
VOLUME 41, QUMQ+R 3 PHYSICAL REVIEW LETTERS 17 JULY 1978

sion and Plasma Physics, Lausanne, Switzerland,
&9&& (European Physical Society, Geneva, Switzer-
land, 1975).

See, for example, M. J. Clauser, Phys. Rev. Lett.
35, 848-851 (1975); and J. W. Shearer, Nucl. Fusion
15, 952-955 (1975).

P. A. Miller, R. I. Butler, M. Cowan, J. R. Free-
man, J, W. Poukey, T. P. Wright, and G. Yonas, Phys.
Rev. Lett. 39, 92-95 (1977).

5D. E. Lencioni, Appl. Phys. Lett. 23, 12-14 (1973).
D, E. Lencioni, in NATO Advisary GrouP for Aero

nautical Research and Development Conference Pro-
ceedings No. 138 (Report Distribution and Storage Unit,
Langley Field, Va. , 1976), p. 32-1.

VV. A. Parfenov, L. N. Pachomov, V. Yu. Petruncin,
and V. A. Podlevskiy, Pis'ma Zh. Tekh. Fiz. 2, 757
(1976) [Sov. Tech. Phys. Lett. 2, 296-297 {1976)].

%'. K. Pendleton and A. H. Guenther, Rev. Sci. In-
strum. 36, 1546 (1965).

K. A. Saum and D. W. Koopman, Phys. Fluids 15,
2077 (1972).

~OA. G. Akmanov, L. A. Rivlin, and V. S. Schildyaev,
Pis'ma Zh. Eksp. Teor. Fiz. 8, 417 (1968) [JETP Lett.
8, 258 (1968)].

D. W. Koopman and K. A. Saum, J. Appl. Phys. 44,
5328 (1973).
'2R. E. Pechacek, J.R. Greig, and M. Raleigh,

IEEE International Conference on Plasma Science,
Troy, Ne~ York, 1977: Abstracts (IEEE Service
Center, Piscataway, N. J., 1977), paper T6, and

Naval Research Laboratory Memorandum Report No.
NRL-MR3602, 1977 (unpublished).
"R.F. Fernsler, l. M. Vitkovitsky, A. W. Ali, J. R.

Greig, R. E. Pechacek, and M. Raleigh, IEEE Inter-
nationat Conference on Plasma Science, Troy, Nehru

York, l977: .Abstracts (IEEE Service Center, Piscat-
away, N. J., 1977), paper 2D8, and Naval Research
Laboratory Memorandum Report No. NRL-MR3647,
1977 (unpublished).

~4M. N. Plooster, Phys. Fluids 13, 2665 (1970).
'5For a review of long-spark experiments, see T. E.

Allibone, in lightening, edited by R. H, Golde (Aca-
demic, London, 1977), Vol. I, pp. 231-280,

~6S. J. Dale and A. Aked, in Proceedings of the Third
International Conference on Gas Discharges (Institute
of Electrical Engineers, London, September, 1974),
pp, 173—177,

TFor a review of long-spark theory and early experi-
ments, see L. B. Loeb, Electrical Coronas, Their
Basic Physiea/ Mechanisms (Univ. of California Press,
Berkeley and Los Angeles, 1965), pp. 131-210.

~ A. V. Phelps and J. L. Pack, Phys. Rev. Lett. 6,
111-113(1961).

M. Goldman and G. Berger, C. R. Acad. Sci., Ser.
B 280, 167—169 {1975).

J. Reilly, P. Singh, and G. Weyl, American Insti-
tute of Aeronautics and Astronautics Report No. AIAA
77-697 (to be published).

'T. J. Mcllrath and T. B. Lucatorto, Phys. Rev. Lett.
38, 1390-1393 {1977).

Specific Heat of Dilute Solutions of 3He in 4He and
the 3He-Quasiparticle Excitation Spectrum

Dennis S. Greywall
Bell Laboratories, Murray Hil/, New Jersey 07974

{Received 17 April 1978)

High-precision measurements of the constant-volume specific heat of He- He solutions
with up to 1 jo He are presented for the temperature range 70 mK&T & 1 K. The data are
inconsistent with three previously proposed He-quasiparticle excitation spectra: (1) a
spectrum which is purely quadratic in wave number k, (2) a spectrum which is quadratic
for small k and possesses a "roton" minimum at larger k, and (8) a spectrum which as a

term in addition to the k term at all values of k. '

