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We present a renormalization-group approach for treating the percolation properties of
the nearest-neighbor triangular Ising model. We obtain exponents for the line of percola-
tion transitions T, ~T ~&. In particular, we find a possibly exact result for the connected-
ness-length exponent v& =In~3/ln(2) in the "pure" percolation (T=~) limit, which holds for
T, & T ~ ~. At T=T, we find the connectedness-length exponents of the percolation problem
to be identical to the correlation-length exponents for the thermal problem.

The percolation problem has been an active
area of research for many years. The properties
of clusters formed by sites occupied at random
has been studied extensively. In contrast, there
has been relatively little effort made to under-
stand the more difficult, but physically more in.-
teresting, properties of a model where the site
occupation is correlated. Such models are rele-
vant, e.g. , in studying temperature effects in
polymer gelation, as well as the effects of
quenched impurities in random magnets in which
the quenching was done at a finite temperature.
We shall also see that the connectivity properties
of such models may be relevant to the understand-
ing of thermal phase transitions.

A correlated percolation problem that has re-
ceived some attention is the study of the connec-
tivity properties of the lattice gas or Ising mod-
el' '. In this model, spins couple via a nearest-
neighbor Ising interaction and with an external
magnetic field. The spin-up state is associated
with an empty site, and the spin-down state with
an occupied site. ' ' Little information exists
about the critical exponents' associated with the
percolation transitions of the lattice gas except
at T =, which corresponds to random, or pure,
percolation.

Here we describe a renormalization-group (RG)
procedure for treating the correlated percolation
problem on the triangular lattice. In order to de-
fine our RG, we construct an operator 8(s), a
function of the spin variables (s,j, where 8(s)
gives the number of clusters for a given configu-
ration of spins. For example, in one dimension, 4

9(s) =-'2'&(I +S,).
The average number of clusters, which in per-

colation plays the role of the free energy, ' is

a (a,K) =(8(s)).

We write (9(s)) as

(8(.)&=' '",.'

where E(h,K, &u) =InZ(h, K, &u), and

Z(h, K, (u) = Q exp[X(s)+(u9(s)].
config

(1c)

9(s) = Q,K,s„
where, in the notation of Ref. 7, E, represents
all possible coupling constants (two-spin, three-
spin, ...; nearest-neighbor, next-nearest neigh-
bor, ), and s, represents the corresponding
spin products. We perform the partial trace

e&pl+ ff (s )) = ZIP(st s )exgl+cff(s)~~

where P(s, s') is the RG weight function' and &,ff
=X(s) + (u8(s).

An important simplification for the triangular
lattice is that the singular part of G(h, K) is ob-
tained only from 8,(s), the even part of 8(s),
where we write 8(s) =8,(s) +8,(s) with 8,(- s)
=8,(s) and 9,(-s) =-8,(s). Specifically, it is
straightforward to show, following the argument
of Sykes and Essam, ' that (8,(s)) —= G,(h, K) has a
contribution only from clusters of size smaller
than or equal to 3, and therefore can play no role
in the percolation singularity. Hence, for the
purpose of studying the percolation transitions,

Here &(s) is the usual nearest-neighbor Ising
Hamiltonian, X(s) =hg&s&+ KQ s,s~, where tt

and K are the dimensionless magnetic field and
coupling constant.

Equation (1c) has the form of a thermal parti-
tion function, since 8(s) can be writtein as the
sum of products of spin variables. The singulari-
ties of the function G~(h, K) must be contained in
Z(h, K, &u). Since the singularities of Z(h, K, &u)

are associated with an infinite length, we can ap-
ply the RG techniques of thermal critical phenome-
na. In particular, we employ a Kadanoff block-
spin transformation. ' Note that 8(s) has the form
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(4)

the form

E(h, K =0,~)

m'here A and B are analytic functions of h and +,
and E, is the singular part of E. The function E,
has the usual scaling form in the neighborhood
of &=~=0,

E,(h, K=O, cu) = h~~~~f(~h").

