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For both Abelian and non-Abelian gauge theories, we find gauge transformations which

map fields in the U gauge to other fields in the U gauge. These transformations are
not contained in the surviving gauge symmetry after spontaneous breaking {defined as
the little group of the vacuum expectation value of the Higgs field). They have both dis-
crete and continuous elements.

Gribov' has recently shown that, in a non-Abel-
ian gauge theory, there are several gauge-re-
lated Yang-. Mills potentials which fulfill the Cou-
lomb gauge (or the Lorentz gauge in four-dimen-
sional Euclidean space). Thus the Coulomb gauge
does not determine the potentials uniquely in
these theories. The implications of these gauge
ambiguities have been studied by Gribov' and

others. '
In this Letter, it will be shown that there are

similar ambiguities in the U gauge in both Abe-
lian and non-Abelian gauge theories. These am-
biguities can be continuous as well as discrete.
As in Gribov's problem, they are also not the
same for all field configurations. Their exis-
tence throws doubt on the usual heuristic argu-
ments based on the U gauge which lead to the par-
ticle interpretation of these theories. '

We consider first a gauge theory based on the
internal-symmetry group G= SU(N), ' Yang-Mills
potentials A &" (a = 1, 2, ... , N' —1), and a real
Higgs multiplet q = (cp„y„.. . , ys2, ) which trans-
forms under the adjoint representation fg} of

SU(N). ' Later, we comment on the generaliza-
tion of these considerations to other gauge groups
and representations of the multiplets. If (T(n)}
are the generators of SU(N) in, say, the adjoint
representation, we can form the matrices

Aq-—A„"T(n), 4 =y T(n).

They respond to a gauge transformation as fol-
lows':

Ap gA~ g + {'L/8)gs pg

Let X =—(A. „A.„.. . , X~2,) g0 be a space-time inde-
pendent field which minimizes the Higgs poten-

tial (the vacuum expectation value of y) and let

A=X„T(n).

If the generators are chosen to satisfy

Tr (T(n)T(P)}=d&„8, d = const w0,

then the U gauge is defined by'

Since

Tr(C[T(n), A]}=Tr(T(n)[A, C]}

(4)

(5)

and since [A, 4] is in the Lie algebra L of (g}for
which {T(n)}is a basis, (5) can be written as

[C, A]=0.
Let G& be the little group of A:

gAg '= A for g~ Q~.

(7)

(8)

Then G& is the "surviving local symmetry" in
the gauge (7). The remaining gauge freedoms
associated with Gz are to be eliminated by fur-
ther gauge conditions in the customary treatment
of the U gauge.

We show below that there are gauge transforma-
tions S = (s}g G~ such that if 4 satisfies (7), then
so does sCs '. [The set S in general depends on

4 and A. ] The gauge conditions suitable for G~
do not eliminate these gauge freedoms. The exis-
tence of S can change the topology of the set of
gauge-inequivalent fields in a fundamental way.
Thus, in example 1 below, the gauge-inequivalent
y's are restricted to a half-line and resemble
the radial coordinate r in mechanics, In the lat-
ter, we know as a consequence that r and its con-
jugate momentum cannot be quantized like Car-
tesian coordinates and momenta. Hence, the
existence of S throws doubts on the usual quan-
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tization procedure in the U gauge and on the par-
ticle interpretation based on this gauge. We note
that usually canonical quantization is applied not
to 4, but to 4'=4 —A. Since A=0(e '), ' the 4 "s
which are related by S differ by terms of the or-
der O(e '). So perturbation theory is not likely
to be sensitive to the effects due to S.

Below we will consider in turn the discrete and
continuous ambiguities. The considerations
which follow now are local. That is, 4 refers to
the value of the Higgs field at a given space-time
point x. The transformations S are then deter-
mined only at x. It is usually assumed in gauge
theories that all gauge transformations reduce to
the identity map at spatial infinity. ' Towards the
end, we show how these considerations can be
globally extended so as to fulfill such boundary
conditions. It is likely that the results of this
Letter are known to some physicists. Goddard,
Nuyts, and Olive' have studied the gauge ambigui-
ties due to the Weyl group (see below) in their
work on non-Abelian magnetic monopoles. Mack"
has also studied gauge ambiguities in the U gauge,
in particular those associated with generic field
configurations.

Discrete ambiguities. —We assume without loss
of generality that A~ C, where C is a Cartan sub-
algebra of L." Now (7) implies that @EL&, where-
L, A is the Lie algebra of Gz. The Cartan subalge-
bra of I.A can be chosen to be C as well. " Thus,
there exists g~ GA such that gag ' ~ C." Since
we are interested only in gauge ambiguities not
contained in Gz, we shall thus assume that 4H C.

