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fields play an essential role, electrostatic mod-
els are insufficient. Since all three dimensions
of the problem require roughly equivalent scale
lengths, it is not possible to modify a 2D or 23D
code by including a few modes in the third direc-
tion as is sufficient, for example, in the simula-
tion of some tokomak properties.®*

The principles of the simulation algorithms dif-
fer only slightly from those described by Bune-
man.® The use of Fourier transforms, quadratic
spline interpolation [over a (32)3 mesh], and
careful charge shaping is retained, but the SPLASH
code uses a different scheme for data manage-
ment than that of C. Barnes described in Ref. 5.

It is essential to keep most of the particle and
field information on disk between time steps and
care was taken to overlap input/output processes
with computations. These techniques allow a
simulation of this magnitude to be performed effi-

ciently with the resources available through the
NMPFECC (National Magnetic Fusion Energy Com-
puting Center) system. A more complete descrip-
tion of SPLASH, as well as the code itself, is
available through the NMFECC on-line code-
share facility LIBRIS, maintained at Lawrence
Livermore Laboratory, University of California,
Livermore, California 94550.
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The existence of a special set of cusp-shaped, stable, force-free plasma equilibria
with finite pressure and flow velocity is demonstrated. They are confined by surface

currents.

In a series of papers Woltjer! has formulated
the stability of hydromagnetic equilibria in terms
of a variational principle in which the energy is
minimized while keeping a number of integrals of
motion of the system constant. Thus, if a system
is able to dissipate energy, without changing these
integrals of motion, it will pass to a state of min-
imum energy compatible with these constraints.®
More recently, Taylor? has employed this varia-
tional technique to show that the minimum-energy
state for a straight pinch bounded by a rigid, in-
finitely conducting, cylindrical container is a
force-free helical configuration in which the axi-
al field is reversed on the outside. For plasma
confinement, however, one must insist on a vacu-
um region that separates the fluid boundary from
the wall, Therefore, in addition to the internal
fluid perturbations, the possibility of surface de-
formations has to be entertained. These have
been included in an elegant treatment by Rosen-
bluth and Bussac,® that evaluates the stability of
a zero-pressure, force-free spheromak.* Since
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high-beta toroidal plasma confinement systems
are highly desirable,® we seek stable configura-
tions in which the plasma pressure is finite.
There is no guarantee, however, that fluid kinet-
ic energy of motion in such systems will be negli-
gible.® Indeed experiments exist”'® and others are
planned® in which this kinetic energy is compar-
able to the magnetic energy. In this Letter I dem-
onstrate the existence of stable equilibria with
finite flow velocity that have force-free fields in
the interior but are confined by surface currents.

The hydromagnetic equations, in principle,
possess an infinite number of integrals of mo-
tion, and to recover all possible states of motion
one needs to consider all of them., However, one
can obtain interesting states of minimum energy
even by considering a reduced set,

I depart from Woltjer’s treatment by consider-
ing the plasma in the two-fluid instead of the hy-
dromagnetic approximation. I cheose the follow-
ing system integral constants: the flux invariant
K=%[d®%A-B B=VxA, B is the magnetic field),
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the three components of the system angular mo-
mentum L = [ d% (¥ Xnm¥) and the total mass Nm
=[wmd3x. The last constant is obtained as fol-

lows. The ion fluid momentum equation is

a%/0t + V12/2 =T XV XF -
- (g/m)(E +¥XB)+Vp/nm=0, (1)

where p, ¥, and n are the pressure, fluid veloc-
ity, and density, respectively. I neglect the
electron inertia and describe the electron fluid
by E+UXB =0 and Faraday’s law furnishes 9B/8¢
=V xWxB, where i is the electron fluid velocity.
Charge neutrality is assumed to hold. Multiply-
ing (1) by B and integrating over the region oc-
cupied by the plasma with the following boundary
conditions on the plasma surface

Bs=%-§=73=0, (2)

whereJ is the plasma current and § is the unit
vector normal to the plasma surface, I obtain

9G/at=0/0t [d*T+[B + (m/2q)V XT=0, (3)

In arriving at (3) I have assumed (a) that the pres-
sure is a function of density or less restrictively,
VpXVn =0 and (b) §: VX¥ =0 on the boundary at
some initial instant. Then the relation

B+ (m/ q)v x¥)/n}

={B,+ n/q)V Xvyl/n} VoF, (4)

guarantees that boundary condition (b) holds for
all time; the subscript 0 indicates values at ¢ =0,
For a compressible fluid in which the pressure
variations are adiabatic with index y the system
energy W =[d%|3nmv? +3B% +p/(y - 1)] is also
constant. Keeping G, K, L, and the total mass
Nm=[nm d3 constant, one can minimize W; thus

8C =W —10K — udG D0 L—1dN =0, (5)

where the constants », p, 7, andn are Lagrange
multipliers. I arrive at the following system of

equations describing the extremum-energy state
analogous to Woltjer’s! solutions,

VXB +AB + uv X¥, (6)
UV X¥ =nq®@ - F XD) - (uqg/m)B, (7)
n=tm? + D FXT+ yT/(y = 1), ®)

where p =nT, and T is the kinetic temperature.

