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The possible occurrence of precr itical phenomena in finite nuclei due to the relative
proximity of the pion condensation threshold is investigated. We point out that such pre-
critical behavior may occur in inelastic scattering differential cross sections for the ex-
citation of unnatural-parity states at high momentum transfers Iq = (2—8)m~]. As an ex-
ample, we discuss inelastic proton scattering to 1+ states in Pb.

The question whether pion condensation appears
as a new phase of dense baryonic matter has been
of continuous interest in recent years. ' ' While
early estimates' have suggested that the critical
density for condensation in nuclear matter should
be lower than normal nuclear matter density, p,
= 0.5m, ', more realistic approaches incorpo-
rating 6 isobars, short-range repulsive baryon-
baryon correlations, and the density dependence
of the effective nucleon mass come to the conclus-
ion that pion condensation in symmetric nuclear
matter is very unlikely to appear around or below
p,.4 Nevertheless, the question has been raised
which nuclear properties could serve as a possi-
ble indicator of critical behavior in channels
carrying pion quantum numbers, even if a pionic
soft mode is not expected to appear in ordinary
finite nuclei. "

The possible occurrence of precritical phenom-
ena has been suggested by Gyulassi and Greiner'
and by Ericson and Delorme, ' who use the term
"critical opalescence" for the physical conse-
quences of an effective enhancement of the pion
field inside the nucleus, as the pion condensate
is approached. Let us illustrate the nature of pre-
critical behavior close to a pion condensate in the

case of infinite nuclear matter. Consider the
coupling of a low-frequency (e «rn, ) pion, for
example by inelastic proton scattering, to a pion-
like particle-hole excitation, as illustrated in
Fig. I, through various virtual intermediate nu-
cleon-hole and 6-isobar-hole states. This many-
body renormalization of the pion propagation

g

FIG. 1. Inelastic proton scattering into a low-lying
"pionlike" excited state through intermediate excitation
of high-lying nucleon- and isobar-hole states. Shown
are one-pion-exchange pieces (x} and additional contri-
butions from short-range baryon-baryon correlations
(g') .
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modifies the basic one-pion-exchange interaction such that the effective interaction in this channel can
be written

V,(q) = V„(j)/e(q),

where the driving term contains the free one-pion-exchange interaction plus short-range correlations
which are described by a Landau parameter g':

V,(q) = —[f'(q')/m, 'j[(o, jo, ~ q)/(q'+m„') —g'o, ~ o, ]T, T, , (2)

where f'(q')/4v =0.08[(A' —m, ')/(A'+q') j' is the pion-nucleon vertex factor, and the static limit has
been taken in Eq. (2) since we consider excitation energies &u «m, only. The Landau parameter g' is
meant to incorporate p exchange, additional short-range correlations and other many-body vertex cor-
rections'.

The polarization denominator in Eg. (1), which we may call the "dimesic function, "becomes

(3)h(q) = 1+[g' —q'/(q'+ m, ') ][f'(q')/m, '] [ U„(q) + 4U~(q) ].
The Lindhard functions U„'(q) and U~(q) include all the effects of the virtual intermediate nucleon-hole
and isobar-hole excitations, respectively. The form of U„and U~is given in Ref. 4 and the factor of
4 multiplying

Unpin

Eg. (3) is the standard ratio of AND, and &NN coupling strength.
Note that pion condensation appears in this model at the density p, where e-0. This situation takes

place at large momenta, typically q-(2 —3)m, . Thus, if the interaction of Eq. (1) is used in the descrip-
tion of an inelastic scattering process, one expects that e has the tendency of becoming small around
the critical range of momentum transfers q even if the density of the system is still much below the
critical density for condensation. This can lead to an enhancement in V,(q), and therefore in the scat-
tering cross section. This characteristic enhancement is what we would like to refer to as "precriti-
cal behavior. "

Applications to finite systems are complicated by the fact that momentum conservation is lost in the
summation over intermediate particle-hole excitations which lead to the dimesic function e. In order
to calculate the pion self-energy, or polarization function, in a finite nuclear system (omitting short-
range correlations for the moment), we expand in partial waves:

11('0 0 ) Z Z, h; (q) V (q)[1/(& —& h) ] Q ~ h; *(q') y *(q')

=-P, II„(q, q')[(2Z+ I)/4~]J „(q q'),

where q', and q are the incoming and outgoing pion momenta and

Qp, h;d(q) = &f(q ) ~(q/~. )2, «I; &l jp jhow J)(~0 I OI I 0)+p, h;g(q),

where o. =2 for nucleons and ~s for isobars, respectively. Furthermore, (LI; J~ j~j„;J) denotes the
LS jj transforma-tion coefficients and F

p h. z(q) is

E ~h( )=q(4w)' '(—i) ~( —1)'" p (I Ol„0
~
LO) f r'dr j~(qr)pp(r)Rh*(r) ., h (2l p+ 1)(2l h+ 1)

