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show that in this region, N decreases exponen-
tially along the axis with an e-folding length l„
=100 pm, while its transverse variation remains
small within the focal spot. If one chooses l =l~,
then expression (14) gives (0/~=3. 6'. The ef-
fective value of l is probably somewhat smaller,
however, on account of the finite length of the
focal waist. It is difficult to estimate accurately
the resulting correction to l because of the uncer-
tainty of where the backscatter originated, but it
is probable that / lies in the range 50-100 p.m.
We therefore obtain (8$~ ~3.6'—5.1, in rea-
sonable agreement with the -2' resolution esti-
mated from the burnpaper data. A more defini-
tive test of this theory would proceed along lines
similar to the phase-conjugation experiments in
liquids ' i.e., impose a phase-aberration plate
near the lens, and attempt to observe the phase
compensation in the backscatter.

In summary, I have suggested that ray retrac-,
ing in laser-plasma backscatter arises from the
same physical mechanism believed to cause phase
conjugation in stimulated backscatter from liq-
uids, and I have generalized this theory to include
inhomogeneity of the active medium,
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Filamentation Instability of Ion Beams Focused in Pellet-Fusion Reactors
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The growth of current filamentation instability is calculated for intense multi-GeV
heavy-ion beams focused across a target chamber onto a fusion pellet. Conditions for
which this instability growth can be kept small are given.

High-power beams of multi-GeV heavy ions
have been considered as possible igniters for
pellet fusion. " The conditions under which
these beams would be subject to filamentation
instability in the target-chamber gas are ex-
plored. ' 4

A typical member of the beam system must be

accurately focused across a taI get chamber of
radius -10 m onto a pellet of radius a few milli-
meters. As the heavy-ion pulse advances to-
wards the pellet it undergoes stripping and mul-
tiple scattering, and ionizes the background gas.
The resulting plasma conductivity gives rise to
a return current that neutralizes the beam cur-

866



VQI.UME 41, NUMBER 13 PHYSICAL REVIEW LETTERS 25 SmpxzMszR 1978

rent to within a few percent (complete neutraliza-
tion is assumed below in treating the growth of
current filaments). This result is based on a
beam-propagation code containing classical trans-
port coefficients, i.e., microinstabilities are
assumed to be suppressed by background gas col-
lisions. ' The upper limit for the target-chamber
gas density is set by multiple scattering (e.g. , in

propagating 10 m through air at 10 Torr a 30-
GeV U beam has a minimum focal-spot radius of
0.34 cm).

We find that filamentation can be avoided with-
in acceptable parameter ranges by increasing
either the beam-injection radius, emittance, or
number of beams used to deliver a given total
power. If, however, the instability is allowed to
occur, simulation studies' suggest that it may
rapidly provide transverse thermal energy to the

beam and prevent focusing.
The plasma in the reactor chamber consists of

background electrons and ions produced by ion-
ization of the background gas, plus beam ions
moving with velocity V~. Each component of the
plasma is assumed to be Maxwellian with a drift
or beam velocity V& in the z direction and ther-
mal velocities v&„and v&, perpendicular and par-
allel to the beam. For most cases of interest to
us the background gas is sufficiently dense (0.1-
10 Torr) that the collision frequency v„. between
background electrons and ions is much larger
than typical filamentation growth rates. The
background plasma is thus treated using fluid
equations, while the beam is treated as collision-
less.

For k = Ax, 8=By, and E =Es in a field-free
region the resulting dispersion relation then fol-
lows as

O=k'c'- uP+(u»2 1 — », »' [1+$»Z($»)]-
Vga 1 -4Ãl&a&(T (d

Here ~, and ~, are the electron plasma frequency and beam plasma frequency, ~ = ~„+iy is the com-
plex wave frequency, k is the wave number, $»=&a/v 2kv»„, o is the conductivity, ' and Z(g») =(1/v w)

x j „dtexp(- t')/(f - $») is the plasma dispersion function.
Equation (1) has unstable solutions (y&0) only for &u„=0 (purely growing modes) and k &k, =co» V»/cU»„.

