VoLuME 4, NUMBER 12

PHYSICAL REVIEW LETTERS

JuNE 15, 1960

a consequence of (a) and the AI=3 rule, the de-
cay rates for the reactions (1), (2), and (3) are
approximately equal. (c) The £~ will undergo
leptonic decay and the =% will not undergo lep-
tonic decay (with nucleon emission) if one as-
sumes that the weak interactions go only by way
of four-fermion couplings. The theory predicts
that the sign of the asymmetry parameter for
the decay mode (2) is the same as that of the
asymmetry parameter in A decay, and that the
two asymmetry parameters are comparable in
magnitude. For odd relative T - A parity, the
present approximate treatment indicates that
the decay mode (1) involves a pure S state and
the decay mode (3) a pure P state; a measure-
ment of the recoil neutron polarizations could
check these consequences of the theory. The
asymmetry parameter for the decay mode (3)
may be nonzero if the three decay rates are not
precisely equal.

If the © is a bound P,, state of A® and a pion,
then the only difference would be that the =%~
7* +n decay would be all in P state rather than S
state,
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According to the conserved vector current
hypothesis of Feynman and Gell-Mann® for the
weak interactions, the vector coupling constant
GV should be the same for p decay and nuclear
B decay. However, the values of Gy determined
from the experimental muon lifetime and the
decay rate in the 0% - 0" transition O'(3*+)N**
differ by a few percent after inclusion of the radi-
ative corrections discussed by a number of au-
thors.? Kinoshita and Sirlin predict a muon life-
time of 7, =(2.31+0.05)x107° sec on the basis
of an O half-life of 72.5+ 0.5 sec,® and a 8% end-
point kinetic energy of 1810+ 8 kev.* With a
recent revised end-point energy of 1800+ 6.5 kev,®
the predicted lifetime becomes 7,, =(2.26 + 0.05)
%107 sec.® These numbers are #a be compared
with the observed lifetime 7, =(2.21+0.005) x10~®
sec.” While the discrepancy may not be serious,
it should be noted that the calculated radiative
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corrections are subject to certain ambiguities:
the perturbation theory approach used in the
calculations of reference 2 yields finite results
in the muon case,® but the calculated corrections
for nuclear 8 decay are ultraviolet divergent.
The cutoff-dependent term in the correction to
the decay rate, AT /T, =(3a/27) 1n(A2/mpme),
was evaluated by choosing a cutoff A equal to

the proton mass mp, in the expectation that the
proper inclusion of nuclear electromagnetic form
factors would introduce a natural cutoff of the
virtual photon contributions near this value. The
resulting expression AT /T, =(3a/2r) In(mp/me)
=0.026 represents the dominant part of the quoted
radiative correction. This rather unsatisfactory
situation makes it desirable to re-examine the
problem from a somewhat different point of view.
In the present paper, we wish to discuss the re-
sults of a calculation based on the techniques of
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dispersion theory.
The S-matrix element for the process p-se
+v+V may be written

(evv|SIu)
=i(27)*0(u -e - v - D)(16eylovoP,) “V2F (evD; 1),
(1)

where u,e, v,V denote the four-momenta of the
particles. From invariance under proper Lorentz

transformations, it follows that F has the general
structure

F=@@)y 1 +75)v(ﬁ))ﬁ(e){7a[a(1 +75)

+b(1 -75)] -i(k+e) fe(L+y ) +d(l -75)]}u(u),

)

provided the usual two-component neutrino theory
is assumed. For convenience, the free particle
spinors are normalized according to

w(p)y Ju(p) =2ip - 3)

To lowest order in the weak interaction, the
form factors, a, b, ¢, and d are functions of the
single invariant parameter

s=-(u-e)?=-(v+7)% (4)

In accordance with the conventional theory,
we require that, in the absence of electromag-
netic interactions, b=c=d =0, and ¢ =constant.
The assumption of microscopic causality leads,
by the usual heuristic methods, to the conclu-
sion that these functions are analytic in the com-
plex s plane, except for singularities on the real
axis. In the resulting dispersion relations for
these functions, the absorptive parts may be
determined from unitarity as a sum over all
intermediate states in the scattering process,
V+U = U +e.

