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Is the Fermi Theory of Weak Interactions a Yang-Mills Theory in Disguise?
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We outline the proof of a consistent renormalization scheme for the Fermi theory
(gy&a~P) in the context of a mean-field expansion in the collective excitation A;
Ward's identities show that there is only one mass and coupling and that the induced ver-
tices are identical to those of Ymg-Mills theory with elementary gauge fields at low en-
ergy. The Green's-functions equations are displayed and used to derive an eigenvalue
restriction on the coupling.

Despite the simplicity and accuracy of fit to weak interaction phenomonology of first-order four-fer-
mion-type interactions it was necessary to discard them because of apparently insurmountable diffi-
culties in calculating higher-order corrections because of divergences.

Starting from the work of Nambu and Jona-Lasinio' it has recently been suggested that these renor-
mallzability problems for four-fermion interactions can be avoided. " That this is the fact for vector-
vector- and scalar-scalar-type four-fermion interactions has been substantiated in great detail to all
orders in the bound-state mean-field expansion. "' Earlier analysis"' showed that in lowest order
many of the parameters of the theory were related as should be expected because of the small number
of bare parameters in the Lagrangian. Subsequent analysis with" use of general methods has sub-
stantiated that the four-fermion models are characterized to all orders by relations among the renor-
malized parameters. As a by-product of this analysis, it was demonstrated that the mean-field renor-
malized four-fermion theories were identical to Yukawa-type theories with elementary bosons for a
particular set of values of Yukawa-theory renormalized parameters related to the vanishing of the
wave-function renormalization of the elementary bosons. We show here that there exists a consistent
renormalization scheme for the Fermi theory with self-interaction ($y„a&()' in the .context of resum-
ming the theory in terms of the interaction of the collective excitation A;"=—gyp& g with itself and the
original fermions. Because the collective excitation A„ is the isospin current, it has universal coup-
ling to all objects with isospin. This results in the renormalized theory written in terms of A„', with

g having a Yang-Mills structure at low energy. Here we demonstrate to all orders in a bound-state
loop expansion (i.e. , a calculational scheme) that the renormalized vector-vector Fermi theory with
isospin has the same induced vertices and renormalized coupling strengths between vector mesons as
a Yang-Mills theory. We obtain the renormalized Schwinger-Dyson equations of the theory, which are
quite simple because the form of the interaction is the analog of a Z, =0 theory of elementary vector
fields.

These results show there exists a scheme for calculating without a cutoff higher-order weak proc-
esses in theories of weak interactions based on four-fermion interactions. The details of such a cal-
culation in the model of vector-vector with scalar-scalar interactions will be presented elsewhere.

The Lagrangian for the vector-vector SU(2) Fermi model can be written in the alternative form

L = g(y" 8 —m )g +g gyp a 7' Aq tJ) —2g A'~ ' A~ + q$ y ~ +j q
' Ap.

Since the composite-vector-meson field A„ is the isospin current, it must couple universally to all ob-
jects carrying isospin including itself, which leads to the Yang-Mills structure of the induced vertices.
We see this most easily by studying the isospin Ward identities. Under a constant isospin rotation,
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only the source terms in L are noninvariant, and using the equation of motion we obtain the isospin
Ward identity:

s„((r„274)=i(n274 4-27 a+I „xA„).
Defining ~ by

exp(i~) = f dA„dgdg exp(if I.d'x)

and the generator of one-particle irreducible (1PI) diagrams via

I' = W —fg~Ap ~)
—fq (~1 —fg~q,

one has, using the field current identity gy„7'g —=A„-j„jg„ that

1 6I" . — 5I' &I',
g

6I'
p c1 + g~ cl 2 g g 2 c& + p

(4)

(5)

Defining the 1PI composite vector-boson-fermion vertex via

1 5~1'

~, 5~(2)5C(3)»„;(I) '

one obtains from Eg. (5) a quantum-electrodynamics-like Ward identity

&pl"„(123)=S '(13)5(1—2)2r —5(1 —3)2TS '(l2),

where 8 ' is the full inverse propagator for the fermions.
From this equation we obtain Z, = Z„where in momentum space as p, p+ q-0 one ha, s

r„,.(p, p, q)+ 2' z", s '(p+q)-r (p+q)z, '+~(q'=o).
1

Defining the renormalization of the A.„ field via

Z 1 [D 1(g)]pu
3 dg2 tI2 P

where D"' is the full composite-vector-meson propagator, one has that the renormalized coupling of
the gluons to the fermions is given by g„'=g,'Z, 'Z, ~z, =g,'Z, . From Eg. (5) one can show that the low-
energy behavior of the Fourier transform of the three-gluon vertex

is

i jk

g, 5A'„(1)&A'„(2) 5A" (3)

lim I',","„(p,p+q)-Z, 'e;;„fg&,(q-p)1+g~„(2p+q)&-g1&(2q+p)„]
P ++@~0

and that

(10)qqF~1,"~ =e;;I,[D '„y(p+q) -D ',1(p)].

