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vation of the production of large-scale vortices

in computer simulations'® of drift-wave turbulence
contradicts such a notion, It can be explained in
terms of the present theory that predicts isotrop-
ic cascading into smaller wave numbers. The
condensation of energy at 2 —0 indicates a forma-
tion of large-scale vortices., This supports the
convection process rather than diffusion process
as the basic transport mechanism of a magnetized
plasma,

Finally, we briefly discuss the effect of a mag-
netic shear. In the presence of a magnetic shear,
Eq. (6) is valid only in a limited region near the
mode rational surface. Within a Debye length
from the mode rational surface E-ﬁo =~0; hence
the electrons do not obey the Boltzmann distribu-
tion as assumed here. Away from this region,
the equation is valid until &2, increases to the
point where kv, ;/w.; =y (U¢n; is the ion therm-
al speed, & is the parallel wave number, and y,
~k%| ¢ | is the decay rate). Here the parallel ion
inertia becomes important and the two-dimen-
sionality assumption breaks down, This occurs
typically at a distance of 5p; from the mode ra-
tional surface. Hence in the presence of a mag-
netic shear the inverse cascade occurs until %,
~(5p,)7Y, at which point the energy may be dissi-
pated to the parallel motion of the ions.

We thank C. G. Maclennan for the numerical
evaluation of the energy the enstrophy cascades,
and Professor Y. Kurihara for valuable discus-
sions.

After the submission of the manuscript, one of
the authors (A.H.) learned that the evidence of
inverse cascade of energy was also found by the
numerical solution of Eq. (6) without the density
gradient term.,!!
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The apparent incompatibility between a “spinning” texture in the bulk and the boundary
condition at the surface is shown to be unreal. Topological arguments are used to show
that this “incompatibility” can always be eliminated in both open and closed containers
by appropriate textural arrangements. The “spinning” process in the bulk corresponds
to a continuous nucleation of vortex rings. In an open geometry, these rings will flow
downstream along the heat current, In a closed container, they will be devoured entirely

by stationary singular loops at the surface.

Since the observation of the persistent oscilla-
tion in the intensity of ultrasound transmission in
*He-A ! which indicates that there are periodic
motions of the texture !, three mechanisms have
been proposed to explain this phenomenon, All
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of them involve motions of textures driven by a
heat flow—which can be considered as related to
a chemical-potential gradient. These mechanisms
are as follows: (i) formation of vortex textures
and their continuous motions across the chemical-
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potential gradient®; (ii) periodic motions of boo-
jumsS—surface point singularities in the texture
—on the surface of the container; and (iii) exis-
tence of “solitons” in the bulk texture* (obtained
by solving the orbital hydrodynamic equation in
one dimension numerically) which precess around
the direction of the heat current.

While there are reasons to believe (as I shall
explain shortly) that the observed oscillation is
caused by “precessions” of the bulk texture simi-
lar but not necessarily identical to that of (iii) s
there is, however, a usual objection to this
mechanism, It is known that the vector [ is pinned
at the walls along the direction of the surface
normal.® If the textures keep spinning in the bulk
but remain fixed at the boundaries, then it seems
that there must be a continuous production of dis-
tortions in the texture, which will be accumulated
near the surface., Why do these distortions never
affect or stop the motion of [ in the bulk? In this
Letter, I wish to point out that although the gener-
al “orbital phase slippage” argument [Eq. (1) be-
low] implies that there must be “precessions” of
the bulk texture, there are always configurations
of [ (refered to as nonaccumulating textures), in
both open and closed geometries, so that their
“precessions” in the bulk never create additional
distortions. As a result, the periodic motion
can occur over and over again,

That (i)-(iii) are caused by a chemical-poten-
tial gradient Vu (or a heat flow) can be under-
stood from the acceleration equation of the super-
fluid velocity ¥,.® [That (iii) can be so interpret-
ed was pointed out by Volovik” using an elegant
topological argument. See also discussion (ii) in
Ref. 6. Thus

Ko, 5 )]+ [(o, )],y

L@_ﬁfoatfxazf, (1)

[
—OT 0 L2m

where the () and [ ]av represent spatial and time
averages, respectively. In the steady state, the
average of 8,V is zero, The chemical-potential
difference will cause motions of a nonuniform
texture. This process can be alternatively de-
scribed as follows. Let L be a straight line join-
ing two points A and B in the fluid, and S,;2 be

the surface of an unit sphere representing all pos-
sible directions of the texture. The texture along
L will map into a line /(L) in S,2.® Equation (1)
implies that, in the steady state, the line /(L)
will move on S,?, sweeping out areas at a rate
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determined by the difference g ,-pg.” Cases (i)-
(iii) are just different aspects of this motion,®

