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On the basis of new data on pionic atoms, it is argued that the criticality condition for
the existence of strongly bound?t. -nuclear states is likely to be met in most nuclei. Nu-

merical solutions for Vhl, BCa, and o~Bi are reported, with the conclusion that the
widths of such x states are generally prohibitively large for their observability except,
possibly, in heavy nuclei.

The possible existence of pion-nuclear strongly:.

bound states has recently been suggested by
Ericson and Myhrer' (EM) who noted that the P-
wave attractive term &o.(x) &, with Beo.(r) & 0,
in the pion-nuclear optical potential may over-
come the pion kinetic energy, thus leading to an
infinity of strongly bound states. While a criti-
cality condition must be met for such states to
exist mathematically, it is by no means clear
that their strong-interaction widths are not pro-
hibitively large for any conclusive observation.
Also, it was concluded by EM, on the basis of a
particular parametrization' of the optical poten-
tial, that the criticality condition is not met in
most ordinary nuclei.

In this Letter we point out that the new precise
~

da, ta' on 2p levels in pionic atoms (Al to Zn) lea.d
to a different parametrization procedure (b) of
Ref. 3] of the pion-nuclear zero-energy optical
potential, for which the criticality condition is
satisfied in many nuclei. This parametr ization
also reproduces4 all existing data for 1s states.
We report here numerical results for pionic
bound states in the representative nuclei "Al,
'Ca, and '"Bi and mention the far-reaching con-

sequences of nuclear absorption on these states.
The pion-nuclear low-energy potential is given

by

2pV(y) =q(y) + Vo. (y) ~ V,

where q(r) is the local (s-wave) part which for x
reads

q(~) = 4~((1 p/+rn) [b,(p„+p, ) + b, (p„-p,)]+(1+p/2m)a, 4P, p„], (2)

p and I being the pion-nucleus reduced mass and the nucleon mass, respectively. So is a complex
number, simulating both dispersive and absorptive effects ignored by the first-order term. p~ „are
the nuclear densities. The nonlocal (p-wave) part is parametrized here a.s follows:

(3b)

n(r) = ", +4m 1+ — C4p~p„, 0~)s1,~.(~)
(3a.)1+ so.', ~ 2&i

o'o(&) =«(1+p/~) 'tc, (p. +P )+c,(p. -P )],
where C„again, is a complex number. The strength $ of the Lorentz-Lorenz (LL) renormalization is
at present, not uniquely determined by pionic-atom data.

In the absence of compelling theoretical motivation, the two-. nucleon term of Eq. (3a) is stripped of
its customary LL renormalization. This results in a value for C, which differs from the value report-
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ed in Ref. 3, but the quality of the atomic fit re-
mains as high. ~ The set of parameter values
(for $ = 0) adopted in the present work is given
(in pion mass units) by

60 0 017 Aj 0 13'

ImB, = 0.0475, ReB,/ImB, = —1;

co=0.21, c, = 0.17,

ImCO = 0.0425, BeC,/ImC, = —0.6.

(4a)

The negative sign of BeCO, relative to that of co,
gives rise to a repulsive modification of the first-
order P-wave attraction, much the same as other-
wise caused by the ($ =1) LL modification for
which case the value of BeC,/ImC, obtained in
the fit4 is 2.1, all other parameters remaining
the same.

The parameter set (4) gives, as a rule, values
of Ben(0) greater than the critical value of 1.
These, for example, are (in parentheses the val-
ues for $ = 1 are given) 1.09 (1.09) for 27A1, 1.03
(1.04) for ~oCa, 1.16 (1.13) for 44Ca, 1.17 (1.14)
for "Ca, and 1.05 (0.99) for '"Bi. Two- and
three-parameter Fermi distributions which fit
electron scattering data' were employed for pro-
tons, with identical parameters for neutron dis-
tributions in 'Al and ~ Ca. The neutron rms
radius x„was assumed to be larger by 0.11 fm
than the proton rms radius z~ for 'Ca and ' 'Bi.
We note that with x„=x& it is possible, also for
( =1, to obtain Ren(0) & 1 (1.03) in '"Bi.

We have also verified that, with ImC0~0 as in
(4b), a gradual change of parameters so that
Ben(0) passes through 1, leads to a very smooth
and predictable trend in the values of atomic
binding energies and widths (B, I'). Finally, the
Schrodinger equation, not the Klein-Gordon, was
used in the nuclear case, since our primary in-
terest is in ~-nuclear states near E =0. The gen-
eralization is straightforward.

Since the optical-potential parameters (4) were
determined primarily on the basis of atomic 2p-
level shifts and widths, it was natural to look for
strongly bound states in the appropriate mass re-
gion. For 'Al and 'Ca we failed to obtain bound
states with widths of less than the order of GeV.
In fact, for ~ =0 in 4'Ca, the state which is closest
to threshold is found to have (B, I') = (9, 2400)
MeV.

