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Determination of the Quark and Gluon Moments of the Nucleon
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The n = 2, 4, 6 moments of the nucleon structure function I'2 were evaluated from muon

and electron deep-inelastic scattering measurements on hydrogen and deuterium done at
Stanford Linear Accelerator Center and Fermilab. From these moments the quark and

gluon content of the nucleon was determined by application of the theory of asymptotic
freedom. With the values 0.25+0'Io for R = og/or the scale parameter of the theory was
determined to be A = 600 + 80 MeV.

Recent measurements of the deep-inelastic
scattering of high-energy muons by hydrogen and
deuterium at Fermilab' have extended consider-
ably the range in the variable' x=q'/2Mv over
which the structure function F,(x, Q') = vW, (x, Q')
is known. In this Letter we conbine these with
the extensive set of measurements of deep-inelas-
tic electron scattering done at Stanford Linear
Accelerator Center' (SLAC), to evaluate the mo-
ments,

M(n, q') = f, x" 'Z, (x, Q') dx.

Using a modification of these moments in various
bands of Q', we were able to fit directly the for-
mulas of asymptotically free gauge theory4 and
thus determine the coupling strength of the theory
as well as the moments of the quark and gluon
momentum distributions in the nucleon. By work-
ing directly with the moments, we avoid the un-
certainties involved in attempting to deal with the
formulas via Mellin transforms. "

In asymptotically free gauge theory, the Q' be-
havior of the nucleon structure function is given
in terms of its moments by the formula'

M&»(n q') = MNs&n'(n, q, ') exp[- y„s(n)s]™,(n, Q,') exp[- A.,(n)s]™(n, Q,') exp[- A. (n)s], (2)

where & is either p for the proton or n for the
neutron. The Q' dependence resides in the vari-
able s =ln[ln(Q'/A')/ln(Q, '/A')], with the scale
set by the parameter A, which determines the
coupling strength. The coefficients A. Ns(n), X,(n),
and A. (n) are given explicitly by the theory. For
the popular quark-gluon theory with three colors
and four flavors, XNs(n) =0.42667, 0.83733, and

1.08038 for n=2, 4, and 6, respectively; simi-
larly, ~+(n) =0.74667, 1.85234, and 2.46039, and
A. (n)=0.0, 0.81699, and 1.07427. The matrix
elements M»0'&, M»&"&, M+, M are not calculat-
ed by the theory but can be expressed in terms
of the quark and gluon momentum distributions of
parton theory. ' The subscripts refer to the non-
singlet (NS) and singlet (+, -) terms, respectively.
The quantity Q,

' is a reference value of Q' which
may be chosen somewhat arbitrarily, provided

MNst'n'(n, Q,') =-', (*(u+ c)„v(d+ c)„-(s—c)„)

! that it is large compared with A'. The analysis
in this paper was carried out for four flavors.
We obtained similar results with three flavors
but found a somewhat larger value of A.

The quark and gluon moments are defined for
Q'=Q, '. For up quarks,

(u)„= f x" 'u(x, Q,')dx, (3)

(4)

where u(x, Q,') =K„(x,Q,')+N"x, Q,'), and simi-
larly for the d, s, and c quarks; for gluons,
G(x, Q,') =Ra(x, Q,'). Here, 1V, is the number of
quarks, antiquarks, or gluons per unit momentum
interval, in units of the nucleon momentum.

Following Nachtmann' we use the convenient
combinations (u+c), (d+c), and (s —c). In
terms of these moments, the matrix elements of
Eq. (2) may be written

M, (n, Q,') = [,a„'((u+ c)„+(d+c)„+(s—c)„)—(G)„]/(a„'-a„').

The constants a„' are given by the theory. For the four-flavor model, they have the values' a, +

a, ='-,', a, '= —20.761608, a4 =0.416153, g, = —39.518542, and a, =0.174905.
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For values of Q2 accessible at present, the Nachtmann' moments,

M(n, q') = f, (" '[1-(M'/q') g'](1+Q'/F)(1+ 3q„y;(g, Q')dg, (6)

where q„= [(n+ 1)Mvg —(n+ 2)Q']/[(n+ 2)(n+ 3)(v'
+q')], (= [(v'+Q')~' —v]/M, and &

= [-,'+( —,
'

+M'/Q')v' ', should be used in Eq. (2), since
the moments defined in Eq. (1) are correct only
in the large-Q' limit.