Processes (i) and (ii) are essentially the same,
since in general a vortex texture (such as a foun-
tain texture?) will end up as a boojum on the sur-
face. Although the periodic motions of boojums
on the container’s surface (such as the curved
surface of a cylinder with a heat flow along its
axis) do not produce additional distortions in the
bulk,® surface roughness and especially sharp
edges and corners (such as obtained by turning
the circular cross section of a cylinder into a
rectangular one) will act as trapping sites, hind-
ering strongly the motions of boojums from driv-
ing the bulk texture to satisfy Eq. (1). To meet
the phase-slippage requirement [Eq. L)l , it is
preferable to have a “precessing” bulk texture
sweeping out areas continuously in S,%, but de-
coupled from the surface texture., Such a proc-
ess, however, causes the aforementioned concep-
tual difficulty, which we now eliminate,

Let us first understand the origin of accumula-
tion of distortions when the texture is phase slip-
ping. Figure 1(a) represents a cross section T
of a cylinder @ with a rectangular boundary
abcdefa. The direction of the heat flow is along
the symmetry a‘.\xis £ of the cylinder. We impose
the constraint /(¥) =2 whenever ¥ is on the bound-
ary. (Realistic boundary condition will soon be
considered.) Let the images of the line segments
dh and ha in S,;? be half circles y, and y, joining
2 and -2. Suppose at time ¢=0, they lie on the
v-z plane as shown in Fig, 1(b).° To satisfy the
phase-slippage condition, y, and v, will precess
about 2 in the negative and positive sense as in-
dicated in Fig. 1(b).” Aftery, @,) returns to its
original position, an additional + (-) 8rarea in
S,% has been accumulated in the rectangle abcda
(fadef), i.e., a pair of + (~) 47 vortex is nucle-
ated in abcda (fadef).® Or more precisely, a vor-
tex ring is nucleated inside the cylinder Q.8
Further precessions simply generate more vor-
tex rings.

An obvious way to eliminate this accumulation
of vortices is to relax the boundary condition of
fa and ab in Fig. 1(a), so that the vortex pair can
flow downstream, entering into the helium out-
side Z. This immediately implies that in an open
container (ﬁz and @b are now opened), the tex-
ture can be nonaccumulating because all the vor-
ticity generated can leave the container. These
nucleation and elimination processes can occur
simultaneously. For example, suppose the line
@b (fa) in Fig. 1(a) maps into -y, =y, (y,+ ¥,) in
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FIG. 1. (a) The cross section £ of a cyhnder Q with
symmetry axis 2. The texture along dha at time ¢ =0
is shown. The symbols * and X represent = =4 and 3}
=—3. A vertical bar in front of or after an arrow @
vector) indicates that the arrow is going into or coming
out from the z-x plane. (b) Image loops vy and vy, of the
line segments dk and za. The directions of their mo-
tions are represented by the thick arrows.

S,%, where -y, is just y, with its orientation re-
versed., Asy, and y, sweep across S, as de-
scribed in Fig. 1(b), whatever positive (negative)
vorticity created in rectangle abcda (fadef) by
the motions of y, and v, leaves abcda (fadef)
through ab (fa) immediately, However, if we in-
sist on fixing the texture on fab along the % di-
rection, the only way to eliminate the accumu-
lated vorticity is to create singularities at the
surface, For example, we can collapse the en-
tire loop —v, —v, (¥,+7,) along ab (fa) into the
point a. (There may be other more favorable
singularities. See discussions below,) This sing-
ular point now acts as a sink of the generated
vorticity, and the textures in the rectangles

abcda and fadef are nonaccumulating, Note that
the boundary textures of abcda (including the point

singularity at a) maps into the loop (v;+7v, =¥,
--yl) in S,%, which covers no area. Hence we can
always put into abcda a texture f %x, z) that is de~
formable into the uniform texture {=% (with the
texture along the line segment abcd held fixed
along 2.2 From [°, we can generate a nonaccu-
mulating texture /* in the entire cylinder by
defining [ *(r,2,¢) = °(x =7, z), where 7, 2z, and
@ are cylindrical coordinates. It is clear that

