
VQLUMK 40, NUMBER 2 PHYSICAL REVIEW LETTERS 9 JANUARY 1978

horn, G. W. Ford, F. Gilman, D. Hegyi, J. D.
Jackson, I.%. Jones, G. Kane, L. I ederman,
S. Meshkov, D. Meyer, R. Thun, and S. Weinberg.
This work was supported in part by the U. S. De-
partment of Energy.

S. W. Herb et al. , Phys. Rev. Lett. 39, 252 (1977);
W. R. Innes et al. , Phys. Bev. Lett. 39, 1240, 1640(E),
(19vv).

L ~ M. Lederman, in Proceedings of the Hamburg
Conference on Interaction of Photons and Leptons, Au-
gust 1977 (to be published); R. N. Cahn and S. D. Ellis,
University of Washington. Report No. BLO-1388-734
(to be published).

See, for example, S. Weinberg, in. Proceedings of
the Seventh International Conference on High Energy
Physics and Nuclear Structure, Zurich, Switzerland,
30 August 1977 (to be published). Here Weinberg dis-
cusses CP nonconservation in SU(2)S U(1) models with
more than two doublets. He finds that either the new
Cabibbo angles and/or the phase responsible for CE
nonconservation must be very small, and concludes it
might be more attractive for the new Cabbibo angles to
be zero (or extremely small) and for CE nonconserva-
tion to arise from exchange of Higgs particles.

4B W Lee ands Welnberg phys Rev Lett 38
123V (19VV).

~B. W. Lee and B.Shrock, FNAL Report No. FERMI-
LAB-Pub-77/48, 1977 (unpublished).

See, for example, K. Lane and S. Weinberg, Phys.
Bev. Lett. 37, 717 (1976).

See, for example, G. Kallen, E/ementary Particle
Physics (Addison Wesley, Beading, Mass. , 1964), p.
403.

This argument can be found in any good electrody-
namics text.

J. D. Jackson, Phys. Bev. 106, 330 (1957). For a
review, see Ya. B. Zel dovich and S. S.Gershtein,
Usp. Fiz. Nauk 71, 581 (1960) [Sov. Phys. Usp. 3, 593
(1961)].

I have learned from J. D. Jackson that G. Feinberg
and H. Foley are considering the question of fusion
catalysis with stable heavy leptons.

~~Searches for stable heavy particles have been con-
ducted at Fermilab: J. A. Appel et al. , Phys. Rev.
Lett. 32, 428 (1974); H. R. Gustafsonet al. , Phys.
Rev. Lett. 37, 474 (1976). The latter sets limits on
Edcr jdp at a, mass of 6 GeV/c at x = —0.2 and pz, ~ 0.5
GeV/c of about 5X10 cm~. Reference 1 gives a T
production cross section of Bdo/dy („0= 2 x 10 37 cm2
which includes the branching ratio to p pairs. A guess
at the pseudoscalar production cross section might
then. be in. the range 10 ~6—10 ~5, not too far from the
limit of Gustafson et al.

Instantons and Spin Forces between Massive Quarks

F. Wilczek~'~
Columbia University, New York, ¹w York 10027, and The Institute for Advanced Study,

Princeton, New Jersey 08540

and

ee~'&

The Institute for Advanced Shady, Princeton, New Jersey 08540
(Received 7 November 1977)

A generalization of Wilson's loop prescription to include spin is proposed. Instantons
are shown to generate a spin-spin interaction between quarks. The large splitting be-
tween p/g (3100) and q, (2830) may, in fact, be dominated by this mechanism and thus may
provide a vivid demonstration of the physical effects of instantons, Heuristic arguments
are presented which explain the sign and form of the interaction.

Recent developments in instanton physics' have
generated a new understanding of gauge field
theory. In addition to considering small quantum
fluctuations about the perturbation-theoretic vac-
uum, one must also take into account large clas-
sical fluctuations. The essentially quiescent vac-
uum of the traditional perturbative treatment has
been replaced by a coherent quantum superposi-

tion of vacua with different topological character.
As a result, certain nonperturbative features of
the theory have been discovered. A promising
picture of strong interactions may emerge along
these lines. '

We would like to suggest here an instanton-in-
duced effect which has immediate physical irnpli-
cation for the hadronic spectrum. We will calcu-
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late the effective spin force between two static,
classical, spinning, fixed sources, generated by
instantons. To the extent that the interaction of
massive quarks is adequately described in the
static approximation, our results will be directly
relevant to the spectroscopy of charmonium and
of the upsilon' family. A relatively clean applica-
tion would be to the splitting between 1 and 0
states. Experimentally, the splitting between
J/g(3100) and rt, (2830) appears to be too large to
be explicable by the spin-spin Breit interaction
deduced from simple one-gluon exchange. 4 We
would like to suggest that this unexpectedly large
splitting may be credited to instantons.

