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viously studied has shown a peak of the type now
seen for the first time in a sputtered film. If the
peak is impurity related, it remains to be seen
whether there is an impurity effect on the super-
conducting behavior of crystallized films, since
the annealing behavior may indicate that rejec-
tion of the impurity by precipitation or desorp-
tion is complete prior to crystallizati. on.

Finally, and from a more general viewpoint,
it can be remarked that the principal significance
of the present work lies in the conclusion that a
well-defined internal-friction peak associated
with a stress-induced ordering mechanism has
been identified for the first time in a metallic
glass. If the history of internal-friction studies
on crystalline materials is used as a guide, it
now appears likely that other peaks await dis-

covery in a variety of metallic glasses, and that
these will be of considerable use in the charac-
terization of these interesting new materials at
an atomic level.
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The results of an experiment to observe the nonlinear conversion of second sound to
first sound within a waveguide show that this resonant process occurs at precisely the
predicted frequency. Unique procedures are used to calibrate the first-sound transdu-
cers and we find the amplitude of the mode-converted first sound has its predicted value
value which is determined principally by Bp/B(~~) where is the difference between the
normal-fluid and superfluid velocities and p is the density.

The purpose of this Letter is to describe an ex-
periment which results in the first observation
of a propagating first-sound (pressure-density)
wave generated by the nonlinear interaction of
two second-sound (temperature-entropy) waves.
This resonant mode-conversion process is in
some ways similar to the generation of a longi-
tudinal sound wave through the interaction of two
transverse waves in a solid, in that the differ-
ence in the propagation velocities of the two
modes places severe restrictions on the frequen-
cies and wave vectors of the interacting waves. '
This has been observed in solids' but no absolute
measurements were made which could be used to
determine coupling coefficients. In our experi-
ment, a new application of the reciprocity princi-

!

ple' allows absolute measurements of the prima-

ry and mode-converted wave amplitudes and thus
a direct quantitative measurement of the coupling
between the mode unitlue to superfluid (second
sound) and the ordinary sound wave (first sound).

In the nondissipative approximation, the gener-
al hydrodynamic description of He II is given by
the Landau two-fluid equations. 4 %hen wavelike
solutions to the two-fluid equations are sought,
retaining terms which are second order, the
wave equations for the second-order pressure or
temperature variations in the superfluid are not
homogeneous but have driving terms which are
proportional to quadratic combinations of the
first-order quantities. The following is the wave
equation for second-order pressure disturbances,
p„neglecting the isobaric coefficient of thermal
expansion which is small in the region of experi-
mental interest and vanishes at 1.17 K:
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where the subscript 2 denotes the second-order
contribution which, by definition, is proportional
to quadratic combinations of first-order terms
subscripted with 1 except u, which is the speed of
first sound. v is the center-of-mass velocity and
p„and p, are the densities of the normal-fluid
and superfluid components with the total fluid
density given by p = p, + p„. w =v„-v„where v„
and v, are the velocities of the normal-fluid and
superfluid components. T and P are the tempera-
ture and pressure.

In the linear approximation these modes are un-
coupled. In general, these driving terms do not
lead to the generation of propagating (first- or
second-) sound waves unless the phase velocity
of the driving term is equal to the speed of first
or second sound. The simplest case would be.a
first- or second-sound wave which interacts with
itself to generate second-harmonic distortion
and ultimately a shock for sufficiently large am-
plitudes or long distances. '

In the region of interaction of two second-sound
waves, the square of the sum of the waves will
have components with phase velocities other than

u, and for the appropriate angle of intersection
can be made equal to u„here, u, and u, are the
speeds of first and second sound. For two sec-
ond-sound waves of equal frequency, co, and
equal amplitude, traveling in different directions
indicated by their wave vectors, k and k', the
condition that the phase velocity, Qph of the com-
ponent at 2&v be that of first sound is uph =u, = 2&v/

)4+k' ) or cos( —,e) =u, /u, where 8 is the angle be-
tween k and k'. This resonance condition leads
to the generation of a propagating first-sound
wave at a frequency 2~, whose amplitude grows
linearly with x in the region of interaction if the
attentuation of second sound can be neglected,
and x is chosen as the direction which bisects e.
This result can be understood physically as an
end-fire array antenna which is driven by the non-
linear interaction of the two second-sound waves
in analogy with the model used to analyze the "pa-
rametric end-fire array" that is used in under-
water acoustics to produce highly directional low-
frequency sound. ' We have shown elsewhere'
that the coupling coefficient for this process
should be dominated by Bp/&(w'). The appear-
ance of u' as a third Galilean-invariant internal
variable in the equation of state is a feature
unique to superfluid helium.

In order to exercise precise control over the
intersection angle, 6, of the two second-sound
waves and to achieve an interaction region of

maximum length within the confines of a G-in. -
diam Dewar vessel, the experiment was per-
formed in a spiral waveguide of rectangular cross
section. The bottom and two sides of the wave-
guide are a groove machined into a single block
of aluminum in the form of a spiral (Fig. 1). The
top surface is a —,'-mil- (13-pm-) thick sheet of
Teflon, aluminized on the bottom side and given
a quasipermanent charge. '

. The Teflon adheres
to a 1.27-cm-thick aluminum top plate which has
several insulated "buttons" that are situated over
the groove. These buttons and the aluminized
Teflon constitute pressure transducers (electret
microphones). ' A thin graphite resistor" sprayed
on the top plate is used to measure the tempera-
ture amplitude of the second-sound waves. The
top plate is bolted to the spiral to complete the
wave guide.