['* and the uniform texture /=% are topologically
equivalent,

To prove the existence of nonaccumulating tex-
tures in closed containers with realistic boundary
condition now becomes easy. Without loss of gen-
erality, the closed container can be taken as a
sphere with the heat flow directed from the south
pole S to the north pole N along the 2 axis., Now
we deform the textures in the bulk so that they
become parallel to Z in a cigar-shaped volume
that lies along the 2 axis. This “uniform cigar”
is then allowed to grow into a fat one (called F),
pushing the original texture toward the surface,
so that its tips are attached to N and S, and its
volume occupies most of the bulk, (Create new
surface singularities if necessary.) Since the
cigars are just cylinders (topologically speaking),
the uniform texture in F can be turned into a
phase-slipping (hence time-dependent) and nonac-
cumulating one (i.e., with a surface singularity
at N). The textures between the surfaces of F
and the sphere remain time independent, This is
possible because by construction, they match
smoothly onto the uniform texture on the surface
of F.1!

An example of a nonaccumulating texture [ °(x, 2)
in the cross section abcda of the cylinder € in
Fig. 1(a) at time /=0 is depicted in Fig, 2, The
entire texture [ in Q is generated from /° by de-
fining [ Y(r,2,¢) ={ %(x =7, 2. We assume that the
discontinuities in the curvature on the surface
give rise to the boundary texture as depicted.®
The line segments dk and ha still map into y , and
¥,.in S,% as in Fig, 1(a). But instead of squeezing
-y, =Y, down to point @, we collapse -y, and
—v, separately into points s, and s,, which in
turn generate two singular circles in /! on the
surface. The texture between the contours A,
and A, precesses about 2z in the negative sense,
while that between A, and point a precesses in the
positive sense. The texture between A, and the
boundary s,bcd is time independent, hence non-
dissipative. They can be considered as being
fixed by the strong anchoring of the surface. One
will also recognize that as the sharp edges ¢ and
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FIG. 2. A schematic representation of a nonaccumu-
lating texture in the rectangle abcda in Fig. 1(a) with
the usual boundary condition. The solid and dotted lines
represent contours of identical I vectors. The I vectors
are represented in the same way as in Fig. 1(a).

b of the cylinder Q are smoothed out, the singu-
lar circle generated by ¢ corresponds to a boojum
in a sphere at its infancy.® It is quite plausible
that the two circles s, and s,, instead of collaps-
ing down to point a, will expand towards the edge
b. Such an expansion will maximize the region
of phase slippage as well as ultilize the surface
line singularity already present, instead of nu-
cleating additional line or point singularities,!s

Finally, I remark on some dynamic effects that
are related to these topological considerations:

(a) I have deliberately put down one “soliton”
in Fig, 2. The reason is that, for a reasonable
heat flow u = v; —v,~ 10”2 cm/sec,! the length of
one soliton in the bulk is roughly 0.1 cm. Con-
tainers with size ~0.5 cm can accommodate only
a few solitons. To have a lot of solitons in the
bulk, a large heat flow is required. Although my
arguments on the existence of nonaccumulating
textures remain valid, they also imply many
singular lines on the surface., Whether this can
be produced by magnetic field pulses or is dy-
namically less favorable than the boojum produc-
tion remains unknown at the moment. In the lim-
it when v, - v, is very large, it is conceivable )
that both orbital and singular vortex phase slip-
page will contribute to dissipation.

(b) With the boundary texture shown in Fig, 2,
the cylinder can just be filled with the uniform
texture /=2 (to which the texture in Fig, 2 is
topologically equivalent), Although there are no
topological limitations, orbital phase slippage
may be difficult to start with a uniform texture
near T.. This is because of the “accidental” sta-
bility of a uniform texture due to the nuclear di-
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polar interaction.’® A nonuniform texture must
be somehow produced (such as using a magnetic
field as in Ref, 1). Our discussions imply that
orbital precessions should be observed in both
open and closed containers, once appropriate
textures are established.

