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Numerical Simulation of Trapped-Electron Instabilities in Toroidal Geometry
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Dissipative trapped-particle instabilities are studied by means of three-dimensional
particle simulations in toroidal geometry. In the linear stage, growth rates of the unsta-
ble modes and the radial and poloidal balloo»~g mode structures observed in the simula-
tion agree reasonably well with linear theory. In the nonlinear stage, the ballooning ef-
fect diminishes because of the generation of strong plasma turbulence resulting in the
broad frequency spectrum and convective cells consistent with experimental observations.

The importance of low-frequency drift-type in-
stabilities has long been recognized in relation
with the anomalous plasma transport in toroidal
confinement devices. ' At present, a fairly com-
plete linear theory for such instabilities in tor-
oidal systems has been developed. ' However,
nonlinear behavior of these instabilities and the
resultant anomalous particle and energy diffusion
have not been well understood. Recently, it has
been demonstrated that three-dimensional par-
ticle simulations' are useful for understanding
the strong plasma turbulence and the anomalous
diffusion due to collisionless drift instabilities.
In particular, it was found that the collisionless
drift instabilities can generate strong turbulence
and convective cells which in turn enhance par-
ticle diffusion.

In this paper, we report on our recent simula-
tion studies of the dissipative trapped-electron in-
stabilities using a three-dimensional toroidal
plasma model. ' It will be shown that, in the ear-
lier stage of the instabilities, the simulation re-
sults agree reasonably well with the linear theo-
ry. In particular, we observe the ballooning ef-
fect on the poloidal mode structure of the un-
stable modes. In the nonlinear stage, however,
the ballooning effects diminish due to the genera-
tion of strong plasma turbulence and broad spec-
trum consistent with the experimental observa-
tions. '

The simulation model is a torus in an external
magnetic field given by B =B~e~+Beee, where
B~ =B ~ /(1+& cose) is the toroidal field and Be
= (&/q)B ~~0~ is the poloidal field. t = r/R, is the-
inverse aspect ratio, y is the toroidal angle, 8

is the poloidal angle measured from the outside
towards the inside of a torus, and x and Ro are
the minor radius and major radius of the torus.
Full Lorentz force is employed for the ion dy-
namics to keep the ion inertia and finite-gyro-
radius effects while a guiding-center-drift ap-
proximation is used for the motion of electrons. '

Conducting walls are assumed for the electro-
static field and the particles are elastically re-
flected back at the wall. The simulation param-
eters are the following: aspect ratio R, /a =3,
safety factor q =1.1(1+2.5y'/a') which corre-
sponds to a current profile of j„-(1+2.5r'/a') '.
Initially, electrons and ions have a local Max-
wellian velocity distribution with the density pro-
file taken to be n, (v) =n; (r) =n, exp(- 4r'/a') ~ The
initial electron-temperature profile is chosen
similarly to provide g, =d(lnv', )/d(inn, ) =1 every-
where. The initial ion temperature is taken to be
uniform. The average density and temperature
are specified by choosing 0, /(~~, ) =5, m;/m,
=100, (T,)/T; =4, and (X,)/b =2, where 0, is
evaluated at the magnetic axis, ~ is the grid
size, and () means average over the entire pla. s-
ma volume. These parameters correspond to
low-density tokamak discharges in laboratory ex-
periments. In the cross section, a 64&&64 (L')
spatial grid is used for numerical computation
with its physical length I-/p; = 32, p; = (2T; /m;)"'/
0;. Seven Fourier modes, n =0, +1, +2, +3,
are kept in the toroidal direction. The electron-
ion pitch-angle scattering is simulated by Monte
Carlo collision model' where the collision fre-
quency v„ for an electron goes as v 'and v is
the speed of the electron. The collision frequen-
cy is chosen such that v, *=- v, ff/Mg (v jf =v ~ /E
is the effective-collision frequency and ~„
=~eV, /qR, is the electron-bounce frequency) de-
creases from v, *=10at z/a=0. 8 to 0.2 at z/a
= 0.25 and then increases toward the center of the
plasma column, suggesting that the bulk of the
plasma is in the banana and the plateau regimes
corresponding to high-temperature tokamak ex-
periments.