In contrast to the analogous problem in meson
theory, all intermediate states of the form
u’+e’+ny produce singularities extending down
to the threshold at s=(m,, +m,)?, and none can
be neglected on the basis of its remoteness
from the region of physical interest. However,
the fine structure constant a appears to higher
than first power in the contribution from all
states save those of the form u’+g’ [Fig. 1(a)].
When only these states are retained in the ab-
sorptive part, the dispersion relations become
a set of integral equations for the invariant func-
tions, accurate to order a. The amplitude for
u -2 scattering appearing in these equations is

s v 8 g 7 e K ~y

(a) (b) {¢c)

FIG. 1. The lowest order dispersion diagrams
encountered in the calculation of the absorptive part
of the decay amplitude for (a) the muon, and (b), (c)
the 07— 0" decay O — N1¢*,

therefore evaluated in Born approximation, and
the equations solved by a single iteration, taking
for zeroth order the values: a=const, b=c=d=0.
If unsubtracted dispersion relations are assumed
for b, ¢, and d, convergent integrals are obtained
for these functions. However, the imaginary

part of a contains a term

4p%  dg®

(s —mez -muz)(llpzs)'l’z.[ Pl (5)

where 4p®s =|s - (mpL +mg)?][s ~ (m'u -mg)?], and
A is the usual fictitious photon mass introduced
to circumvent the infrared prcoblem. For large
s, this term behaves as 1n(s/A%). Consequently,
a dispersion integral with a single denominator
would not converge, and it is necessary to use
a dispersion relation for a(s) with one subtrac-
tion,

_ s-8, 7 ds’ Ima(s’)
als)zalso N+ = f(m G CEENE

(6)

in which there appears a phenomenological con-
stant a(sg, A).

The dependence of the decay rate on terms
which diverge in the limit A - 0 must be removed
when contributions from the bremsstrahlung
process U —~e +v+7v+y are introduced.® With
an arbitrary choice of subtraction point s,, this
would require that the constant a(s,, 1) itself
contain an infrared divergence. However, ex-
plicit cancellation is found to occur if and only
if the choice sy =(m -mgy)? is made. This cir-
cumstance makes it highly attractive to define
the renormalized coupling constant for u decay
ale

Qu =\/?a((mM —me)z). (M

Using this definition, we obtain for the electron
spectrum results (DLM) differing from those of
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perturbation theory (KS)? only by the term

dN dN 5a 411 m“)(dN)
— -{— =—|—-In—\—],
(dx)DLM (dx)KS 47 (5 me dx 0 -

where (dN /dx), denotes the statistical spectrum.
The resulting electron decay rate is decreased
by 1.32% from its value in the absence of elec-
tromagnetic corrections. However, to order a,
the Michel parameter is unchanged from the
result of the perturbation theory calculations,?
Pett ™ 0.708.

Similar techniques may be applied to the decay
of the neutron and to the 0 - 0% transitions
O (BHNM™*, A1?°*(3+)Mg?®, and C13*(8%)S3*. For
0% - 07 transitions, the S-matrix element in
covariant form has the structure

(evp,ISIp,)
=i(2m)*0( P, - P, - € - V)(168,0eD; ob50) ™2

X F(evp,; by), (9)
where p, , denote the nuclear 4-momenta, and

F=i[A(s)(p, +p,) , +B(s)(p; -P,) ]

a

X(ﬁ(V)yav(é)), (10)

In addition to the indicated dependence on the in-
variant parameter s=-(p,+&)?, the functions

