirement is expressed
by the sum rule

theorem gives

dz
ag(k', ~') =—,Imag(z, ~').

7T ~ oo Z

We note first that, for k'» K', z can be dropped
from the denominator, which can then be taken
outside the integral. This would have 4g(k', ~')
varying as k ', which would be wrong. Its ac-
tual k dependence is more rapid. Therefore

f „dz 1mb,g(z, ~') =0, (6)

dk+ —)zi' '.1 1 /2
2m' 4w

(7)

The first term of Eq. (7) is a constant which dis-
appears in the subsequent z integration, by vir-
tue of Eq. (6). The remaining term puts Eq. (4)
into the form

&G(0, z) =(1/47T )J dz~z~'~2imhg

=(I/4~') J «(~zl'" z) Im-b, g = Q. (8)

The second line of Eq. (8), obtained by subtract-
ing (- z/4m') times Eq. (6), is the more conven-
ient version because the pole no longer contrib-
utes explicitly.

In order to proceed further we introduce the
threshold at Izl" '=lK, the scaling variable u
= lz I' '/lK, and the threshold function F(u). F(u)
vanishes for 0-u (1 and approaches unity asymp-
totically as u —~. By analytic continuation of
Eq. (3) we find for 0 (u (1,

Imbg = —Img(k', 0) = —ImCG~(i~k~) ""
=C „sin(-,'mq)[k) ""
=C~F sin( —,'wq) I ""~ "vu ""

For u ) 1 this gets multiplied by 1-F(u). Drop-
ping powers of ~ and constant factors, we obtain
the scaled version of Eq. (8) as

J, duu" (1-1/lu)[1 —F(u)] =0. (9

The range below threshold yields (1+@) ' —(lq) '.
Thus the linearized version of the sum rule,
valid for g «1, is

q '=l+ J, du(l —u ')[1-F(u)]. (10)

which fixes the strength of the 6 function at z
=- ~' in terms of the continuous variation of
Im~g for z& —w .

Substituting Eq. (5) into Eq. (4) and interchang-
ing the order of integration bring in

1 k' 1 I zl " dk
2m' —k' —

I z I 2~' 2v' k'+ I zl
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The Fisher-Burford" approximant corresponds
essentially to a step function for F(u) with thresh-
old at l = (0.15) '. The integral. makes a negligi-
ble contribution, so that Eq. (10) requires the
relatively large value g = 0.15.

A more realistic threshold function has been
proposed"'" based on extending the Fisher-I an-
ger tail all the way down to the physical threshold
l = 3. Bray" has shown that an F (u) constructed
in this way offers a convincing interpolation be-
tween the known D = 2 and 4 —e threshold func-
tions. For la I «1 it is possible to linearize with
respect to this parameter as well as g, giving

F(u) =1-u 'i'(1+8 lnu), (11)

with 0&8 ~ 1.5. Equation (11) is shown by the
solid curves in Fig. 1 for & = 0.5, 1.0, and 1.5.
The unphysical case of B=O is also included for
comparison, although this would correspond to
an absence of critical specific heat. Carrying
out the integration in Eq. (10) gives

9
75+104' '

so that the upper and lower extreme values for
q are 0.12, and 0.039. The intermediate values
are 0.071 (8=0.05) and 0.051 (8=1.0). Bray's
spectral function, shown by the dashed curve in
Fig. 1, is approximately halfway in between our
8=1.0 and B= 1.5 curves. Therefore his spectral
function is consistent with g = 0.044.

In summary, we have pointed out the existence

0.8

0.6

F(u)

0.4

0.2

FIG. 1. Spectral function for B =0, 0.5, 1.0, and 1.5
vs imaginary wave number (in units of the threshold
value). The dashed curve shows Bray's spectral func-
tion. The lowest curve (B = 1.5) corresponds to q
= 0.089.

of a new sum rule, imposed by the critical-region
temperature dependence of the specific heat. Ac-
cording to this sum rule, the Fisher-Langer tail
in the critical correlation function must have a
shape and strength such as to cancel out the Orn-
stein-Zernike hole exactly. We have shown how

the sum rule can be translated into the language
of the spectral function, thereby yielding a unique
value for q. In other words, any other value of

q for the same spectral function would violate the
sum rule and give the wrong critical specific-
heat temperature dependence. Spectral functions
of the right shape correspond to g= 0.04.
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A high-statistics photon spectrum from the reaction & d- ynn, measured with a 0.72-
meV-resolution pair spectrometer is compared with different theoretical spectra folded
with the measured photon line from the reaction & p —yn. A value of a« =—18.5+0.5 fm
(theoretical error included) is deduced assuming a fixed value of r„„=2.8 0.1 fm. The
problem of extracting r„„using the present theories is indicated.

The current value of the singlet 'S, scattering
length a„„, based on an average of selected ex-
periments, ' is —16.6+ 0.6 fm. This is smaller in
absolute value than a»(nuclear) = —17.1+ 0.2 fm
deduced from low energy -P-p scattering after
correction for the direct electromagnetic effects.
However, a charge-symmetry breaking due to
isospin mixing in the exchange of vector mesons
(p-to mixing) indicates' an absolute value of a„„
0.9 fm larger than ~a»~. This discrepancy could
be explained by the model-dependent corrections
of the direct electromagnetic effects' or an un-
derestimate of the theoretical error in extract-
ing a„„. A remeasurement of a„„with higher ex-
perimental accuracy using a reliable theory seems
therefore necessary to clarify the situation.

z d -ynn is one of the most suitable reactions
to study the n-n final-state interaction because it
involves no other hadron in the final state. The
photon energy is uniquely related to the n-n rela-
tive momentum P. To be sensitive mainly to the
scattering length and to minimize the theoretical
uncertainties, a measurement should be restrict-
ed to p (35 MeV/c; i.e. , to photons with energies
within the last MeV of the spectrum, which ends
at 131.458 MeV. Thus, the spectrometer resolu-
tion is important. The limitation on P can be

much more easily achieved by detecting the two
neutrons. An experiment of this type by Salter
et a/, .' yielded a„„=—16.7+ 1.3 fm, not including
the theoretical uncertainty of - 1 fm evaluated by
Bander' for the extraction of a„„with his theory.
However, precision experiments with neutrons
in the few-MeV energy range are notoriously dif-
ficult, which makes the simpler photon spectros-
copy attractive.

Two recent calculations" demonstrate the pos-
sibility of extracting a„„to an accuracy of 0.3 fm
if P (35 MeV/c. If this accuracy is to be reached
in an experiment detecting only photons, a major
difficulty arises. Since not only the shape of the
photon spectrum but also the peak position is sen-
sitive to a„„, an energy calibration better than 3
keV at 130 MeV is needed to obtain a„„with a
similar experimental error. This difficulty, how-
ever, can be overcome if the 129.406-MeV cali-
bration line from the n P -yn reaction and the
7t P -ynn spectrum are measured alternately.
The position of the line may be defined to within
1 keV with 100000 events and the 720-keV full
width at half maximum resolution of our spec-
trometer. Since this calibration line also pro-
vides the response function, with which the theo-
retical spectrum has to be folded, the only criti-
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