Since the eigenvalues associated with 8,(s) are
irrelevant, it follows thatx&0. From Egs. (4),
(7), and (8), we have

G~(h~K 0) A'h l~

where G, is the singular part of G„andA' &

—= [BA (h, &u)/8&v]„~, . With the assumption that
A'&0, together with the relation P ——, =& tanh h

,4P 8k&P
5/X4 EAA3 Eg
.4E/XP 3EP,/'

(o)

P(sos ) = 2[1+2s (si +s2 +s~ —sis~s3)]q

w}Dch ls Hientlcal to the ma]ority rule of NleDlel-
jer and van Leeuwen. " This P(s, s') is the con-
nectivity rule and clearly conserves the spin in-
version symmetry of 8,(s) and X(s). Therefore
the P(s, s') chosen above satisfies both criteria.

We note that with this Hamiltonian and weight
function, our HG is identical to a d =2 Ising thex-
~aE problem. Hence we can use all of the results
that have been obtained for such models. '

We consider three cases: E=0, 0&K&K„and
E =E,. We begin withE =0, which describes pure
percolation. For this case, our "Hamiltonian" re-
duces to hQ~s, +&oB,(s). Since &u is arbitrarily
small, we know from extensive work of others'
that the fixed point that controls the physics of
this "Hamiltonian" is (tc =0, h =0). Moreover,
we know from the same work that all eigenvalues
in the even direction [i.e., thos that are associat-
ed with 8,(s)] are irrelevant. At this fixed point,
there is one relevant eigenvalue associated with
the field' h,

x„=-b~ = 2. (6)

Kc

(b)

BL

K

(e)

FIG. 1. {a) Tri~~~ular lattice with three-spin cells.
(b) Phase diagram indicating the percolation trarisi-
tions on a two-dimensional triangular lattice. The line
0 &K «K, is a line of percolation points The arr.ows
indicate the paths along which the percolation points
are approached. (c) Schematic diagram illustrating HG
flow lines in the 0-Kplane. At 5=0, for %&K, the
Qow is to the E=0 fixed point, whQe for E &E,, the
flow is to the K=~ fixed point, and at K= K the flow,
in the higher-dimensional couplirg-constant space (not
shown), is to the Ising fixed point.We expect that the free energy E(h, K =0,~) has

we need only consider

G, (h,K) = (8,(s)) = —ln ( Q exp[X(s) + &uB, (s)]
coating

WO

We now have a "Hamiltonian" that consists of a
nearest-neighbor interaction K [from X(s)] and in-
teractions [from cu8, (s)] which are even under
spin inversion, and have arbitrarily small unre-
normalized coupling constants.

In addition to the usual restrictions' placed on
the weight function P(s, s'), it must also satisfy
two percolation criteria. First, it must reflect
the connectivity aspects of the problem. We
choose P(~, ~') to be the "connectivity rule"': A

block spin is considered to be "down" (i.e., cell
occupied) when there exists a connected path of
"down" spins spanning the cell." The second cri-
terion that P(s, s') must satisfy is that it con-
serve the symmetry of X(s) and 8,(s). We adopt
this rule because the symmetry of both X(s) and

8,(s) could play an important role in the form of
the percolation singularity.

It is not at all obvious that a weight function can
be chosen that satisfies both criteria. Thus far
we have found one, and only one, such weight
function. It is for the triangular lattice with a
three-spin cell [Fig. 1(a)], and is given by

1146



VOLUME 41, NUMBER 17 PHYSICAL REVIEW LETTERS 2$ QCTOBER 1978

and

= ln3/ln(&) =2.7095, .. .

v~ =y» ' in%3/ln(2) =1.3547, . .. ,

(loa)

(lob)

where 5 =&3 is the rescaling length. This value
of v~ is in excellent agreement with the value"
v~ =1.356+ 0.015 (site} and with the preliminary
value" 1.365 + 0.015 (bond) obtained from HG cal-
culations using very large cells. One should also
note the series values" v~ =1.32",.",,' (site), v~

=1.34+ 0.02 (bond), and 2 —o.'~ =2.668m 0.004
(bond).

There are two aspects of this result that merit
emphasis. One is that the calculation of ~„re-
quires no aPProximations. Therefore, if the
arguments and assumptions are correct, Eq. (10)
is exact. In this context, we note that the result
quoted in Eq. (10) has appeared in the literature, '
with, however, no claim to being exact. In Ref.
9, there was no criterion for distinguishing this
result from different results obtained on other
lattices. There is also no way for such approxi-
mate RG's to distinguish between different re-
sults obtained with different cells on the same
lattice. In this work, we have presented two cri-
teria which, to the best of our knowledge, only
the three-spin cell on the triangular lattice satis-
fies. Therefore we believe Eq. (10) to be an ex-
act result, although we have no rigorous proof.

