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Relation of a-Decay Rotational Signatures to Nuclear Deformation Changes
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It is shown that the rotational signatures for ground-band o.' decay can be calculated
from nuclear P2 and P4 deformation values. The n -decay probability function over the
nuclear surface is equated with the differences of the parent and daughter surfaces,
hence with the changes in deformation parameters. It is suggested that deformation val-
ues can be used to infer ~ wave functions at the nuclear surface for. o. -transfer reaction
theory on rotational signatures.

It has long been recognized that relative inten-
sity patterns to rotational-band members in fav-
ored e decay are related to the angular depen-
dence of the a wave function on the nuclear sur-
face. ' Later, very involved microscopic calcula-
tions with many Nilsson orbitals and pairing mix-
ing were made, projecting out a functions on the
nuclear surface. ' These microscopic calcula-
tions, using the Froman matrix approximation'
to propagate through the barrier, gave general
satisfactory a rotational signatures.

The idea that the e surface wave functions
could be directly related to deformation changes
was advanced some time ago, 4 but not seriously
tested until we undertook this work.

It is to be noted that n decay is so very slow
compared to other nuclear particle-emission
processes that the e wave function just inside
the barrier is essentially a standing wave. With
time-reversal invariance then, the e wave func-
tion just inside the barrier may be treated as
purely real, though asymptotically well outside
the barrier it goes over to outgoing Coulomb
waves.

It seems plausible that the e probability den-
sity, ) g (R„o)~', at the surface should be pro-
portional to the radial decrease of the surface at

in going from parent to a-decay daughter.
Hence a knowledge of shapes of parent and daugh-
ter determines the e wave function, which can
then be Legendre expanded to give boundary con-
ditions for the various o. partial waves for barri-
er penetration.

(~ (g)(a „„,q(a(&)-Ny(g))
oi oy

In some cases this difference was slightly nega-
tive for some values of 8; that is, the surface
change at some angles 0 would give an unaccepta-
ble negative probability density. Physically this
arises because the nuclear shape of the daughter
at the time of barrier penetration is shape polar-
ized and differs from the ground equilibrium
shape value. A definitive treatment then would
require a comprehensive consideration of shape
polarizabilities and would be an interesting pro-
ject for future study. For the present we have
chosen to avoid the detailed question of shape
polarization by introducing a daughter "shrinkage
factor, " $, slightly less than unity and chosen
such that the negative surface changes are elimi-
nated with the surface change just going to zero
at some part of the surface. We take the nuclear
shapes as given by the usual spherica. l harmonic
expansion

B(9)=r,A"'
~

1+ 5 P„F„(Hq)),o,»o (2)
even

and R, = ~OA. "', where x, = 1.2 fm.
For deformation parameters we have taken in

some cases the theoretical equilibrium shape-
distortion parameters E and &4 of Moiler, Nils-

Our starting point is to assume that the squared
o.-decay surface wave function is equal to the dif-
ference between the surface of parent and daugh-
ter nuclei:
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son, and Nix' to get p» p~, p„and p, using the relations given by Seeger. ' In other cases we have
taken P, and P~ from our unweighted least-squares fitting of the experimental (homogeneous distribu-
tion) values of Bernie et al.7 for twelve actinide even-even nuclei. The expressions below fit their data
within experimental error except for '~Th, which is slightly outside the limits:

p2(Z, N) = 0.6588 —0.2040Z + 0.001114Z~ + 0.1166N —0.000380%2,

P, (Z, N) = —46.322+ 1.1646Z - 0.006276Z' —0.08985N + 0.000257~'. (ab)

Figure 1 plots the nuclear shape of the two daughter nuclei with the deformation-derived n wave func-
tion given by the distance from the surface to the outer curve.

The n wave function on the nuclear surface is then expanded in a Legendre series of even order to
give a column vector of amplitudes ap, a„a4,a„a„higher amplitudes being taken to be zero. The co-
efficients a, are calculated by performing a numerical integration in the following simple formula:

2l p 1 '~2 +' &R; (x) (b»-y(&)
4m 1

where

(4)

even

and

and where A. is the mass number of the parent.
This surface function is then transformed to the

e angular wave function somewhat beyond the bar-
rier by multiplying on the left by a modified Fro-
man matrix 0» and by a diagonal matrix repre-
senting the differing centrifugal-barrier terms
encountered by different partial waves. The equa-
tion for the amplitudes in the external region is

k» i(E, ) = f f Y,o*(8,y) exp[I (~,0)]Y,.O(6, y) sin8

The integral acquires a small imaginary compo-
nent, neglected by Froman, in the integration
from the turning po1nt to 1nflnlty, This compo-
nent may be considered a Coulomb excitation
component. Unlike Froman the integral I (r, g) is
not Legendre expanded but used directly numeri-
cally.

In Fig. 2 the calculated values of c,/co are
shown for two theoretical cases along, with the
reciprocal square roots of experimental hindrance
factors.

The agreement is quite satisfactory, somewhat
better using the experimental deformation param-
eters than the theoretical ones. Certainly this a-
rotational-signature calculation based on nuclear
shape changes in e decay is in as good agreement
with experiment as the involved microscopic cal-

p lu pj

where the W, /Go values are ordinary WEB pene-
tration factors. The amplitude ratios c,/co can
be compared directly with the inverse square
root of the hindrance factor as given by the Oak
Ridge data group' or the Table of Isotopes group, '

The Froman matrix elements were calculated
by taking both quadrupole and hexadecapole de-
formation and electric moments into considera-
tion. The two-dimensional WEB barrier integral
I (r, 8) was evaluated analytically along the lines
of constant 0 from the nuclear surface to infinity.
The matrix elements are then evaluated by nu-
merical integration over 0 in the propagation in-
tegral

! culations. ' The signature is very sensitive to
small deformation changes, and so one might use
the measured a signatures in inverse calculations
to extrapolate the experimental deformations to
neighboring nuclear regions.

Another promising application of this approach
is for O.-transfer reaction theory in the deformed
rare-earth region, In this region a decay is not
observable, so one would deduce the ground- to
ground-band e surface wave function and then
use it as a boundary condition in an e-transfer
code.

There is a need for further refinements. The
penetration of the anisotropic barrier with realis-
tic diffuse nuclear potential needs further study.
The Froman matrix approximation needs study
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FIG. 2. Plot of hindrance-factor values against the
mass number of the daughter. The solid line gives the
experimental values (Ref. 9), the dashed line is for the
smoothed experimental P2 and P4 obtained by Eqs. (3a)
and (3b), and the dotted line represents values obtained
for the theoretical P2, P4, , P8 (Ref. 5).

clear Science Division of Lawrence Berkeley Lab-
oratory. Anoth'er one of us (L.F.O.) gratefully
acknowledges support from Comissa™oNacional
de Energia Nuclear, Brazil.

This work was done under the general auspices
of the Nuclear Physics Division of the U. S. De-
partment of Energy.

FIG. 1. Plot of the n wave function on the nuclear
surface obtained from Eq. (1) for Th and Pu.

with a diffuse potential. Older coupled-channels
studies did not include hexadecapole terms and
diffuse nuclear potentials. The need for a
"shrinkage factor" to avoid negative differences
between parent and daughter surfaces is of some
concern and suggests that some deeper relation-
ship involving shape polarizabilities should be
sought.
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