(¢) I now consider the relation between heat
flow and chemical-potential gradients. In our
discussions, the surfaces A = cde and B =baf in
Fig. 1(a) are considered as being kept at differ-
ent temperatures T, and Tp. As dictated by the
relation p=23f/9p, wheref=f(T,p,Vs,l,aifj,§) is
the free-energy density,® and by the fact that A
and B cannot be covered entirely by singularities,
there must be a region of uniform [in A and
another in B with different 1, driving the texture
into motion (or changing ¥, and hence building
up the kinetic energy) through (1). The time-de-
pendent texture in Fig, 2 is another possible glob-
al solution of the hydrodynamic equations (be-
sides boojum motion) which gives [8,v,],,= 0 but
does not suffer from surface pinning effects. At
the surface, this solution is characterized by
three connected regions mutually separated by
two stationary singular loops s, and s,. Inside
each connected surface region, u is constant on
the average, but undergoes discontinuous changes
across the singular border., The latter is made
possible because f, and hence i, depends on
V;1; and I, The exact locations of the singular
loops, like the actual forms of ulr,t) and T(r,t),
depend on the solution of the hydrodynamic equa-
tions subject to the boundary condition of fixed
surface temperatures T, and Ty, Yet, no matter
how complicated the solution is, as long as the
boojum motion is not efficient enough the differ-
ence T, — Ty will induce textural “precessions”
in the bulk, which in turn imply existence of sur-
face singular loops if no distortions of I are to be
accumulated,

(d) At the surface, the chemical-potential gradi-
ent is balanced by the motions of I concentrated
at the singularities rather than by phase slippage,
i.e., flow of vortex points (boojums). As a re-
sult, the time average of 8,¥; remains zero even
if Btf vanishes almost everywhere. The surface
layer is not a conventional superfluid (as de-
scribed by 8,%, =V, and ¥, = Vo) across the singu-
lar border. If can be so described only within
the connected regions bounded by singular loops.
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that an area 47 has been swept though by the line 2(L)
in S,z.

This configuration in the bulk, apart from some
twisting along zZ, corresponds to the 0-m-0 soliton in
Ref. 3. Note that when the rectangles abcda and adefa
in Fig. 1(a) cover the lower hemisphere of S,2 [Fig. 1(b)]
once but with + and — orientation, they can be viewed
as a pair of +2r7 vortices. The whole configuration in
adefa is then deformable into an uniform one (see Ref. 8).

Iy our discussions, we have only talked about the tex-
tures but not the order parameters ¢. The reason is
that in simply connected containers, deformations of
¢ subject to the usual boundary condition are character-
ized by the deformations of their textures. Suppose the
textures ia and fb of order parameters @a and ¢, are
connected by a deformation f, :R(t)fa, 0 st <1, which
satisfies the boundary condition for all ¢, where R({t) is
a rotational matrix satisfying R(0)=1, R(l)fa=ib. Using
the VX9, equation [N, D. Mermin and T, L. Ho, Phys.
Rev. Lett. 36, 594 (1976)], it is easy to see that @’
= R(1)¢, differs from &, only by a phase factor eX,

The family §f =e#X R(t)$, hence carries @, continuously
into @,.

20ur conclusions, however, do not depend on this
particular choice of boundary texture.

BIn case we change the boundary texture in  and put
a boojum on the curved surface (the line dc¢ in Fig. 2),
the texture between the contour A, and the boundary
sibcd in Fig. 2 will then be time dependent because the
boojum will move on the surface. However, the bulk
texture (that enclosed by Ay) is still decoupled from
that near the surface.
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The thermal conductivity of germanium doped with lithium in the isolated impurity range
has been measured between 0.4 and 20 K. The analysis of the electron-phonon scattering
leads, for the first time, to a determination of the valley-orbit splitting (0.12 meV) of the

ground state of the interstitial Li donor in Ge.

It is well known that in semiconductors phonon
scattering by electrons bound to shallow impuri-
ties depends strongly on the electronic structure!
of the latter. This was particularly emphasized
in recent works on Li and other donors in sili-
con.?”® Therefore phonon scattering is useful in
the study of unknown impurity states. Among
shallow donors in Ge and Si, only the ground
state of a Li donor in Ge is still not known. The
electronic structure of the ground state of Li in
Si, which was suggested theoretically® to be of
the D,, symmetry, was found™?® to correspond to
the 7, site with an “inverted” Group-V-like
ground state and a valley-orbit splitting of 1.8
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meV. The ground state of Li in Ge, which is
fourfold degenerate in the effective-mass approx-
imation, involves a singlet A, and a triplet 7, in
case of the T, symmetry, and two singlets 4,
and a doublet E, for the D,, site. No convincing
experimental evidence for a splitting of the ground
state is so far available. However, the calcula-
tions of Nara and Yamazaki® indicate that the
ground state is expected, in the case of the T,
site, to exhibit an “inverted” structure (the trip-
let lying below the singlet) with a singlet-triplet
interval of 0.15 meV, and to be nearly degenerate
in the case of the D,;, symmetry. In this Letter,
we present for the first time a determination of
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