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nearly field-free zone, and an anode sheath. The
anode sheath functions as an electrostatic bar-
rier to prevent escape of those ions whose ener-
gies are lower than the barrier height. Ions re-
flected from the wall sheath do not necessarily
recede to the cathode, because of the relatively
small volume it occupies near the core of the dis-
charge, and because of ion-ion deflections in the
dense core. The dominant ion loss mechanisms
would then be recombination in the volume and at
the target, offset by electron impact ionization.
From the measurements presented above, we
place a lower limit of 100 psec on the mean life-
time of the laser-produced ions.

This method of plasma production offers a nov-
el means for sustaining long-lived, dense, vol-
uminous, highly stripped, high-Z plasmas. Ap-
plications to spectroscopy and ion source develop-
ment suggest themselves. Such a plasma formed
with Li* ** ions could serve as a target for slow-
ing down energetic protons in a two-component
fusion experiment based on ®Li(p, a)°He.®
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Are Drift-Wave Eigenmodes Unstable?
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It is shown that the eigenmodes of the collisionless drift wave in slab geometry are
stable. Previous studies yielding instability (the “universal” instability) were based upon
an incomplete treatment of the electron dynamics; i.e., the principal part of the plasma

dispersion function was ignored.

In the absence of magnetic shear, and with a given &, the dispersion relation for collisionless drift
waves yields an instability driven by the electron wave-particle resonance coupled with the density

gradient.

treated in the adiabatic approximation,
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Radial eigenmodes of these waves in plasmas with magnetic shear®'? were also found to be
unstable for sufficiently weak, but reasonable, shear.

In these studies, however, the electrons were

(1)

where v,2=2T, /m,, w*=kyp,cs/L,, ps=cs/R, cs/Q, ¢?=T,/m;, and L, is the density gradient
scale length. More generally, however, one should write
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where Z is the plasma dispersion function.® Although not explicitly so stated, the form (1) was em-
ployed in the numerical work as well as the perturbation theory of Ref. 2.* Since ky=( —7)k,/Lg,
where L; is the shear length, and the mode is centered at the mode-rational surface » =7, there ex-
ists a layer where the difference between (1) and (2), which we shall call the principal part of the Z

function, is important.

We have found, analytically and numerically, that with the full Z function the
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modes are strongly stabilized. Numerically, the modes become completely stable, to within the ac-
curacy of our approximation (~ 1073w*), for all shear (L,/L, down to 6X107%), For k,p, approaching
1, the magnitude of the growth or damping rate is zero to this accuracy independent of shear.® The
analytic approximation yields good agreement with this result and indicates that the mode is complete-
ly stable.

Our analytical method employs a variational principle analogous to the one derived by Hazeltine for
drift-tearing modes® and related to the ones we use for finite-8 drift waves.” Our numerical scheme
is identical to that employed by Gladd and Horton,? except that the full Z function is used. (Indeed, we
use a more recent version of the same code.) It employs Numerov’s algorithm with WKB boundary
conditions at large x, and the dispersion relation for symmetric modes is ¢’(0)/¢(0)=0.

For simplicity, we take the ions to be cold, and omit the electron temperature gradient. Then, from
quasineutrality, the hydrodynamic equations for the ions, and Eq. (2), we obtain the radial eigenmode
equation

o[ ethoe (2 () -
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where x=(r —7))/ps, k=kyps, wWs=kcs/Lg, and a®= (m,/2m;)(1/w,)?. Defining (***)=[l,dx*++, we
note that the functional

§=[(¢") ~(¥29Dw.?/ w* - (w* - w)al(p? * 4

is variational, in that 6S=0 reproduces Eq. (3). Here,

I1={p*Z(aw/ | x|)/ | x]. (5)
The extermal value of S is given by
S¥=-k-1+w¥/w, (6)

which provides the dispersion relation. Restricting ourselves to the lowest Pearlstein-Berk mode,
we choose as a trial function the » =0 Hermite function,

¢ =exp(—iax?/2), 7

and look for solutions with @ in the neighborhood of the zeroth-order (in the perturbation /) result, o,
=w,/w. Noting that Z(z) =ir¥2exp(-22)[1 +@(iz)], where & is the error function,® and employing Eq.
(7) and an integral given by Gradshteyn and Ryzhik,® we find, after some manipulation,

I=2i7"?[K (2aw Via) +i(ﬂ/2)J0(2iaw*/i—a) - (1r/2)H0(2iaw\/i—a)], (8)

where K, and J, are Bessel functions, and H, is a Struve function.’® The first term yields, with @ =a,,
the usual growth term that one would obtain from Eq. (1).2 The remaining two terms follow from the
principal part of the Z function. With the usual ordering of parameters, L,/Ls>m,/m;, the argu-
ments of these functions are small, so that

Ky(2awVia) = -~ In(awVa) —i1/4 - C, (9)

where C (=0.5772...) is Euler’s constant, and
@n/2)[J ((2iawVia) + [T (2iawVia) +iH (2iawVia)] 2in/2 - 2iawVia. (10)