Thirty years ago Landau and Pomeranchuk'
(LP) proposed that 'He atoms in dilute solutions
of 'He in 'He should behave as an ideal Fermi
gas with a iluasiparticle excitation spectrum h'h'/
2~3". Various recent experiments' ' on He-~He
mixtures have, however, demonstrated that this
energy spectrum is not completely adequate. In
order to explain the experimental results, it has
been suggested that the spectrum should also con-
tain' a term proportional to k or that the spec-

trum possesses' "a rotonlike minimum. In the
latter case, the spectrum in the region of the
minimum is approximated by &, +h'(h -h, )'/2p .
Neutron- scattering measur ements, ' although con-
sistent with the I P spectrum at small wave num-
bers k, do show deviations from the quadratic
form which increase with increasing momentum.
Unfortunately, because of resolution problems at
the larger values of k, these measurements are
inconclusive regarding the existence of a possi-
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ble minimum.
Very recently Bhatt" has argued that the thresh-

old for a 'He quasiparticle to emit a He roton
leads to an energy spectrum which deviates from
the LP form. For k» 2 A ', his calculated spec-
trum has been parametrized by

~ = (a%'/2~, *)(1 —a'/a, '), (1)

with ko ~ 3 4 A This spectrum is consistent
with the neutron, second-sound velocity (u, ),"
and normal-fluid density (p„) ' data.

In this Letter, high-precision specific-heat re-
sults on seven very dilute solutions of 'He in 'He
are presented. They cover the concentration
range from 40 to 10000 ppm and are in the tem-
perature range from 70 mK to 1 K. The mea-
sured specific heat differs substantially from
that of an ideal (LP) Fermi gas. The results
are also clearly inconsistent with the existence
of a He "roton" minimum described by the pa-
rameters derived" from the p„measurements.
In addition, there are serious discrepancies with
Bhatt's calculations which indicate that the be-
havior of these mixtures is not understood.

The measurements were made in a thin-walled
copper calorimeter" which had a volume of 40
cm'. Three graphite support tubes, a quartz
filling capillary (0.005 cm i.d. , 0.010 cm o.d. by
80 cm long), the electrical leads to the heater
and thermometers, and a 15-cm length of 0.004-
cm-diam copper wire provided the weak thermal
connection to the mixing chamber of a dilution
refrigerator. Because the cell was very well
isolated thermally and because no heat switch
was used, it was possible to cool a mixture sam-
ple, with its large heat capacity, only extremely
slowly (2 mK per day for a 3000-ppm solution).
This difficulty was circumvented by heat sinking
the filling capillary on its way to the mixing cham-
ber in several places and by admitting each of
the mixtures to the calorimeter extremely slow-
ly. Thus the sample was cooled to near the mix-
ing chamber temperature before it entered the
cell. When the cell was completely filled, as in-
dicated by the sharp onset of cooling, a hydrau-
lically operated valve located on the mixing cham-
ber was closed, confining the sample to constant
volume. The molar volume of each of the sam-
ples was very near that corresponding to vapor
pressure. The heat capacity was measured with
a precision of about 0.1% using the standard heat-
pulse technique with temperature steps equal to
5% of the temperature.

The specific-heat data for the seven mixtures
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FIG. 1. Specific heat of dilute solutions of He in He.
The He concentrations are those measured before ad-
mitting the samples to the calorimeter.

(open circles) as well as the results' for pure
He (& 0.005 ppm 'He, solid circles) are shown on

a log-log plot in Fig. 1. Previous measure-
ments" "of the specific heat of 'He-'He mix-
tures have only been carried out for 'He concen-
trations greater than 1% and so a detailed com-
parison between these and the present, consider-
ably more precise results cannot be made; there
is, however, overall'consistency. For I' ~ 0.7 K
the data in Fig. 1 for pure ~He fall along a nearly
straight line corresponding to the phonon contri-
bution which is dominated by the term proportion-
al to T'. The deviation from this linear behavior
at higher temperatures is due to the roton term.
With the addition of even very small amounts of
'He, the low-temperature specific heat is modi-
fied considerably. On the assumption that the 'He
quasiparticles can be treated quantitatively as
an independent excitation system, the heat capac-
ity assigned to the 'He quasiparticles is then sim-
ply the total heat capacity minus the phonon and
He-roton contributions and is for T &T„roughly

equal to the classical value 2XR. Here R is the
gas constant and X is the molar concentration.
Previous experimental results indicate"" that
both the phonon and roton parts of the pure 'He
dispersion relation are not appreciably altered
by the presence of small amounts of 'He. In addi-
tion, as explicitly demonstrated in Fig. 1, the
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phonons and rotons in the mixtures make only a
small contribution to the total heat capacity at
low temperature. Thus over a significant tem-

perature range the specific heat per mole of so-
lution attributed to the 'He quasiparticles is ac-
curately given by

C~('He) =C~(mixture) —C~( He). (2)
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In Fig. 2, C~('He) divided by —,XR is plotted as
a function of T. Only points for which the phonon-
plus-roton contribution was less than half of the
total specific heat are shown. The error bars
correspond to an estimated uncertainty in the pho-
non-roton term of 1%. Note that the size of the
error bars decreases rapidly with decreasing
temperature. The Fermi temperature is propor-
tional to X"' and for the 1/0 mixture is approxi-
mately 120 mK. Thus most of. the data for each
of the samples was obtained for T ~ TF. If the
I P spectrum were correct, the measured values
for C~('He) should be at most several percent
lower than the limiting classical value 2XR, and
approaching that value with increasing tempera-
ture. Figure 2 clearly demonstrates that this is
not the case.