The second point we wish to emphasize is that
the eigenvalue that determines the exponent v~

corresponds to a scaling field that is redundant"
in the Ising thermal problem. This redundancy
is associated with the fact that different elements
of the class of weight functions that one can use
for the Ising thermal problem give different val-
ues of ~I, at the T = fixed point. We have, by
adopting the connectivity rule, limited our choice
of weight functions to only one of this class, and
thereby removed this degeneracy for the Perco-
lation problem.

Thus far, we have treated pure percolation.
The second case we will consider is correlated
percolation, with 0& %&K,. Since & is arbitrari-
ly small, we expect from the BG analysis of the

= 2h for small h, we can calculate 2 —&~ and,
with hyperscaling, the connectedness-length ex-
ponent v» defined by $~- (P —P,) "~. Here $~ is,
for percolation, the quantity analogous to the cor-
relation length $, in thermal phenomena. We find

P, = 2, which is known to be exact. ' Also, we find

2 —o'» dy „'=d 1nb/irk»

Assuming hyperscaling, we have

h-(i/s"P +~/&) =h- ~
bP (13)

Since x & 0, 1/y „+x/d & 1/y „, violating the relation
tion' v -1/y„. Therefore, to satisfy this rigorous
inequality, we must have x 0. With this result,
Eq. (11) leads to [cf. Eq. (7) and following]

C,(a,K =K,)-I 'I'». (14)

We could also write a scaling form for E,(h =O,K
=K„&u}which leads, by arguments similar to
those used above, to the result

G,(a =O,K-K,)- (K K,)""r. - (15)

We stress that y I, and y ~ are the scaling powers
associated with the ferromagnetic Ising thermal
fixed point. This result, together with hyper-
scaling, implies that asympotocially the con-
nectedness length is proportional to the correla-
tion length for the thermal problem:

g~/gr - const. (16)
I

Thus, for the triangular lattice, percolation clus-
ters and Ising droplets can be described by char-
acteristic lengths having identical critical expon-
ents.

In summary, the BG approach presented above
has led to three new results: (i) For pure perco-
lation, 2 - o.» =2v&=ln3/in~ [Eq. (10)] is probab-
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Ising model' that in this range of K, the K =0
fixed point again determines the physics. The
trajectories for h =0 [Fig. 1(c)] flow into the non-
interacting fixed point. This implies that the line
(h =0, K&K,) is a line of "connectivity critical
points" with the same exponents as for pure per-
colation.

Finally, we consider the point (h =0, K =K,).
Since & is arbitrarily small, we expect that the
Ising critical fixed point determines the physics
for Percolation at K=K,. As for the K=0 case,
we expect F,(h, K K„~) to have a scaling form

F,(h, K =K„&a)-h'I'~f(ark'),

where x& 0 if the operator 8,(s) has no compon-
ent in the relevant even direction, and x & 0 if it
does. The 8,(s) operator is, af course, extreme-
ly complicated, and a calculation of the eigen-
values conjugate to the scaling fields associated
with 8,(s) has not been done. However, we can
argue that if x & 0, the exponent for $~ would vio-
late a rigorous inequality. ' For x &0, the domi-
nant singularity of G~(h, K =K,) becomes

G (a K=K )-a&""'"'. (12)
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ly an exact result, and is associated with an
eignevalue which is redundant in the Ising therrnaE
problem; (ii) the line (h =0, »&,) of Fig. i(b)
is a line of percolation points with the same ex-
ponents as pure percolation; (iii) at the point
(h =0, T =T,), two of the three scaling powers
(y» yr) that determine the percolation exponents
are identical to the two scaling powers (y„, y r)
associated with the nearest-neighbor Ising ther-
mal critical point. The implication of this result
is that in the triangular lattice, critical droplets
are described by the same characteristic length
as percolation clusters.

Although the above arguments were perforce
limited to the triangular lattice, one expects
from universality considerations that the expon-
ents determined above are the same for any two-
dimensional lattice.
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