The crucial point here is that, while the argument of the logarithm in Eq. (9) is small, the logarithm
itself, for typical parameters, is not large compared to the other terms! The term in/2 from Eq. (10),
then, changes the results completely, and serves to damp the wave. Note that, since the factor {¢? ™!
in the variational functional, Eq. (4), is ({a/m)¥2, the real and imaginary parts of I contribute equally
to the real and imaginary parts of the frequency. The physical interpretation may be that the principal
part of the Z function forms an additional “antiwell” which pushes the wave function away from x =0,
thus increasing the shear stabilizing effect and weakening the driving term simultaneously.
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To complete the calculation, we substitute (7) into the remaining terms of (4) to get
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The variational value of @ and, hence, S* are
found by setting dS/da =0, which, with Egs. (6)
and (11), yields the dispersion relation. We see
from (12) that @,=w;/w is indeed a solution in
zeroth order, corresponding to the outgoing
Pearlstein-Berk wave.!'? Using this value in the
dispersion relation gives the equivalent of the
Gladd-Horton perturbation theory?® for this prob-
lem. A stabilizing effect from the principal part
of the Z function is seen, as described above.
However, this in itself is not sufficient to stabil-
ize the mode completely. As k—1, the solution
to Eq. (12) departs from «, to produce an addi-
tional stabilizing effect. We have, unfortunately,
had to resort to a numerical solution of Eqs. (6)
and (12) in order to obtain a valid comparison
with the shooting code.

Results are exhibited in Fig. 1. For the very
weak shear, L,/Ls=0.02, we plot the growth
rate, normalized to w*, vs k,/p,. Three calcu-
lations are compared: (a) the direct numerical
integration of Eq. (3); (b) the variational solu-
tion, Egs. (6), (11), and (12), evaluated numeri-
cally; and (c) the perturbative approximation to
Eq. (12), a=a, It can be seen that according to
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FIG. 1. Growth rate vs wave number with full Z -
function electrons, Eq. (2). L,/L;=0.02, T;/T,=0,
dInT, /d1nn,= 0. See text for description of approxi-
mations (a), (b), and (c).
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! (a) and (b) the mode is at marginal stability. (Ex-

cellent agreement is also obtained for the real
part of w.) For kypo,=1, we have varied L,/L,
from 0.04 to 0.006 with no essential change in
y/w*. The small residual growth or damping,
y/w* =5X107%, seems to be a function of the grid
parameters in the code, i.e., unphysical. The
variational method, on the other hand, yields y/
w*—0, For comparison, the same case is given
in Fig. 2, but with the adiabatic approximation,
Eq. (1). The modes are seen to be unstable in
all three calculations.

Additional numerical studies with the shooting
code have failed to yield growing modes except
in the presence of a strong parallel current (u;/
cs>1). Details of this work will be presented in
a separate paper. In particular, the modes of
higher n, e.g., the n=1 antisymmetric mode,
are found to be even more stable than the n =0
mode. One problem in studying these is that,
with the electron dynamics included, the modes
are not pure Hermite functions. Superposition of
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FIG, 2. Growth rate vs wave number with adiabatic
approximation for electrons, Eq. (1). Parameters are
the same as in Fig. 1. On this sacle, the variational
result is indistinguishable from the direct numerical
integration for %, 04 < 0,5,
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modes of different » becomes more pronounced
as kyps;—1, and the eigenmodes become nearly
degenerate and difficult to differentiate. We have
also carried out numerical studies with finite ion
temperature, and electron and ion temperature
gradients, employing the complete collisionless
slab model of Ref. 2. For L,/L,=0.02 and 0< 7T,/
T,<1, no growing modes were found for -1
<7N,,M;<1, wheren;=dInT;/dlnn. For kps~1,
the damping rates remained near zero over the
entire range of parameters. For k,p0, <1, the
effect of a reversed electron temperature gradi-
ent, 7,<0, was found to be in the direction of in-
stability, as expected, but unable to overcome the
shear stabilization.

Finally, we remark that we have not shown all
drift waves to be stable. In a torus, there are a
number of effects, such as ballooning or trapped-
particle collisions and drifts, which can lead to
instability. Further, the existence of convective-
ly growing wave packets should be reexamined in
the light of the present work.
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‘“Absolute Universal Instability’’ Is Not Universal
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The roots of an improved analytic eigenvalue equation for the absolute universal or col-
lisionless drift instability in a sheared magnetic field are found numerically and com-
pared with the eigenvalues obtained from a numerical solution of the exact differential
equation., The startling result is that both techniques predict stability, no matter how
weak the shear or how large the transverse wave number, in contradiction to all previous
work, Stability is due primarily to the stabilizing influence of the nonresonant electrons,

Since the pioneering work of Pearlstein and
Berk,! the instability of the collisionless drift
wave in a sheared magnetic field has been the
subject of numerous investigations.?™® This in-
stability, which is driven by the the wave-parti-
cle interaction between the drift wave and the
electrons, is also termed the “universal insta-
bility” because its existence requires only a den-
sity gradient which is a necessary feature of a
confined plasma. Previous investigations have
employed perturbation theory® or approximate
numerical solutions?® of the perturbation-theory
solution near marginal stability.? In Ref. 4 the
same differential equation is solved by breaking
up the spatial domain into inner and outer re-
gions. In the outer region, the resonant electron

term is subdominant and the equation can be
solved iteratively. This outer solution is then
matched to a jump condition derived in the inner
region.

Recently, Catto and Tsang® extended the work
of Rosenbluth and Catto* to obtain an improved
eigenvalue equation for all even and odd radial
eigenmodes. More importantly, they were able
to discover the limit in which the perturbation-
theory results could be recovered from the more
exact expressions valid for arbitrary growth
rates.>% As a result, there emerged the possi-
bility that the perturbation-theory form of the dis-
persion relation is inadequate because it can only
be recovered in a limit in which small correc-
tions can be important. In particular, the per-
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