We evaluated M(n, Q') by simple numerical inte-
gration. In a selected band of Q', the data were
ordered in increasing $. At each point, the inte-
grand of Eq. (6) was multiplied by the half-inter-
val in g between nearest neighbors. The integral
was obtained by summing these products. The
contribution from zero to the point with smallest
$ was estimated by assuming zero derivative for
E, at /=0. The measurements extended to values
of ( close enough to g „ to make negligible the
correction in this region. This method gives
greater weight to the more numerous electron da-
ta. The muon data receive emphasis at values of
x and Q' not accessible to the electron experi-
ments. Some of the uncertainties in normaliza-
tion were taken into account by adding a, 2.5% sys-
tematic error in quadrature with the experimen-
tal statistical error. To avoid ambiguities in both
theory and experiment, at least to some extent,
we limited our use of the data to Q' ~ 3.0 GeV'.

A major uncertainty arises from a lack of
knowledge of R=oi/ar, needed in deducing the
value of I', from the measured cross section.
Present experiments' give 8=0.25+0.10, with no
dependence on either x or Q'. Accordingly, the
moments were evaluated with the central and ex-
treme values for A.

The contribution of the elastic peak was included
in the moments and calculated using the simple
scaling law and the empirical dipole formula for
elastic scattering. " The moments for deuterium
were evaluated as the simple sum of proton and
neutron contributions, i.e., the impulse approxi-
mation. To compensate for the effect of the Fer-
mi motion, "we reduced the elastic form factor
of the neutron to 42~jp of its normal value. This
reduces the n=6 moment for Q'=3. 25 GeV' by
6%,. less for larger Q' and for smaller n.

Fitting was done by least squares with use of
an improved version of the program MINUIT, writ-
ten by F. James at CERN. There were twelve pa-
rameters, the coupling-strength parameter A,
and the four quark and gluon moments for n= 2,
4, and 6, except that the moment (G), was not
varied independently but was taken from the ener-
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FIG. 1. Least-squares fit to the Nachtmann moments
of the nucleon structure function E2 for hydrogen and
deuterium. The fit is for R = 0.25, Qo ——30.0 GeV~ and
has A= 600 MeV.

! gy-momentum sum rule as given by (G), =1 —(u
+ c), —(d+ c), —(s —c),. In the fitting, only those
solutions were retained that satisfied the positivi-
ty constraints": (u+ c),) (u+ c),) (u+ c), ) 0
and (u+ c),(u+ c), —((u+ c),)') 0, and similarly
for (d+ c), (s - c), and (G). The fit to the ex-
perimental moments, n=2, 4, and 6 obtained for
R=0.25 and Q,'=30.0 GeV' is shown in Fig. 1.
The g' of the fit is 20.4 for 49 data points and
twelve free parameters. Although the points are
not independent, being different moments of the
same data set, the fit for each separate moment
is good. Thus, the data can be fitted by the theo-
ry to within 2. 5/0 rms, well within the estimates
of error that have been given.

By carrying out the fit for various values of Q,',
we obtained the Q' behavior of the various quark
and gluon moments shown in Fig. 2. The moments
(s —c), and (G), were not well determined A.
multiplicity of solutions could be found differing
mainly in their (s —c), and (G), content. The so-
lutions shown in Fig. 2 were selected to give these
a smooth behavior. Solutions were also found for
8=0.14 and 0.35. These are indicated in Fig. 2
wherever they differ appreciably from the A=0. 25
curve. For the coupling-strength parameter A,
we found the values 600 MeV for 8 = 0.25, 680 MeV
for 8=0.14, and 520 MeV for 8=0.35. The g'
was 16.8 and 25.7 for 8=0.14 and 0.35, respective-
ly. The value of A might turn out to be different
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FIG. 2. The quark and gluon moments at R = 0.25
which give the best fit to the data. Results for 8 = 0.14
and R = 0.35 are indicated where these differ apprecia-
bly from the 8 = 0.25 curve.

if there were a significant Q' dependence of A.
Further uncertainties in the determination of A,
estimated to be about 10k, arise from systematic
errors in the measurements, in the manner of ex-
tracting the moments, and in correcting for the
elastic peak and the effect of the Fermi motion.

The second moments (Fig. 2), which remain sub-
stantially constant, show that the gluons carry
about 46~/c of the total energy momentum, while

up and down quarks (c is presumably small) carry
about 31%and 14/~, respectively. The moment
(s —c), accounts for from 5-12%, depending on
what 8 is. The striking decrease in (G), (and
(G),) with increasing Q' indicates that the aver-
age momentum carried by the gluons decreases
with Q'. Since the total momentum carried by the
gluons remains fairly constant, it is their num-
ber seen in the scattering at high Q' that increas-
es. The same effect, though less marked, occurs
for the up and the down quarks. This is just the
behavior described by Kogut and Susskind" as a
consequence of asymptotic freedom. Our results
make these features quantitative.
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