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The model was adjusted so as to agree with observed
single-hadron momentum distributions. Limited exper-
imental tests of its predictions for the detailed struc-
ture of jets hV. G. Scott, in "Neutrinos —78," edited by
Earle C. Fowler (Perdue Univ. Press, to be published)]
have proved successful.

9The division between configurations of quarks and
gluons which give two- and three-jet events is deter-
mined by the details of their fragmentation to hadrons.
At present the division must be made almost arbitrari. —

ly, but our results are not sensitive to the choice (see
Hef. 6).

~ If incomplete final states are considered then only a

fraction of the true energy of the event will be meas-
ured, so that it is convenient to use the effective H, /
110 rather than H& for this case.

All processes of 0 (g ), including those involving ex-
tra initial-state particles (e.g., y*Gq- q), must be
added in order to obtain an infrared-finite result. To
O(g2), however, only the three-jet parts of y~q-qG
and y*G-qq contribute to (H2r+g) and (Hn) —& 7*G—qq gives an insignificant contribution.

One may also define two-dimensional analogs of the
J3~. These provide an improved formulation of the
tests of QCD proposed by H. Georgi and H. D. Politzer,
Phys. Bev. Lett. 40, 3 (1978).
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An experimental measure is presented for a precise test of quantum chromodynamics.
This measure involves the asymmetry in the energy-weighted opening angles of the jets
of hadrons produced in the process e+e hadrons at energy ~. It is special for several
reasons: It is reliably calculable in asymptotically free perturbation theory; it has ra-
pidly vanishing (order 1/g ~) corrections due to nonperturbative confinement effects; and
it is straightforward to determine experimentally.

Quantum chromodynamics' (QCD) is an appeal-
ing candidate for the field theory of hadronic in-
teractions, but precise tests are needed to es-
tablish its validity. Renormalization-group anal-
yses' show that at large momentum transfer the
effective coupling becomes small. This suggests
that suitably chosen quantities are precisely cal-
culable at high energies, using "asymptotically
free perturbation theory. " The central assump-
tion here is that those quantities which are free
from infrared mass divergences are reliably cal-
culated at high energies in perturbation theory,
using the ruling coupling constant which vanish-
es at infinite energy. ' This requires, of course,
that energies are well away from (new particle)
thresholds (e.g., charm) and that nonperturbative
confinement effects are negligible.

The major experimental tests of QCD have been
of a semiquantitative nature, involving deeply in-
elastic lepton scattering from nuclear targets. ~

In general, such analyses suffer from the neces-
sity of introducing arbitrary functions to describe
the constituent distributions within the hadronic
target. Electron-positron annihilation avoids
such ambiguities since there are no hadrons in
the initial state, and various features of this an-

nihilation process have been suggested' as pos-
sible precise tests of QCD. Such features must
satisfy several criteria in order to be useful:
(l) They must exhibit characteristic properties
of QCD, e.g., the presence of both fermions and
gauge vector bosons or the vanishing of the run-
ning coupling as the energy increases [see Eq.
(3)]. (2) They must be reliably calculable. This
requires freedom from infrared singularities and
insensitivity to nonperturbative effects so as to
allow a perturbative analysis. (3) They must be
accessible to experiment. This constraint argues
against studying quantities which are small ef-
fects on much larger backgrounds and quantities
which are sensitive to the absence of complete
(i.e., all particle) data for each annihilation
event.

We have previously suggested' the study of the
hadronic energy pattern, the "antenna pattern, "
produced in e+e annihilation as a possible means
to test QCD precisely. The experimental quan-
tity to be measured is the hadronic energy radi-
ated into an element of solid angle dQ (in direc-
tion r) divided by the incident energy per unit
area in the e+e beams. In terms of the partial
cross section for the process e+e -N hadrons at
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total energy W, the energy pattern cross section is given by
00 dN

— N E

2

Z 3'' 1+, (1+ cos'8) + ~, (1 —3 cos'8)

Here a is the fine-structure constant (-1/137),
!

Qz is the electric charge of a specific quark type quark
(fiavor), and 8 is the angle between the direction These
r of the detected energy and the beam direction distrib
t, cos8=r l. The asymptotic behavior of the run- cally'
ning coupling is given by quark s

(2)

and gluons among the observed hadrons.
confinement effects further broaden the
ution. They can be treated phenomenologi-
by assuming that the fragmentation of the

(produced with a 1y cos'8 distribution) in-
to hadrons occurs with a distribution character-
ized by a strong cutoff in momentum transverse
to the quark direction. These effects produce a
contribution to the coefficient of the 1-3cos'0
term in Eq. (2) of order (h~)/W, where (h~) is
the average transverse momentum in a quark
fragmentation jet. At presently available ener-
gies the two contributions to this coefficient are
of comparable magnitude, but the confinement

(3)

where N& is the number of quark flavors, and p
is the one-dimensional parameter introduced into
the theory via the renormalization-group analy-
sis. gt is taken to have a value 500 MeV in order
to minimizev the O(1/ln2W) corrections to Eq. (3).
Experimentally, the important feature of the per-
turbative energy cross section (2) is the broaden-
ing of the lowest-order 1+ cos pattern due to
hard gluon emission. Nonperturbative confine-
ment effects distribute the energy carried by the

(Here S„represents the factorials necessary to avoid multiple counting of identical particles. ) Energy
conservation guarantees that the integral of the energy cross section is the usual total cross section.
The inclusive energy summation in the energy cross section should render its perturbative formulation
free (to all orders) of collinear infrared singularities. The energy weighting should remove those sin-
gularities which arise from soft gluon emission.