A and B depend on the momentum transfer @*
=(p, -p,)°. This dependence may be adequately
accounted for, however, by the usual multipole
expansion of the nuclear matrix elements.!! We
therefore utilize dispersion relations for A and
B as functions of s, holding @® fixed at the static
nuclear value, -(M, - M,)?=-(AE)?. In tae ab-
sence of electromagnetic interactions, we re-
quire B(s) =0 and A(s) =const XM, where M is
the usual nuclear matrix element for the allowed
Fermi transition. The contributions which we
included in the iterative procedure are repre-
sented, for the case of O', by the dispersion
graphs shown in Figs. 1(b) and 1(c). In the amp-
litude for scattering of the 8 ray by the nucleus,
nuclear electromagnetic form factors may be
introduced. The dominant term in the absorptive
part appears as a contribution to ImA(s), and

is again of the type given by (5), with appropriate
change of the masses, and with an electromag-
netic form factor F(¢®) appearing under the in-
tegral sign. For large s, this quantity now ap-
proaches a constant value, instead of diverging
logarithmically, but a single subtraction is still
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necessary in the dispersion relation for A(s).!?
Explicit cancellation of the infrared-divergent
parts now requires that the subtraction point s,
be chosen to correspond (in the nucleon rest
frame, and in the static limit) to the (unphysical)
positron energy

EOzZme[n(22+1)]'1, (11)
where Z is the atomic number of the final nucleus.
In analogy with the muon case, we treat the value
of A at this point as a phenomenological constant,
and define the renormalized coupling constant
Gy for the 0"~ 0" transitions by

Alsg)=(G, /DM (12)

The radiative corrections®? to the spectrum of
O calculated by this means are shown in Fig. 2.
In addition to electromagnetic (radiative) effects,
we have considered various other corrections to
the decay rates which might be expected to be of

the same order of magnitude. These corrections
are summarized in Table I. Final numerical

results for the effective ft values for the transi-
tions considered are also presented in Table I.
Apart from numerical factors, the constant G
is in each case defined to be the value of the
subtraction constant appearing in the dispersion
relations, with the choice of subtracticn point
dictated by the requirement of cancellation of

(a/7) s(x) X10° —>
| 1
= o
o (&)

|
o

-2.0

X —>

FIG. 2. The radiative electromagnetic correction
(see reference 13) to the positron spectrum in the
decay of O!%, The radiative contribution to the spec-
trum is (@N/dx) poq = (@/7)s(x)(dNy/dx), where dNy/dx
is the statistical spectrum, not including the Fermi
factor.
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Table I. Corrections and ff values for nuclear beta decays.

n 014 AIZB* 0134
Corrections(%)
Electromagnetic (x'adiative)a -0.56 -1.03 -1.25 -1.62
Nuclear electromagnetic form factors -0.01 +0.106 +0.328 +0.639
Competition from K capture e 0.090 0.978 0.068
Electron screening cee 0.093 0.113 0.127
“Second forbidden” nuclear matrix
elements see -0.024 ~0.068 ~0.124
Coulomb corrections to the nuclear
matrix element® e -0.35 +0.40 £0.2 1.0%0.2
Total correctionsd ~0.57 -1.12 ~0.40£0.2 +0.09%0.2
End-point energy (total), kev® 1293 +1 2311 £6.5 3713 +10 5011 +£30
fZ, Epy)f 1.688 41.82 467.7 2036
fefilZ, Egy), including all corrections 1.678 41.34 465.8 2038
Half-life, sec® 702 £18 72.5 0.5 6.60+0,06 1.53=0.02
fettZ, Em)t, sec 1178 2998 £50 3074 +53 3118 £110
Gy, 107 erg cm® 1.35 0, 048 1.43 £0.01 1.41+£0.01 1.40+0.01

2See reference 13.
See reference 9.

®Taken from W. M. MacDonald, Phys. Rev. 110, 1420 (1958), for O'f and C1*, and estimated for A1%* on the
basis of those values. The calculation for C13 was incomplete, but the omitted terms are expected to decrease
slightly the magnitude of the 1.2% correction quoted. We therefore assume a correction of (1.0 = 0.2) %.
The greatest theoretical uncertainties are probably in the Coulomb corrections to the nuclear matrix elements

for A1%* and C1% (see preceding remarks).