If one assumes Bhatt's parametrization of his
calculated spectrum, the specific heat for T»T,
is given by

C~/pXR = 1+5T/v+ 90T /v,
with
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FIG. 2. Specific heat of the 3He quasiparticles. The
solid curves give the specific heat of an ideal Fermi
gas (LP) computed using the concentrations given in the
figure and m&*=2.28m&. For T &T()=0.245 K the dashed
curves correspond to C&" +2XRS(T —To) with $=0.20
K f.

With the use of Bhatt's value for k, and gyes,
*

=2.~„ this becomes C„/2XR = 1+0.12T+0.06T'.
Although the slope of the measured quasiparticle
specific heat (Fig. 2) for T»TF is in reasonable
agreement with the average slope determined us-
ing Eq. (3), the extrapolation of the high-T be-
havior to T = 0 does not pass through unity. To
force this to occur would require assigning to
the mixtures values of X as much as 6% smaller
than the concentrations measured before admit-
ting the gas samples to the calorimeter. It is
difficult to estimate the size of possible heat-
flush effects but it is expected to be much small-
er than this discrepancy in the concentration. At
lower temperatures the data at the intermediate
concentrations show a small knee near 150 mK.
For a spectrum of the form given by Eq. (1) this
structure in the specific heat should not be pres-
ent. " Instead the behavior at high T should, with
decreasing temperature, smoothly round over
near TF and become directly proportional to T.

Shown in Fig. 2 as solid curves is the specific
heat" of an ideal Fermi gas (I P) computed using
values of X which are, except for the most dilute
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samples, within 1% or 2% equal to the measured
concentrations. These values of X given in Fig.
2 can be compared with the measured concentra-
tions listed in Fig. 1. The curves describe the
data very well at low temperatures (in agreement
with the findings of Anderson et al."for T & 100
mK) and indicate that there is a relatively sharp
onset for the deviations from the LP behavior
near 0.25 K. This suggests that an activation en-
ergy may be involved. Thus an attempt was made
to fit the data using an expression which is the
sum of the LP and He "roton"" contributions.
There were three adjustable parameters; X, A

03 p3, and ~,. This function, howev er, was
not adequate to describe the data. For each of
the samples there were considerable systematic
deviations which increased in size with increas-
ing X, and thus the best-fit parameters were
quite sensitive to the exact temperature range of
the fits. When all of the data shown in Fig. 2
were included in the analysis, the best-fit values
of Agk~ and p,/I, (k, ~1.9 A ' assumed) ranged
from 2.4 K and 8&& 10 ' at X= 1000 ppm to 3.5 K
and 9x 10 ~ at X= 10000 ppm. Note that the ex-
tremely small effective mass implies an unreal-
istically sharp minimum.

Much better fits were obtained using an emPiri
cal expression which was equal to C ~"P for T &T,
and equal to the sum of C» and 2XRS(T —T,)
for T ) T,. The parameters X, S, and T, were ad-
justable. This analysis yielded best-fit values of
S and T, for the five highest-concentration sam-
ples which were nearly independent of X. The
dashed curves for all of the samples in Fig. 2
were plotted using S = 0.20 K ' and T, = 0.245 K.
A specific heat with a similar temperature de-
pendence can be generated" using a quasiparticle
spectrum which deviates from the -quadratic form
only above k, = 0.8 A ' (e/ks ~ 2.3 K). For exam-
ple, the purely phenomenological spectrum

k'k'/2m, *, k (k, ,

(4)
(k'k'/2m, *)[1-0.2(k —k,)/kj, k) k„

describes the data well up to T =0.6 K. At higher
temperatures, the computed specific heat is too
small, which indicates that at the higher values
of k (k ) 1.5 A. ') the deviations from the LP form
are larger than those given by Eq. (4). Although
we know of no microscopic mechanism for gen-

crating such a spectrum, we point out that it is
also consistent with the neutron, p„, and n, data.
This does not, however, imply that other interpre-
tations of the experimental results are excluded.

I am grateful to R. N. Bhatt, G. Ahlers, ~d
P. C. Hohenberg for helpful discussions; and to
P. A. Busch for technical assistance.
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