Before launching into computation we find it
illuminating to present an intuitive physical argu-
ment which anticipates our conclusions below.
Firstly, what would the sign of the interaction
be? Imagine an electron and a positron in the
presence of a fluctuating electromagnetic field
(of either thermal or quantum origin). Their
magnetic moments would evidently follow the di-
rection of the local and instantaneous magnetic
field; this means that their spins would tend to
be antiparallel on the average. Similarly, a
large fluctuation in Yang-Mills fields resulting
from the tunneling between vacua of different top-
ological characters would effectively tend to
antialign the spins in a quark antiquark bo-und

state. Secondly, we can understand the nature of
the interaction. In electrodynamics the quantum
fluctuations about the standard vacuum are local-
ized and rapid, and it should not be surprising
that the spin interaction should average out if the
electron and positron are separated (hence the 5-
function spin-spin Breit interaction. ) In contrast,
in chromodynamics the (cia,ssical) fluctuations
are slow and spatially extended (a fact traceable
to the scale invariance of the theory leading to
instantons of all sizes). Thus, we expect a term
in the spin-spin interaction independent of the
separation R between the quark and the antiquark
[Fig. 1(a)]. Thirdly, the classical field fluctua-
tions are large and explicit of order 1/g thus off-
setting the small coupling g bebveen quark and
gluon. Instanton effects are nonperturbative and
are small only in the regime of low instanton
density. Thus we will not be surprised if the in-
stanton- generated spin- spin interaction actually
overwhelms in magnitude the order-g' effect of
one- gluon exchange.

E (R) = —f (dp/p')d (p)fd'x 3 tr[U (x —R)U'(I) —1].

{a)

()
„

FIG. l. {a) Spinning quarks in an instanton back-
ground. {b) Space-time description of the situation in
(a). The instantons are supposed to be far apart.

We now turn to a quantitative discussion. Our
first task is to formulate a gauge-invariant pro-
cedure of computing the effective spin interaction.
We propose the following generalization of the
Wilson' loop integral to include spin:

1 me &{&}T

= Iim (P exp{ig $dx "[4„+(i/m)F~„S"]j). (1)

Here E(R) is the effective interaction between
two static sources. The loop integral is to be
taken over the path shown in Fig. 1(b). The mass
of the classical sources is denoted by rn. E„„
=-,e„„z+ ' is the dual Yang-M111s field and S" is
a classical spin four-vector. I' is an ordering
prescription (4& and F&„arematrices in color
space). To readers familiar with the static
source interpretation of the Wilson loop integral
the above is evidently a natural and gauge-invari-
ant way of describing the interaction between two
classical massive (colored) billiard balls with
spins S, and S, held fixed at a separation of R.
The corresponding Hamiltonian is the color gen-
eralization of the static electromagnetic Hamil-
tonian H = eA, —(e/m)S 5. A noteworthy feature
of Eq. (1) is the relative factor of i between spin
term and the A

„

term. This is because upon ro-
tation to Euclidean space dxo- idx4 and Ao- iA4
while the antisymmetric symbol &„„),does not
change.

We take the stains to be fixed in time. Thus
&'(t ) =0, S(t) = S, on the +t leg of the path in
Fig. 1(b) and S(t) =S, on the -t leg. With T large
and with the instantons far apart from each other
we can disentangle the multi-instanton contribu-
tions, following the authors of Ref. 2, to obtain

(2)
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This formula involves computing with the single instanton only. Here

U+ (x) =& exp{igJ„dt[A,(x, t) + (i/2m)F, .~(x, t)S„.e,,„]),
where Ao and I"» corresponding to the single in-
stanton located at x. U (x) by a sign change in
the exponential and by replacing S, by S,. Equa-
tion (2) calls for an integration over the position
of the instanton x and its size p. The distribution
function d(p) is defined in Ref. 2. Recall that the
spin-independent interaction vanishes' as R - 0
and indeed - R' for small R. In contrast the spin-
spin interaction does not vanish as R- 0. In
principle we can certainly evaluate E(R) as a
function of R. In this Letter we content ourselves
with evaluating the term independent of R. The
computation simplifies significantly. Evaluating
the trace in Eq. (2) in the limit of large m we ob-
tain

L instantons of small size. Thus, there should be
a cutoff on the lower limit of the p integral in
Eq. (4) as well; however, this is expected to be
a small correction since d(p) vanishes rapidly
as p-0. Because of these caveats, our evalua-
tion below should be regarded as providing an
order-of-magnitude estimate at best.