For incompressible flow, V-¥ =0, and further-
more, letn =const; Eq. (8) is equivalent to the
Bernoulli condition

Vp +3nm V2 =0, 9
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From Egs. (6) and (7) by eliminating B in favor
of ¥ and vice versa we obtain,

VXV XY - (g/mu)em — 12 +Xum/ q)V X¥
+(gh /¥ == (1g/ WV XFXD — (g /)T X7 (10)
and

VXV XB= (q¢/mu)am - 2 +xum/q)V XB
+lgn/W)B=-ngV XExD. (11)

The general solutions of Eqs. (10) and (11) are
given by

¥ =ah, +bh, -2(/ng) A~ pa/m\ )0 +¥x7  (12)
B=ch, +dh, + 2ur"1v, (13)
where R, and b, are the general solutions of
V2R, , +K, 2, , =0, (14a)
Ky o=s(qumf© +€)£[(0 —€)? - 4€]¥?,  (14b)

e€=xm/uq, 8+1= @m/12), and a, b, c, and d are
constants. For v=0, the solutions have no “rigid”
rotation and the boundary conditions (2) lead to
solutions in which the velocity is parallel to the
field,

¥ =0B, (14c)

and @=( -))/ux. A nonzero v imposes rather
severe conditions on obtaining an equilibrium and
we ignore this case in what follows.

In addition to (2) we have to satisfy the following
condition on boundary surface between the plasma
and the surrounding medium,

(p+32B*):=(p+2B%)y,
and B is tangential to the surface of discontinuity.
If the external medium is vacuum py =0 and if the
boundary is a conducting wall then (15a) is not
needed. From (9) we may write p + snm? =P

(const), and since (um)Y?%=pB with g constant
we may rewrite (15a) as

[P+3(1-p2)B2], =[p+3B%]y.

(15a)

(15p)

The general solution of (14a) is given by B =«T
XV® + VX (FXVF) with V2 + k2@ =0, We derive
some interesting properties of axisymmetric
equilibria (3/8¢ =0). Let B=B,+ B,, where B,
=@k ITXV&| is the toroidal component and B,
=VX (FXV®) is the poloidal component of the field.

Thus,
Vv xB, =B, and V XB, =«B,, (16)

The magnetic surfaces are defined by the poloidal



VOLUME 42, NUMBER 19

PHYSICAL REVIEW LETTERS

7 MAy 1979

flux ¢ =k "p@* T X V& =k "1pB, and B+ Vy =0; here
(r,0,¢) and (p, ¢, z) represent the coordinates of
a spherical and cylindrical system, respectively.
I construct a third coordinate system such that
5‘91=—]§p/3m k=% %@, dY =d§L‘-V¢, Vi 1=pB,

and the toroidal flux x () =« ~'¢ dx,B,. From

(16) we obtain,

[, @82 -B2) ="' [ a* B,B,, a7)

where S is the magnetic surface enclosing volume
V. I region II outside the plasma is to be vacu-
um, B, vanishes on the plasma boundary. In this
case, I conclude from (17) that there is equiparti-
tion of energy between the poloidal and toroidal
components of both field and fluid kinetic energy
by virtue of (14c). Further manipulation of Egs.
(16) leads to

3V (B2 +B,?) =3%,8B,%/0x,
"EC_Lszz/Pp —ﬁBtz/p,

where %,*VX,=~%,/p,, and p =7 sinf, From (18)
one obtains

(18)

39B,2/0x,==B%,*b/p, (192)
and
L d 2 pe
2PB, d—w'(Bt +B,?)
2
=— (§L+ B~ cos(>> s (19p)
Py p
or
%fs @x(B®+ B,?)
2 2
= [, dx (E"— B cosb), (19¢)
Py p

where p* %, =cosd and S is a magnetic surface of
volume V,

In vacuum p =0 and a surface current /=3B{[ (1
-B?) + 2P/B 2]V2 - 1} flows to confine the plasma.
The vacuum magnetic field is computed from pB
=VyX@, and 8%y/8p% —p~0y/0p +0%)/822 =0, with
boundary conditions determined by (2) and (15b)
on the plasma surface and by the windings gener-
ating the external field. However, since i =const
on the plasma surface and (15b) (which involves
V) must also be observed, the elliptic equation
for ¥ is overdetermined. We are thus led to con-
sider a free boundary problem in which the shape
of the plasma surface is determined by the ex-
ternal field and the parameters k, etc. We now
show how an explicit solution is possible for the
case B=1, i.e., ¥=B/(m)2, From (15b) it is

apparent that with =1, B} is constant on the
plasma surface. The problem thus reduces to an
equivalent problem in fluid mechanics (B—¥),
viz., Helmholtz flow in which fluid velocity is
constant on the free streamlines (from Bernoul-
1i’s principle). In two dimensions, i.e., p—~,
the theory of conformal mapping!® can be used to
determine the shape of the free streamlines or
equivalently the plasma boundary. The shape of
the plasma boundary is determined by the field

“at infinity. If the field at large distances is uni-

form then the plasma boundary must be toroidal;
a spheromak topology is disallowed. In three di-
mensions an exact solution is possible only for a
plasma torus of large aspect ratio. Omitting
here the details of the derivation, one finds that
the plasma ring is circular in cross section. The
field at infinity B, is related to the field on the
plasma surface B, through!!-?