Let & =(Wj be the Weyl group. " By definition,
WCW '—= (WcW 'j„c=C. Thus, WCW '~C.
Elements of w not in G& are thus in S. They are
new gauge ambiguities.

Example 1.—Let G=SU(2). Then C is spanned
by T(3), say. So A =A.,T(3), 4 = y, T(3). With T(o),,
= -is~... the Weyl group ~ is (e, W=exp[ivT(2)]j.
The element W is not contained in Gz= U(l) whose
generator is T(3). We have

Thus 4 and -4 are gauge related, This gauge
ambiguity can be removed by requiring y, -0."

Example Z. =Let G=SU(3). Then C is spanned
by T(3) and the hypercharge 1', say. So A=A.,T(3)
+A. „Y, 4 = y, T(3) + y„Y. The Weyl group m has

notation is that of Schechter, Ueda, and Okubo. ")
If @~=0, then the orbit 04, of 4 under W consists
of six points. This is the generic situation" in
that most points of C have a six-point orbit under

If y, = 0, then 8'»4 R'„' = 4, so that 0 4, con-
sists of three points. This is the nongeneric
situation. "

If A is a generic element, "say A =X,T(3), then
G&=U(l) SU(1) and GA&m=(ej. Hence in this
case, there are either six or three configurations
of fields (at each x) which are gauge related under
the full group SU(3), but not under GA.

If A is a nongeneric element, "say A=A. ~~,
then G~ ——U(2) with generators T(o) (n =1, 2, 3)
and Y. Now GAD'N=(e, W»j. ' If 4 has a six-
point orbit 0+, 8'» connects pairs of points of
Oc, ; so the new gauge ambiguity is threefold. If
on the other hand, 4 is y~Y and 0 4, has three
points, 5"» leaves 4 invariant and connects the
other two points; so the new gauge ambiguity is
twofold.

Continuous ambiguities. —Case 1: The field
configuration 4= 0 and all its transforms by the
full gauge group G fulfill (7). Also G acts non-
trivially on A„[cf. Eq. (2)]. Therefore elements
of G not in GA in fact represent new gauge de-
grees of freedom for field configurations with 4
=0. Case 2: In Case 1, G was the little group
of the null Higgs field, More generally, we can
consider the little group Gc, of a Higgs field 4 g0.
If 4 is generic, G c, is generated by the Cartan
subalgebra C and hence Gc,c: G&. However, if 4
is nongeneric, G+ need not be contained in GA
and can give rise to new gauge ambiguities. For
example, for SU(3), if A is generic [say, A= A.,T(3)]
and C nongeneric (say, 4= yrY), then G~=U(1)
SU(1) and G~=U(2). Thus, there is a two-pa-
rameter family of new gauge freedoms.

Other groups and representations The dis-. —
crete ambiguities above were caused by the Weyl
group. Since the latter is well defined for any
semisimple group G, such ambiguities are ex-
pected to be present whenever y transforms
under the adjoint representation of a semisimple
group. It is also present in the Abelian Higgs
model [cf. Abers and Lee, ' p. 20] with y and —y
in the U gauge being gauge related. The situa-
tion is similar to the SU(2) example above.

The continuous gauge ambiguities associated
with the null Higgs field are as a rule always
present in the U gauge. Furthermore, the am-
biguities due to the little group of a nonzero
Higgs field (Case 2 above) are expected to be
present in many instances. The set S for such
ambiguities may in general have disconnected
components. A generic analysis of these ambigui-
ties seems to require detailed group theory.

Global aspects. —The field y and the set S have
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until now been described only locally. We now

show how they can be defined globally so as to
fulfill the boundary condition S= fe) at spatial in-
finity (lxl -~). (This would then also mean that
the nontrivial elements in S are not global trans-
formations. ) To be specific, let G= SU(3) and,

A =ApT(3) 4'= %AT(3), O «
I xl -r„ (IO)

V. N. Gribov, Lecture at proceedings of the Twe]fth

at any given time. (The definition of C for all x
is given below. ) Then the gauge transformation
s which equals W» say for lxl r, generates a
gauge ambiguity. Since SU(3) is connected, s
can be extended globally (consistent with continu-
ity requirements in x) such that s = e for l xl ~ r,

We have yet to define 4 for all x. When we

do so, we must make sure that s does not map
this 4 out of the U gauge in the region r, & l xl & r,.
For this, we can consider those 4 HC with 4 = 0
when r, l

x
l
- r,. [Continuity conditions at l xl = r,

cause no difficulty since the choice of cp, is at our
disposal. Boundary conditions on C at infinity
(such as 4 - A as l xl —~) can also be satisfied
by a suitable choice of C.]

Such considerations are readily generalized.
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