We note that if the radius of a heavy-quark
bound state is small enough so that the terms of
order R' and higher in Eq. (4) can be neglected
then we do not need to know the detailed form of
the wave function to evaluate the spin-spin split-
ting. So finally, using'

$t
(Rd) +);=8, B, , i , d(p)—+O(R*) (4). 8@2 6 Bg2

d(p) = (0.06),
( )

exp -+ (8)

Here t; is a pure number defined by the integral

(r'+1)' . , mr
dr( 2 1)3 R+ 2 2 sin

( 2 )1j2

=~0 2

The sign and spatial dependence of the interac-
tion is evidently in accord with our intuitively
motivated remarks above.

We are hampered in our attempt to evaluate
the splitting between J/P and r}, precisely by sev-
eral considerations. Firstly, the size distribu-
tion function d(p) is not known very accurately,
especially as p approaches a certain cut-off size
p, and instantons start overlapping. At this point
the coupling g'(p p)/8m' rises rapidly and other ef-
fects (merons, etc.) may become important. In-
deed, Callan, Dashen, and Gross' identify p, as
the confinement scale. We have thus cut off the
integral in Eq. (4) by p, . In any case, the deriva-
tion of Eq (2), ba.sed on the dilute gas approxi-
mation, breaks down. Secondly, it is not clear
to what extent quark spin could be described by
classical spins. Our prescription is to replace
the classical quantity S, 5, by the corresponding
quantum version appropriate for spin &.

&S(S+1)-x~ =$-d for S =0, —,
' for S=lj.

Thirdly, light quarks (up, down, and perhaps
strange) suppress tunneling effects induced by

~(char monium) - 450 Me V. (10)

As remarked above, this numerical result can be
trusted only to within a factor of a few. We took
8m'/g'(p, p)-13. A different choice of p, easily
changes

by a factor of 2. The numerical result is clearly
rather sensitive to the choice of p. The precise
form of d(p) also suffers from large uncertainties
as discussed in Ref. 2.

What is noteworthy is that the spin-spin split-
ting can be so large. This may be traced to the
fact that there are so many different paths avail-
able for the gauge fields to tunnel along. In other
words, the integration over the position of the in-
stantons and their sizes in Eq. (2) is largely re-
sponsible for the magnitude of the effect.

We conclude with few comments.

and including a factor of 2 to account for anti-in-
stantions as well as instantons, we obtain for the
splitting

~(1, —0 ) gm p/m,
Here p denotes the usual renormalization scale
appearing ing (pt)), that is, 8m'/g'(Pp)- llln(1/
p}d) for small p (neglecting quarks). For a nu-
merical estimate we take p. -200 MeV and, for
charmonium, m-1500 MeV, and obtain
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(1) We have not taken into account contributions
due to merons and other configurations. However,
according to the qualitative arguments presented
above, they could only add to the spin-spin inter-
action. The R -dependent spin-spin force, which
we have not evaluated here, would probably de-
crease the interaction as R increases.

(2) To evaluate the splitting between P-wave
states and other physically interesting quantities
we will need to compute the spin-orbit interac-
tion generated by instantons. We have not yet
extracted this and other effects (such as recoil)
in a gauge-invariant way. One possibility may
be to evaluate the Wilson loop for curved paths,
matching the action of the paths to that calculated
with an effective potential with coefficients to be
determined. More generally, we could calculate
the entire instanton- generated interaction be-
bveen massive quarks, including all spin- and
velocity-dependent terms.

(3) Since the spin-spin force is to first approxi-
mation independent of the distance R between
quarks, the magnitude of the hyperfine splitting
should scale as 1/m, ' (once the quark mass is
large enough to concentrate the wave function in
a region small compared with 1/p) independent
of the details of the wave function. This con-
trasts markedly from the behavior expected from
the Breit potential, which gives a splitting which
scales with m„orin general, from pictures in
which the spin-spin interaction is strongly local-
ized,

(4) We have also computed the spin-spin interac-
tion in the limit of large separation R between
the quarks. The interaction is generated by in-
stantons far away from both quarks as well as
by instantons overlapping one of the quarks spa-
tially. We find the interaction vanishes as 1/R'.

(5) We note that the numerical integral in Eq.
(5) is the same as the corresponding integral ap-

pearing in the spin-independent potential (Ref. 2).
This suggests that the spin-spin interaction and
the spin-independent interaction may be intimate-
ly related.

(6) While we were able to give only an order-
of-magnitude estimate of the splitting between
J/P and g, we believe that the mechanism present-
ed here may be largely responsible for the large
splitting. It is certainly a large effect of the
right sign. The direction of the splitting is en-
tirely determined by an intuitive quasiclassical
argument rather reminiscent of the Casimir ef-
fect.' If our interpretation is correct, then it
provides an indication of the physical reality of
instantons.
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