From this, one finds Z, = Z, and thus the renormalized three-gluon coupl1ng G~ =gZ, ~'/Z, =g
Finally there is a Ward identity coming from Eg. (5) relating the divergence of the four-gluon vertex

I'";,'»' to the three-gluon vertex which shows that at low energies I'";,"». has the same behavior as in
Yang-Mills theory:

I',",".
~,
'- Z, '5, ,5,~(g„~„+g„,g1, —2g„qg„,) + 2 permutations,

and. that the renormalized four-gluon vertex at zero four-momentum has strength g&'. Thus the low-
energy structure of the renormalized Fermi theory is identical to that of Yang-Mills theory. To prove
the existence of massless gluons one needs to study the Ward identity with "broken" isospin symmetry
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for the gluon inverse propagator:

g 5A'(1)Ri'(2) "" " ~" ~A (1) " 5A (1

If, after turning off the sources, A„=q„=(+„g7'g)& 0, one has, after integrating over J d'x, that

q„&D '„,(a=o) =0,

(12)

showing the existence of zero-mass bound states via a Goldstone-type theorem.
To verify these formal results one needs a calculational scheme consistent with the above Ward iden-

tities. We have explicitly verified these results to two orders in a loop expansion in the composite
gluon field A.„. The loop expansion is generated by performing the Gaussian integral over the fermions
in Eq. (3) and using Laplace's method to evaluate the remaining integral over the composite field A„.'

We now display the renormalized Schwinger-Dyson (SD) equations for the naively divergent quantities
in this theory, the boson and fermion inverse propagators and the vertex function I'„. Although the
boson three- and four-point functions also naively divergent, these latter divergences are related to
those of the boson inverse propagator by the Ward identities. The results presented here are a slight
modification of those found for the vector-vector theory without isospin, "and the analysis of diver-
gences in the loop expansion is similar.

The functional-differential equations for the expectation values of the field, A„—= 5W/5j&, is

Ap, i(&) = gay „.&(,i+i Tr y „2&S(»)+j„/g,
and for the fermion field. we have

1
&y's ~ +og ypo~2Ap cl+ .

g (cl =
Jp

The loop expansion follows by replacing &/&j„by &5/5j„and counting powers of &, and also follows
from integrating over the fermions in the path integral and multiplying the effective action by & '.' The
unrenormalized SD equations for the inverse propagators arise from functional differentiation of the
above equations:

S '(12) =(iy a -m )5(1 2) ~i—g,'y„,~' fS(lZ,)D";,"(1Z,)I",".(Z,2Z, ) dZ, dZ„

[D ']";,"(12) = 5;gp(1 —2)g&„+igoaf Tr y&2&'S(1Z,)I'„(Z,Z22)S(Z21)dZ, dZ2.

S ' and D ' need two subtractions. There are two useful integral equations for I'~~ which are necessary
to renormalize S ' and D '.

We have an "s"-channel integral equation:

I'"; (123) ~y„~2m'6(1 —2)5(1 —3) yi f I'p (1Z Z )Dp'g(Z2Z3)S(Z, Z4)[M„],,"(Z Z„32)dZ, dZ, dZ, dZ„(17)
where M„ is the two-particle irreducible kernel in the s channel (2+3) for A„-g scattering. The ma-
trix DSM is self-renormalizing under the multiplicative renormalization (the bar denotes renormalized
quantities) S =Z,S, D =ZQ, I'„=Z, I'„. Recognizing that I"" needs one subtraction and I "(00) =ypZ, ',
one obtains the renormalized SD equation in matrix form in momentum space (q is the gluon momen-
tum):

I'~'(p, p+g) =y„lT +2{1'„"D",,S[M„]',";],„&,~ (18)

where sub(1) means being subtracted once at p=p+q=0. In a similar fashion, there is a "&"-channel
integral equation

I'";(p,p+ q) =y '~'+ g, '(A";",,D,";&D—„"[M,,];"')(p,p+ q)- (I'"'SSK„)(p,p+ q),

where A, is the three-gluon vertex, M„ is the 2PI kernel in the ' i" channel for A„+A„-g+p, and K„
is the two-particle irreducible amplitude for g+$-g+tI. In its renormalized form, one has schemat-
ically

1I "; =y„2T'+QQ»&, ~gz
' —I'SS&2~)sot (i) ~
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These expressions for I'" allow one to replace the base vertex y„~T in the integral equations for S '
and [D 'j""by I'" minus corrections, which removes all the Z, dependence in the renormalized SD
equations. Specifically S ' requires two subtractions. Defining Z2 '=[9S 'jspjp= mt =mo+go~t(p =mt)
where ~q is the fermion self-energy, one obtains for the renormalized propagator

S '=P -mtyiga~(I' D""SI' -I""DSM2j)SI"),»(), (21)

where we have subtracted twice at p =m &. The gluon propagator, D '» =g,5;,g„„+iso'&„„(q') requires
two subtractions. The Goldstone theorem IEq. (&3)J guarantees gP;;g„„=-ig,'~„"„(0)and the Ward
identity ensures transversality of &„„. Defining the boson self-energy & via &„,(q ) —I'»(0) =(q„q„
-g»q')Z, »(»(q') and Z, '=ig, 'Z, „b(»(0), one finds

& ' = (q qu g»-q') + its'+~SS I' - I"SS&a~SSI' ——~P»~~mtSS~j ~".X2) (22)

1 ~ ~ —— ———— 1 ————
[g„'j '= —,q„q~ q, I'SSI'-I SSSC„SSr——XPD~„SSr (q'=0). (23)

If we expand the integral equation for [ga'j ' in a power series in ga' we find that each term has a log-
arithmic divergence. If we require that g& exist and be different from zero, then the coefficient of the
logarithmic divergence vanishes, which is just the Johnson-Baker-Willey eigenvalue condition for g& .

We conclude that the four-fermion theory of self-coupled isospin currents is ultraviolet renormaliz-
able in a mean-field expansion. It is characterized by one coupling-constant parameter and the fermion
mass in the ease of spontaneous symmetry breaking. Clearly a realistic theory of weak interactions
involves the introduction of axial currents, scalar interactions among the fermions, and more compli-
cated group structure. Even so, the basic features discussed in this note will survive.
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