It should be emphasized that the measurement of the energy cross section, Eq. (1), does not vequi~e
any detailed event by ev-ent -analysis as is the case for tests which specify a quantity involving the de-
finition of a jet axis in each event. '

The order-g result for the energy cross section corresponds to the graphs shown in Fig. 1. This
result is indeed free of mass singularities. Assuming unpolarized electron-positron beams with total
energy R', the energy cross section takes the form'

(0) (b)

(c)

FIG. 1. (a) Lowest-order Feynman graph for e+e
qq. (b) Vertex modification (wave-function renor-

malization not shown). (c), (d) Lowest-order gluon
emission graphs. FIG. 2. Geometry for the experiment.
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correction vanishes more rapidly with increasing
energy than does the perturbative contribution.

The total cross section, 0 «„and the "antenna
pattern, " dZ/dQ, form the first two members of
a hierarchy of cross sections that probe the de-
tails of QCD with increasing precision. The dif-
ferential cross sections involve energy hei ght-
ings so as to avoid the mass singularities arising
from soft and collinear particle production, and
thus are amenable to the asymptotically free per-
turbation analysis. We have studied' the third
member of this hierarchy, the energy-energy

correlation cross section. It would be measured,
for example, in an experiment employing two
calorimeters, one of solid angle dQ (in direction
f), the other of solid angle dQ' (in direction r')
with an angle y between the directions of the two
detectors (cosy=7 r'). This configuration is il-
lustrated in Fig. 2. In each event the energies
observed in the two calorimeters are multiplied
together and divided by W'. This product is then
summed over all events. The resulting sum is
normalized by the total e'e flux. The energy-
energy correlation function is given by

2 00 N dN N E E

Note that we must use "transparent" calorimeters so that the b = c terms are ir.luded. This is neces-
sary to remove collinear divergences. Indeed, by including these terms, energy conservation guaran-
tees that the integral of Eq. (5) over dQ' yields the energy pattern, Eq. (1), which is free of infrared
divergences (at least to order g'). In order g' and for Icosy =x'r 'l(1", the correlation cross section
arises entirely from the gluon emission process of Figs. 1(c) and l(d). Defining f = ~(1-cosy) and

an azimuthal angle between the planes formed by r, r', and r, l, such that cosy=/ &&r) ~ (r" xr"')(ll &&PI Ir
xr'I) ' (cf. Fig. 2), the perturbative calculation yields

O'Z n', g~~ 1 1 86 96 72 16 36 78 36
dQ dQ' 4W 3m 32m 1-f+3qs W ln(1- g) p ———i, (1+ cos'8)

6 8 6 5 2
+ 4f(1 —f) ———ln(1- g) + —————[cos'y —cos'8 (1+ cos'p)]

~4

36 72 40 36 54 16 8
g5 g4 g3+ 2[k(1- 0)]' ' ——+ ———ln(1- f) ——+ ————— cos8 sin8cosy . (5)

t 4 gS gQ

For coincident calorimeters (cosy = 1) one must include the 6-function contributions arising from the
"transparent" calorimeter definition discussed above. For cosy = —1, there 6-function contributions
arising from the simple quark-antiquark final state corrected by virtual gluon exchange [Figs. 1(a) and

1(b)]. When appropriately regulated, the singular behavior present in Eq. (5) precisely cancels the 6-

function terms in a distribution sense (i.e., when integrated over small angular regions) ~ Thus the en-
ergy-energy correlation cross section is divergence free and reliably calculable, at least to second
order.

As in the case of the energy pattern, there are nonperturbative (quark fragmentation) contributions
of order (hi)/W to the double-differential energy cross section (4). These corrections have a depen-
dence on the angles 8 and cp similar to that of the perturbative result (5) which simply reflects the spin
information carried by the virtual photon. However, the dependence of the nonperturbative contribu-
tion on y„ the angle between the two energy detectors, is quite different from that in Eq. (5). This dif-
ference is made most apparent by choosing 8= 90' or by integrating over y. In either case the cross
term proportional to cos8sine cosy drops out. The y integrated cross section can be written generally
as

dq, =v, ~,
1 [A(g)+ cos'8B(g)].

The leading (h g /W nonperturbative contributions to A and B are even under the interchange y p —y

(6)
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(0 1 —0), while the perturbative QCD form

1 18 42 22 18 33
W(g) = ———+ —in(&- g)+6(1- 0) C4

7 3
+ + +2

g2

1 18 66 78 32 18 57 51 9
B(g) = ———+ ———ln(1- g) + ———+ ————66(1 t } V C4 (7b)

D (g}=A. (l- f) A (-f),. (8a)

D (g) =B(1-g) -B(g), (8b)

with the nonperturbative corrections being of or-

100

10

are quite asymmetric about y = 2z (g = 2}, as is il-
lustrated in Fig. 3(a). Thus, as the energy in-
creases, the perturbative QCD contributions (7)
dominate the differences

der 1/W . As an illustration of the size of these
perturbative QCD differences, D„ is plotted in
Fig. 3(b). Clearly it is large for X( 50'; e.g., the
differences is 4(P/0 of the sum at X = 35'.

In actual experiments, it will probably be con-
venient both to integrate over y, increasing the
counting rate, and to choose 0=90', which allows
the y integral to be performed over the largest
range in X without intersecting the beam pipe. In
this case only D„ is measured, cf. Eq. (6). We
estimate that with reasonable angular bins (68
= &y = + 5'), such measurements of the difference
D„should be quite feasible for the projected in-
tensities of the next generation of e e" machines.

We conclude that the differences, Eq. (8), are
measures that satisfy the three criteria presented
at the beginning of this Letter. Their experimen-
tal determination would constitute a precise test
of quantum chromodynamics.
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FIG. 8. (a) A and B defined by Eq. (7) as functions of
(b) The difference Dz defined by Eq. (8a) as a func-

tion of y.
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