(4)

In the process of iterating the pion self-energy, we encounter in second order integrals of the type

II ("(q, q') = J
"

(
, II (q, k)D (k)II (k, q'),

where D,(k) = —(k'+m, ') ', the free-pion propagator. We have to study the degree of nonlocality in
the partial-wave self-energies II~(q, k). First, let us investigate the diagonal part II~(q, q) in some de-
tail. A typical example is shown in Fig. 2(a). The various curves in Fig. 2(a) show the degree of con-
vergence with increasing particle space. While convergence is obtained already at N= 10 (N is the
maximum oscillator shell considered) for q=m„ thirty major shells are required to collect the full
strength for q-(2 —3)m, . This means that a full-sized random-phase-approximation diagonalization
taking into account the one-pion-exchange tensor force would require extremely large particle-hole
spaces in order to describe correctly the high-momentum-transfer behavior in pionlike excitation
nels.

The momentum-space nonlocality in Il„(q, k) is studied in Fig. 2(b). We observe that II„(q, k) peaks

1035



VOLUME 42, NUMBER 16 PHYSICAL REVIEW LETTERS 16 APRIL 1979

tm„"]
—(2') TT„(q,q )

(a}

&" =1+

A =140 --.

- (2Tt') TTj (q, k)

1.0 1.0

0.5 0.5

4 qfm] (m„]

FIG. 2. The partial-wave pion self-energy II&(q, k) of Eq. (4), for the example of J "=1+and a hypothetical
closed-shell system with A=140. Particle-hole excitations are calculated in a harmonic-oscillator basis with os-
cillator constant t(d =41' & MeV. (a} Diagonal part II&(q, q). Numbers indicate the maximum principal quantum
number which truncates the particle space. (b} Nondiagonal values IIz{q,k}, showing the momentum-space nonlo-
cality. Approximation by the form Eq. (9) gives R~= 5.94 fm.

strongly at q=k as a result of cancellations for
intermediate excitations with q gk. We choose
the representation

II „(q, k) = —g~(q)d, (q —k)g, (k), (8)

where d~(q —k) is a distribution and d„(0) = 1. Ac-
cording to Fig. 2(b), this distribution can be very
well approximated for not too small nuclei (A ) 16)
by a Bessel function: d ~(q) =j,(qR „), where the

parameter p~, by its inverse, measures the size
of the momentum-space nonlocality and turns out

to be close to the nuclear radius g, as expected.
In this particular case, Eq. (7) can be approxi-
mated for q, q'&m„ to a very good degree of ac-
curacy by

rI „i'}= (8s2R,) 'g„(q)d, (q —q')g, (q')

x [q '/(p+ m, ') ] rI,(q, q), (9)

where q is the mean value of q and q'. ' Succes-
sive iteration of II „ to all orders, using Eq. (9),
yields

11„'"'(q,q') =II„(q, q')/e„(q), (10)

where

~~(q) =1+[q'/(q'+m„') jy, II„(q, q).
Although the form of Eq. (11) is similar to that
for nuclear matter (in the absence of short-range
correlations), we note that the dimesic function

ez, Eq. (11), is now /dependent. The inclusion
of short-range correlations (in terms of g') into

Eq. (11) is straightforward.
We shall now present an application of the

formalism developed above to the case of inelas-
tic proton scattering into J = 1' states in 'Pb, "
in order to show how precritical behavior might
develop. Here the distribution d„(q) in Eq. (8) is
localized in a relatively small range (Aq =v/R),
and the approximations Eqs. (9) and (10) concern-
ing the momentum-space nonlocality are sup-
posed to be well founded. The scattering ampli-
tude is then calculated according to the diagram
of Fig. 1, using plane waves for the ingoing and
outgoing proton.

Calculations of the 1' states are performed as
follows. The "Ok~" excitations (whgi, k»~,

' and

vi»~, i»i, ) are taken into account explicitly,
whereas all other intermediate particle-hole
states, including also the isobar excitations, are
treated in terms of the pion self-energy [see Eq.
(4)). Thus, most of the polarization strength is
described by the dimesic function e~,+. As a re-
sult, we observe a pronounced enhancement in
the effective interaction at q-(2 —3)m, . On the
other hand, the 05~ particle-hole matrix ele-
ments and therefore the excitation energies of
the two 1' states show relatively small influence
from the polarization effect. [E„(1&')=6.7 MeV,
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is also the region where the polarization effects are un-
important.

Note, however, the experimental situation of these
1+ states is yet unclear, though in a pure shell model
one expects two states around 7-MeV excitations. See,

for recent experimental information, W. Kniipfer,
R. Frey, A. Friebel, W. Mettner, W. Meuer, A. Rich-
ter, E. Spamer, and O. Titze, Phys. Lett. 77B, 867
(1978); S. Raman, M. Mizumoto, and B. L. Macklin,
Phys. Rev. Lett. 89, 598 (1977), and references therein.
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