Figure 1(a) shows the time development of the
electric field energy for different rn modes with
n =2 (m, n are the poloidal- and toroidal-mode
numbers), radial mode structure in Fig. 1(b),
and poloidal mode structure in Fig. 1(c). The
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FIG. l. (a) Temporal evolution of the trapped-electron instability for several modes with n =2. (b) Radial mode
structure for the (4, 2) and (3, 2) modes at different times. (c) Poloidal mode structure at r/a =0.6 andn =2 at dif-
ferent times.

growth rates of the unstable modes are about
y/Q; =0.03-0.07 for the modes shown and these
growth rates are within a factor of 1.5 from the
prediction of the two-dimensional linear theory. '
Since the aspect ratio is small (R/a =3), toroidal
coupling is strong for various m modes causing
them to grow at about the same growth rate.
These unstable modes grow about two orders of
magnitude and saturate. The dominant mecha-
nism for saturation is due to density and electron-
temperature diffusion which results from the gen-
eration of convective cells (~=0), strong plasma
turbulence, and hence the broad spectrum (b.v
= CO).

Radial mode structures for (m, n) = (4, 2) and

(3,2) shown in Fig. 1(b) are localized around the
rational surface at r/a=0. 5 during the linear
stage. Near saturation, the maximum amplitude
reaches ey „/T, = 0.3. and the mode extends near-
ly over the entire plasma column. The peak of
the amplitude shifts slightly outwards in the non-
linear stage.

Poloidal mode structure shown in Fig. 1(c) at
r/a =0.5 and n =2 indicates clearly the ballooning
effect in the linear stage where the mode ampli-
tude is larger at the outside (8=0) than the inside

(0=m) of a torus. When the instability enters into
a nonlinear stage (&u~, t ~ 1000), however, Fig.
1(c) indicates that the ballooning effect almost
disappeared and the amplitude is nearly constant
along the field lines. The reason for this is that
the plasma is already in a strong turbulent state
in which stable modes as well as convective
cells are excited by nonlinear mode-coupling
processes as seen for the drift turbulence. ' Un-
der such conditions, ballooning effects become
less prominent since the mode-coupling process
makes the spectrum isotropic and the nonlinearly
generated broad spectrum (conv'ective cells) does
not require the presence of trapped particles.

Figure 2 indicates the frequency and wave-
number spectra for the turbulence generated.
Time evolution of the electric field energy with
respect to poloidal-mode number IE(m)l' aver-
aged over the plasma radius and toroidal angle
is shown in Fig. 2(a). We observe that the spec-
tral distribution is more or less monotonic with
m, consistent with recent measurements in the
PLT (Princeton Large Torus) tokamak. ' The
relatively large amplitude for m =1 at early times
is due to the &B drifts of the ions which can gen-
erate Q, n) =(1,0). At the time of saturation,
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FIG. . a. 2. ( ) Temporal evolution of the spectral dzstrx-
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ated with the instabilities. Relatively small par-
ticle and temperature diffusion, observed in the
linear stage of the instability, is enhanced rapid-
ly near saturation which leads to the stabilization
of the system. The observed particle diffusion is
about a~= 2 @10 'p,.'~~, close to the theoretical
estimate D~=(cT, /eB)(p, /I. „)based on the strong
plasma turbulence and convective cells for drift
wave turbulence. 4

Electron temperature diffusion perpendicular
and parallel to the confining magnetic field is
shown in Fig. 3 where the diffusion of T&, is
larger than the density diffusion by a factor of
3-4. The parallel temperature diffusion is, on

the other hand, much smaller. This is because
the high-energy electrons trapped in a magnetic
mirror [v &e +2m„j preferentially diffuse out

because of plasma turbulence, resulting in large
T ~, diffusion. Heating of the paraQel tempera-
ture at the outer side of the torus (r/a & 0.5) is
partly due to the anomalous diffusion and partly
due to electron pitch-angle scattering which makes
the electron velocity distribution isotropic. The
total running time of the simulation is, however,
only one or two coQision times for the electron-
temperature relaxation, and the complete iso-
tropization has not yet been reached.

We have also studied the TEM modes by vary-
ing the initial electron-temperature profile so
that g, =0, —1. Simulation results show that for

g, =0 the instabilities become less unstable with

a growth rate about a factor of 3 smaller than

the case for g, =l. For@,= —1, we found that
the system becomes completely stable and no in-
stabilities were observed, consistent with the
prediction of linear theory.

In conclusion, dissipative trapped-electron in-
stabilities have been studied successfully using
a three-dimensional toroidal particle simulation
model. Anomalous diffusion of heat and particles

are observed, which is consistent with a previous
estimate. 4 In addition, the observed generation
of strong plasma turbulence is consistent with

the measurements from laboratory experiments'
and mode-coupling calculations. ' Ballooning
structure, which is the characteristic feature of
the trapped-particle mode, is found to diminish

at the strongly turbulent nonlinear stage.
While the present simulation work is for the

initial-value problem, it revealed several im-
portant physical processes such as observation
of a broad spectrum, strong plasma turbulence,
and anomalous transport associated with the
trapped-electron instabilities. These processes
are inherent in laboratory plasma where a steady
state is established through balance of energy in-
put and anomalous transport.
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