The waveguide is operated in its lowest non-
plane-wave second-sound mode. The cutoff fre-
quency for this mode is given by cu„= mu, /l,
where l is the depth of the waveguide (1.467 cm
at T= 0'K). This mode is equivalent to two plane
waves whose angle of intersection, 6, is given
by cos(-,'0) = [1-(v„/v)']+'. The frequency of
the mode-converted first sound ~, is twice the
frequency of the second sound. If we let v „/2
= ~ „+Dcu then b,&u/&u „=u,'/u, ' =0.35~/o. The
second-sound mode is selectively excited by a
pair of heaters that are driven by currents which
are 90' out-of-phase and have a dipolar heat dis-
tribution that is proportional to cosh„y where y
is the direction along the height of the waveguide
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FIG. 1. Schematic representation of the spiral wave-
guide of rectangular cross section. The total length is
150 cm, the last 60 cm of which were used as an ab-
sorber. All dimensions are in centimeters at room
temperature.

414



VOLUME 41, NUMBER 6 PHYS j:CAL REVIEW LETTERS 7 AUGUST 1978

with y = 0 at the bottom and k, = m/l.
Figure 2 shows first- and second-sound re-

sponse taken at 1.31'K. The second-sound pickup
transducer is 7.4-cm downstream from the dipo-
lar source. The cutoff is not infinitely steep be-
cause the group velocity is zero at cutoff and
there are viscous losses at the waveguide walls.
The finite value of the second-sound signal at cut-
off is due to the exponentially decaying tail which
penetrates the waveguide by increasing numbers
of waveguide depths as cutoff is approached from
below. " The first-sound signal generated by
mode conversion is superimposed on the second-
sound data. The full width of the resonance at
the half-power points is 3.4 Hz corresponding to
a Q =360. The frequency scale in Fig. 2 should be
doubled when referring to the first-sound data.
The appearance of this singular, high-Q, first-
sound resonance is a striking confirmation of the
existence of this nonlinear interaction in a quan-
tum Quid.

Mode-conversion resonance with Q's ranging
from 300 at the lowest T to 1600 at the highest T
were observed ans their frequencies as a function
of temperature are plotted in Fig. 3. The 55 sol-
id circles represent anywhere from one to four-
teen separate determinations of a measured mode-
conversion resonance peak at the indicated tem-
perature with the average number of independent
measurements per point being 2.7. The experi-
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mental error in determining the frequency or tem-
perature is about the size of the circles. The
solid line represents the predicted frequencies
using published values of Qy and u, "and the meas-
ured depth of the waveguide corrected for ther-
mal contraction. The dotted portion of the line
used values of u, extrapolated beyond the tem-
perature range listed in Ref. 12. There are no
adjustable parameters. The displacement of the
resonance above twice the cutoff frequency was
checked against theory by calculating (&u

-2v,g/2b&u where ~,* is the measured mode-
conversion frequency. The average of this quan-
tity over the points shown in Fig. 3 is 1.17. This
is good agreement since both numbers in the nu-
merator are about 1300 Hz and their difference
is typically 5 Hz. This precision can be directly
traced to the efficacy of using a waveguide to
guarantee the plane-wave character of the sound
and the frequency of the higher-order mode to
control the phase velocity.

The dependence of the first-sound amplitude on
second-sound amplitude was found to be quadratic
over 1.3 decades. The dynamic range was limit-
ed at the lower end by the sensitivity of the de-
tector, and at the upper end by critical velocities
at the source.

The value of the coupling constant for this proc-
ess was determined experimentally by making
absolute measurements of the first- and second-
sound amplitudes. The calibration of the second-
sound (temperature) transducer is straight for-
ward. The first-sound transducers are calibrat-
ed using a new application of the reciprocity tech-
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FIG. 2. First- and second-sound data taken at 1.31 K.
f is the cutoff frequency of second sound within the
waveguide. The frequency scale should be doubled
when referring to the first-sound trace (i.e., the peak
occurs at f~).
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FIG. 3. Measured mode-conversion frequencies.
The solid line is the theoretical value based on inde-
pendent measurements of u& and u2 (Ref. 12) and the
measured depth of the waveguide. There were no ad-
justable parameters. The dotted portion of the line
used extrapolated values of u, .
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nique that will be described in detail elsewhere
(Ref. 3) but can be motivated here by the follow-
ing argument: Calibration amounts to determin-
ing the electroacoustic transfer function of a
transducer. If we have two identical, reversible,
linear transducers which obey the reciprocity
relation, "they can be coupled together by a pure-
ly acoustical network whose acoustical transfer
impedance can, in principle, be calculated. Pure-
ly electrical measurements on the terminals of
the two transducers, e.g. , the current into the
first transducer acting as the speaker and the
voltage generated by the second transducer acting
as the microphone, will then yield the electro-
acoustic transfer functions of the identical trans-
ducers. The restriction that the transducers be
identical and that both are reversible can be lift-
ed in a simple way by exposing both transducers
to an identical sound field and measuring the ra-
tio of their responses. This technique had the ad-
vantage in the present experiment that it could be
applied in situ and does not require a primary
acoustical standard.

Absolute magnitudes of the coupling constant
have been measured for several points between
1.26 and 1.41 K (see Fig. 4) and are found to be
in agreement with the theoretical values' to with-
in 16/o on the average.
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FIG. 4. Mode-conversion coupling constant p2/~
Points are absolute measurements and the line is based
on Eq. (1) and the value of thermodynamic quantities in
Bef. 12.
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