Bo=(l/47R)In(167RB, /1) - 3], (20)

where I is the azimuthal surface current R and
a the ring major and minor radii. To next order
in a/R the cross section is D shaped (with the in-
ner portion having a larger radius of curvature)
given by,
{1-[121n(4/0)- 1502 cos20}0 =const, (21)
where o =exp(- E), and =, 6, and ¢ are toroidal
coordinates defined by = +i0 = 1n[(p +iz+R)/ (p
+iz - R)]. Equation (20) is valid to this order.
The solutions for the interior are obtained, in
principle, by solving V2® +k2® =0, k #0, with ¢
=kp@p* FXV¢p =0 on the boundary, B:Vy=0 on the
boundary thus ensuring that B+§ also vanishes.
Since the boundary is not likely in general to coin-
cide with a coordinate system for which the Helm-
holtz equation is separable, in practice one would
seek numerical solutions,

A quadrupole external field determines a cusp-
shaped boundary. The internal fields form two
vortex rings with B fields in the opposite sense
(see Fig. 1). An m-pole field will give the plasma
a. free surface of m inverted cycloids, viz., the
picket-fence geometry.'?

The total energy W of the constant density, in-
compressible, equilibria with ¥ =8B/ (um)"2 ob-
tained through Eqgs. (6) and (7) does not necessar-
ily have a minimum in energy but only an extrem-
um, To establish a true minimum I express W
in terms of K and G, thus W =K (ng®/m)¥2(8 + 1/

B =1+ (1+ ImG/qK 1)¥?] (signs are chosen to make
W>0). Itis clear that W will be minimum for g*

1279



VOLUME 42, NUMBER 19

PHYSICAL REVIEW LETTERS

7 May 1979

FIG. 1. A section in the poloidal (p,z) plane of a
spindle cusp. External field is produced by coils
(hatched) and fields within plasma are generated by two
topological vortex rings with oppositely oriented toroi-
dal fields.

—~1, and stability against internal motion is as-
sured. To establish stability against a surface
displacement we follow Rosenbluth and Bussac?
and perturb the surface by a displacement £(x,,
@)%, allowing the interior to relax to a minimum-
energy state for the new surface consistent with
K and G being conserved.

Stability is determined by whether the pres-
sure imbalance across the surface reinforces or
opposes the displacement, i.e., if

OF = fsb d’x g{ﬁﬂ' B, -B; - B (1-57)

L

+£ = [By’ - BF(1- ) } >0, (22)

we have a stable system; B,") and B;") are the

perturbed fields in plasma and vacuum, respec-
tively. For equilibria with 8 =1 the influence of

the internal magnetic fields is annihilated by the
velocity perturbations and this expression sim-

plifies to

0E = [ d®& By By - £By"/py)

where p, is the radius of curvature of the plasma
boundary considered positive for a concave sur-
face viewed from within the plasma. Now BV
is the gradient of a harmonic function and x |

‘B M=%, (B;-V)Z at the boundary from the fro-
zen-flux condition. Furthermore, _ﬁn is tangen-
tial to the surface and is constant. From these
facts it can be established that the first term of
OE is always positive. Therefore, for equilibria
where p, is everywhere negative, 6E >0. Thus,

(23)
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constant density force-free equilibria with cusp-
shaped surface and with ¥ =B/(um)¥? are stable
to both internal and surface modes.*

When, however, p, is positive, as is the case
for a toroidal plasma, then the question of sta-
bility has to be treated case by case. A thin ring,
R/a>1, degenerates into a Z pinch with a sur-
face current with no contribution from the inter-
nal fields and is, therefore, unstable. The situa-
tion improves for fatter D-shaped rings but, nu-
merical analysis is required to compute both the
equilibria and stability.

Finally, I conjecture that a high-beta plasma
probably evolves into a state such that there is a
central force-free region surrounded by a skin
region in which currents flow across field lines
to sustain the pressure drop. In the equilibria
discussed above, the skin layer has been ideal-
ized to be infinitesimally thin, but in practice it
will, of course, have a finite thickness depend-
ing upon transport coefficients and the manner in
which it has been created. The large kinetic en-
ergy needed for these configurations may require
the injection of high-power intense ion beams,®
or neutral beams, or by vortex-ring compres-
sion.?

The study of compressible equilibria will be
taken up in a future publication. I am indebted
to Professor M. N. Rosenbluth for many discus-
sions and a preprint of his work on spheromak
stability (see Ref. 3) presented at the Princeton
Conference on Plasma Rings in June, 1978, and
to Professor H. Weitzner for some useful com-
ments. This work was supported in part by the
U. S. Department of Energy.
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