The last term in Eq. (1) replaces the background plasma contributions to the collisionless dispersion
relation given by Davidson et al. The background electron stream velocity, which can play a dominant
role in the collisionless case, no longer appears in the dispersion relation.

If the beam has a constant radial density out to a distance x, v~ can be rewritten

cu» = (4e'/m, )"'N»"'Z, /r,
where the beam density per unit length E, remains constant. As a focused beam approaches the pellet,
Z, increases as electrons are stripped from the beam ions while r decreases rapidly. Thus, ~~ may
increase by several orders of magnitude from its value at injection, and rapid instability growth may
occur. Z, is primarily determined by the background gas density and propagation distance. We have
assumed a charge-stripping model for uranium suggested by Vu et al. ' to estimate Z~.

To estimate the beam radius r(s), we use an envelope equation derived by Lee and Cooper. ' H the
beam is sufficiently well current neutra1ized, self-pinch effects can be neglected, and the envelope
equation can be integrated analytically. For a flat radial beam profile,

2r 2g r V» 2 g 8'Itic 8 APE~ Z~

s s " V ' 3A„'De'V»' m. , y

Here r, is the beam radius at injection, bv»'= ( V' —2r'), V' is the mean-square transverse velocity,
s is the chamber radius, As' is the electron radiation length (3 x10~ cm for air), and D= 760/p(Torr).
The equations in Ref. 9 have been transformed using z = V»t and r = v 2 8, and y„—= (1 —V/»c')

The residual velocity Ae, ' in the envelope equation is approximately equal to the beam transverse
thermal velocity e~„' in the dispersion relation. It is related to the emittancee E2=2y„'~'4e, '. E' is
essentially constant for a focused heavy-ion beam. ' Hence,

Qv»(z) = Av»o ro/r(z) .
For a well-focused beam, r,'=( Vro/s»)'-»(bv~)'. As the beam appraoches the pellet, the beam
transverse thermal velocity increases rapidly according to Eq. (4), and Ao» =r, /V 2 at the pellet.
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This transverse heating of the beam plays a major role in reducing y(k) near the pellet. If v,„ is re-
placed by 6v„ the term in Eq. (1) proportional tq IIIb Vb/vb„=koc is independent of r; the r ' depen-
dence of IIIb in Eq (2) is balanced by the r dependence of Avb in Eq. (4). As ~approaches its mini-
mum value r~ at the pellet, v,„ is usual iy sufficiently large that

~ $b ~
«1. Neglecting displacement

current, the growth rate is

From Eq. (5), the wave number k* of the fastest
growing mode is estimated using Newton's meth
od.

Since k Vb =0 in this analysis, the unstable
waves do not propagate with the beam. Instead,
unstable growth at any position z begins at t= g,
when the head of the beam arrives at z and ceas-
es at f=f, +a~, where 7~ is the pulse length.
Hence, the number of e foldings in the electro-
magnetic field amplitudes is given by N &(k*;z)
= y(k*; z) v.~, assuming that the beam parameters
of the pulse passing through a fixed z are con-
stant. If y(k*;z) is sufficiently small so that Nz
a 5-10, field amplitudes will never grow large
enough for filamentation to become a problem.

We now search for model parameters which
allow the beam to be focused over a distance of
several meters to a radius r;„»0.1 cm, while
keeping N

&
sufficiently small. Maximum growth

almost always occurs at the pellet where ~= x~;„
and hvb=i, /v 2 Based .on beam-transport-code
results, ' we choose V, =c/2. T, = 20 eV and 2n,
=no=the initial neutral-gas density. For N, =3
~10" cm ', the beam energy and power are 34
GeV and 25 TW. Since at least 100 TW are re-
quired for pellet fusion, the parameters are ap-
plicable for a multibeam reactor. The pulse
length is 10 ns. The pressure p, initial radius
~0, initial beam thermal spread 4@~, and the
chamber radius s must also be specified. Equa-
tion (3) determines r(z). The full dispersion rela-
tion [Eq. (1)] is solved numerically although the
approximations leading to Eq. (5) a.re usually
satisfied.