EM suggested an averaging procedure around
r» the point at which Reo.'(r) crosses the value
1, in order to avoid the far-reaching consequenc-
es of the singularity of the wave equation with

TABLE I. Least-bound states for vr in Ca. B and I'
are the binding energy and width, respectively. The
sequential number n ~ is determined by the number of
nodes of the real part of the radial wave function within
the critical region ~~ ~0, and l is the ~~gular momen-
tum,

a (MeV) I (MeV)

Exact solution
9.0

11.8
Linearization

7.2
26.9
57.5
92.2
109
160
215

2400
2730

178
219
329
456
498
672
864

potentia. l (1). In its simplest form they suggested
linearization of the wave function in some small
interval + ~x around xo. Naturally, any regular-
ization has to be constrained by the n' -atomic
data. An iterative procedure was therefore de-
veloped by us for the atomic case, where the pa-
rameter C, is refitted as a consequence of ap-
plying linearization. The refitted Co, in turn,
shifts the value of x„and so the &x interval is
now moved to cope with this change and a newly
refitted value of C, emerges, etc. , until conver-
gence is reached. Without such an adjustment,
the atomic results deviate, e.g. , for '4Ca and
&x =0.2 fm, by (&4', &I') (0.15, 0.25) keV (con-
siderably larger than the experimental uncer-
tainties'). Simila. r deviations were found for non-
iterative linearization about arbitrary points with-
in the nucleus, which signifies that the singular-
ity of the wave equation at the point xo has no
special role in the m -atomic case.

The least bound m -nuczeaz states in "Ca are
listed in Table I for the lowest l values. The net
repulsion, about 18 MeV for ~ =0 states, of the
local interactions, the repulsive q(r), and the at-
tractive Coulomb potential prevents binding of
states with radial number n; c 6 for the exact l
=0, 1 solutions. In the absence of these interac-
tions, jt =0, 1 bound states with n; as low as 2 do
appear, with widths comparable to those of the
corresponding solutions (also listed in the table)
obtained within the iterative linearization pro-
cedure. For the latter solutions, the spacings
between adjacent levels is considerably larger
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TABLE II. Least-bound states for x in Bi.

ni J3 (MeV) r (MeV)

01 0
1

0
1
2

0
1
2
0

.1
2

Exact solution
1.73
1.78
2.04
1.01
2.10
3.22
4.41
6.19
7.87
8.99

11.2
13.4

Linear ization
1.5
3.2

25.3
34.4
45.6
50.7
67.1
85.4
89.8
113
138
142
172
204

764
1002

Results for n; =0 are obtained using b& =-0.11'
See also caption to Table I.

than for exact solutions, so that the local repul-
sion destroys fewer states, with the de facto
conclusion that the widths of states closest to
threshold are significantly reduced by the use of
linearization. These widths are still too large
to acquire a meaning to the bound states.

The results for nuclear 7t states in '"Bi are
given in Table II. Although the local repulsive
q(r) and the local attractive Coulomb potential to
a large extent cancel each other, their net effect
in ' 'Bi is a repulsion of about 2 MeV which caus-
es one bound state, for each of the low partial
waves listed for exact solutions, to disappear.
These somewhat narrower states would have be-
come stable already for b, = —0.11'„'. How-

ever, the latter value of b, is found to take the
atomic (8, I')~ values about 3 standard devia-
tions away from the measured values. '" It is in-
teresting to note that the ratio I'/B quickly be-
comes constant, with increasing binding, inde-
pendently of ~; the value of this constant, how-
ever, is considerably larger than that argued by
EM.

Somewhat dramatic effects occur when the ad
hoc linearization procedure is applied to ~ ' 'Bi.
The binding energies and widths of the states
cloest to threshold are hardly changed for a naive
&x =+ 0.2 linearization around x'0 =5.55 fm. How-
ever, the iterative linearization procedure de-
scribed above brings x, down to 3.92 fm, cor-
responding to the refitted value of ReCO/ImCo

= —1.12. For such a relatively large change in

x„ the ratio I /B reac,ts drastically. The states
closest to threshold have now widths of the order
1000 MeV, the least bound one found to have

(8, I") =(1.5, 764) MeV.
Although Ren(0) =1~ 05 for "'Bi, modest changes

in the densities or in pionic parameters may sig-
nificantly change the above picture. For example,
increasing x„by another 0.11 fm relative to x&

results in Ren(0) = 0.99, marking an end to the
present considerations. It is quite plausible that
with a single-particle density distribution for' 'Bi the value Reo.(r) =1 may even be crossed
more than once. The effects expected on the
widths of m -nuclear states are large.

On the basis of the above analysis we conclude
that the chances of unambiguously observing m-
nuclear states are poor. Since the energy depen-
dence of the potential (1) is here ignored, only
the least-bound states are potentially credible (a
linear dependence, for example, is expected to
destroy all states bound by more than about 20
MeV). However, the widths of such states were
found to vary most sensitively with x,: The low-
er x, is, the larger I turns out to be. To obtain
widths of the order of I' ~ 50 MeV, heavy ele-
ments are necessary; but for such elements~s the ' 'Bi example shows the central nucle-
ar densities are smaller compared to those ob-
tained for medium-size nuclei. Consequently,
Reo.(0) only marginally exceeds 1 and x, is sus-
ceptible to wide variations.

While attempts to reduce the widths of m -nu-
clear states by order of magnitude through ad hoc
linearization succeed for medium-size nuclei,
the resulting widths are still prohibitively large;
this was also the case for "Na, discussed in
Ref. 1. However, such attempts may generally
fail for heavier elements as our '"Bi example
shows. Moreover, it can be proved that for zeal
o(r), where the call for regularization is manda-
tory 9 the re gular ized wave function cannot follow
a linear trend at the vicinity of xo; the effects of
regularization —leading ultimately to suppression
of the m binding phenomenon —must be treated
within a self-consistent framework.

We acknowledge fruitful discussions on various
aspects of the present work with Dr. J. M. Eisen-
berg, Dr. J. Hufner, Dr. F. Tabakin, and Dr.
H. J. Weber.
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