Figure 1 plots N& at z =s for a 10-ns, 25-T%
beam as a function of ro with p = 1 Torr. We
choose ~v~/Vb= 1.4&&10 ' for s = 5 m and 4&&10 '
for s =10 m, so that r;„=0.10 cm in both cases.
At z =s and r =z &„, the second term in the de-
nominator of Eq. (5) is usually negligible, so that
y-ro '. Figure 1 clearly reflects this scaling.
Serious problems with filamentation may occur
for r, ~ 10 cm, although pinch effects play an in-
creasingly important role' for small 'vp.

Figure 2 shows the importance of the initial
beam thermal spread Av~. Again, p =1 Torr,
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FIG. 1. Number of e foldingsN& (or equivalently,
growth rate y) vs initial beam radius xo for a 10-ns
uranium-beam pulse. Other parameters are Vb = c/2,
P =-25 T%", P =1 Torr, T, =20 eV, andne =2n0. The
focal-spot radius xI„~=0.10 cm is achieved by setting
Av&0/V& = 1.4 x 10" for a target-chamber radius of 5 m
and AvbII/Vb =4x10 for a 10-m chamber. T'he growth
rate is for the fastest growing mode at the location of
the pellet. The beam strips to a charge state of 69
after traveling 5 m, and Z~ =76 after 10 m. Defocusing
due to fQamentation instability may occur for P& —5.
Therefore, a large initial beam radius is desirable
since y- xo

! and the curves are for x, = 20 cm, s = 5 m and r,
=40 cm, s =10 m. Serious filamentation growth
may occur for hv~/V, ~ 2 X10 ' since y- (bv b,/
V, ) ' while r~I„may become unacceptably large
for Av~/Vb &2X 10 '.

If V, is constant, beam power is proportional
to N, . Figure 3 reveals that y-N, - P as ex-
pected from Eq. (5). Parameters are the same
as in Fig. 1 with so=20 and 40 cm for s= 5 and
10 m, respectively. For a 5-m target chamber,
single beam power in excess of 500 TW may be
employed without encountering adverse filamenta-
tion.

As the pressure increases, ~;„increases due
to multiple scattering while Zb (and hence y) in-
creases due to enhanced charge stripping. Seri-
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FIG. 2. N& =y~& vs the initial transverse beam ther-
mal spread Av&0/V~ for r& ~10 ns. The initial beam
radius ~0 =20 cm for s = 5 m and is 40 cm for a 10-m
chamber. Other parameters are same as in Fig. 1.
Since y-(6~0/V~), the initial thermal spread should
be as large as possible while meetfmg the requirements
for r~h dictated by the pellet size.

FIG, 3. N
&

vs beam power P assuming V~ = c/2 (34
GeV). Again, ro ——20 and 40 cm for s =5 and 10 m, re-
spectively, with other parameters as in Fig. 1. As ex-
pected from Eq. (5), y-N~ P. If s =5 m, one may be
able to avoid filamentation defocussing (i.e., N&& 5}
with a 0.1-cm pellet for single beam power as high as
700 TW. However, it is clearly desirable to reduce
the power or current carried by a single beam and em-
ploy a multiple-beam system.

ous two-stream instability problems may exist
below j. Torr' while r - may be unacceptably
high at high pressures.

Unlike the k, = 0 modes we have investigated,
modes with k, &0 will have ~„~0 and may propa-
gate in the direction of the beam. We believe the
nonpropagating modes to be the most important
ones for filamentation since preliminary studies
indicate that propagating modes usually have
small group velocities and hence do not convect
with the beam.

In conclusion, we have shown that for a wide
variety of parameters appropriate to a heavy-ion
fusion reactor chamber, filamentation instabili-,
ties will not grow to amplitudes significantly
above the initial noise level. Strategies for re-
ducing growth rates are apparent from Eq. (5)
and Figs. 1-3. Perhaps the easiest way to con-
trol filamentation is to inject the beam with a
large initial radius so that the transverse beam
temperature near the pellet is large. It is also
advantageous to increase the initial transverse
beam thermal spread as large as focusing re-
quirements allow or to decrease beam power and
use multibeam systems. Filamentation growth
may be significantly lower at pressures below 1
Torr, but higher pressures may be required to

suppress electrostatic two-stream instabilities.
Finally, control of filamentation instabilities will
be significantly easier if somewhat larger pellets
(allowing larger r;„) can be used or if the tar-
get-chamber radius can be minimized.
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ity to us. Useful discussions with Dr. D. Spicer
and Dr. E. Lee are also gratefully acknowledged.
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Using the o-stability technique, we study the stability of the internal kink mode in toroi-
dal geometry. We show that there are two unstable regions separated by a stable one in
a P~, stability diagram. In one of these regions toroidal effects are stabilizing and in
the other they are destabilizing. Discrepant results of previous analytical theories and
experimental results are explained.

The internal kink mode has been the object of
intense theoretical research recently' ' because
of its relevance to the triggering mechanism of
internal disruptions in tokamak discharges. ' "
In a cylindrical plasma column of length 2np,
and radius a with an equilibrium magnetic field
(O'; Bs(x), B,(r)), the mode is excited when q(x)
= rB, (r) &1 in some region inside the plasma;
the mode poloidal and toroidal wave numbers are
m = 1 and

~
n

~

= 1, respectively.
Two different analytical theories have been

developed for the internal kink mode in toroidal
geometry so far. ' ' The one developed by Bussac
et al. ' is based upon the energy principle. Ac-
cording to their results, the toroidal effects are
stabilizing if

P~*= [2/Bs'(ro)] J (r/ro)'( dP/dr) d—v

is below some critical value; p(x) is the plasma
pressure. The theory developed by Pao' is based
upon a normal-mode analysis. He uses c = a/R,
and r,/a as expansion parameters; here r, is the
radius where q(ro) =1. According to Pao's theory,
the internal kink mode is not stabilized by toroidal
effects, as predicated by Bussac et al. To our
knowledge, the discrepancy between the two theo-
ries has not been elucidated yet.

Experimental results have shown the presence
of the m= ~n~= 1 instability superimposed on the
sawtooth oscillations characteristic of the inter-

nal disruptions. "'" The TFR group's results
indicate also that the m =

~ n~ = 1 oscillations van-
ish when the plasma density is increased. ' Since
this corresponds to an increase in the plasma
pressure, this result is somewhat surprising and
not explained by previous theories. Using the 0-
stability technique, "we show that in toroidal
geometry there are stable and unstable regions
for the m =1 internal mode in the p-q, parameter
space, as found by Freidberg and co-workers for
the external kink mode. " Here we define p=p(0)/
[p(0) + 2'Br'(0)], q, = q(0), and B$0) is the toroidal
component of the equilibrium magnetic field B(r)
at the magnetic axis. The apparent discrepancy
between the two analytical theories and the ex-
perimental result described above are explained
on the basis of the p-q, stability diagrams. We
also calculate the mode spectrum for different
values of P.

Copenhaver'4 has derived a simple v Euler
equation starting from a theory of the magnetohy-
drodynamic spectrum in toroidal geometry de-
veloped by Goedbloed. " The relevant equations
are flux averaged and expanded in powers of e.
Copenhaver's equation, with first-order toroidal
terms included, is

—f(r) (r$) g„(r)(x$) =0

where

f(r) =N/vD, N = (pa + E') [po '(yp + B2) + yp+2],

&= p'o'+ po '(m'/~'+ n'/rT')(yp + B') + (m'/6+ n'/B') ypr',
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