©The end-point energies and half-lives are those summarized by O. C. Kistner and B. M. Rustad, Phys. Rev.
114, 1329 (1959), with the exception of the O end point (see references 5 and 6).
Calculated by numerical integration using Tables for the Analysis of Beta Spectra, National Bureau of Stand-

ards Applied Mathematics Series, No. 13 (U. S. Government Printing Office, 1952).
8Calculated using (GA/GV)"= 1.56 £ 0.14, as determined from the value of the neutron spin-electron momentum
correlation coefficient, A =-0.11+0.02 [M. T. Burgy, V. E. Krohn, T. B. Novey, G. R. Ringo, and V. L.

Telegdi, Phys. Rev. Letters 1, 324 (1958)].

the infrared-divergent parts, as previously in-
dicated.

In interpreting these results, one should note
that the present approach necessitates the
abandonment of the usual formulation of univer-
sality, based on the equality of bare coupling
constants in a Lagrangian theory. In this sense,
there is no compelling reason for believing in
the equality of the renormalized constants Gy
and G, as we have defined them. On the other
hand, the necessity of avoiding infrared diver-
gences evidently permits only one natural defini-
tion of the renormalized coupling constant, that
which we have used. It is therefore of interest
to inquire into the consequences of assuming
that Gy = GH. Using the value of Gy, derived
from the O'* data,® ® this assumption leads in
fact to a value for the muon lifetime,

‘ru =(2.23 +0.05) x107° sec, (13)

in excellent agreement with experiment.” Further
discussion of these results, and details of the
techniques employed in the calculations, will be
presented in a paper now being prepared.

We wish to acknowledge numerous valuable con-
versations with R. Blankenbecler, R. Behrends,
A. Sirlin, and G. C. Wick. We also wish to thank
I. Cole for computational aid.

%
Work performed under the auspices of the U, S.
Atomic Energy Commission.

!R. P. Feynman and M. Gell-Mann, Phys. Rev. 109,
193 (1958); M. Gell-Mann, Phys. Rev. 111, 362 (1958).
2T, Kinoshita and A. Sirlin, Phys. Rev. 113, 1652

(1959); S. M. Berman, Phys. Rev. 112, 267 (1958);

R. E. Behrends, R. J. Finkelstein, and A. Sirlin,
Phys. Rev. 101, 866 (1956).

3J. B. Gerhart, Phys. Rev. 95, 288 (1954), £=172.1
+0.4 sec. R. Sherr, J. B. Gerhart, H. Horie, and
W. F. Hornyak, Phys. Rev. 100, 945 (1955),
(0:t 60 + 0.10)% branching ratio to the ground state of
N4,

623



VoLuME 4, NUMBER 12

PHYSICAL REVIEW LETTERS

JunNE 15, 1960

‘D, A. Bromley, E. Almgqvist, H. E. Gove, A, E.
Litherland, E. B, Paul, and A, J. Ferguson, Phys.
Rev. 105, 957 (1957).

5R. O. Bondelid, J. W. Butler, C. A, Kennedy, and
A, del Callar (to be published) (private communication
from R. O. Bondelid).

%1t is of considerable importance that the discrepancy
between the C1%(He?, 7)0!* threshold measurements of
references 4 and 5 be resolved. In the present paper,
we will use the O'4(3*)N!** end-point kinetic energy of
1800 + 6.5 kev calculated from the threshold value of
reference 5.

'J. Fischer, B. Leontic, A. Lundby, R. Meunier,
and J. P. Stroot, Phys. Rev. Letters 3, 349 (1959),
T,=2.20+0.015 usec. R. A. Reiter, T. A, Romanski,
and R. B. Sutton, post-deadline paper, Washington
APS Meeting, 1960, u =2.211+0.003 usec. V, L.
Telegdi, R. A, Swanson, R. A. Lundby, and D. D.
Yovanovitch (private communication from Dr. Yovano-
viteh), M =2.208 + 0,004 usec.

8We are indebted to Professor R. H. Dalitz for
pointing out to us that the results of the perturbation
theory calculations for the muon are ambiguous to the
extent that one is at liberty to regularize in different
ways the muon and electron self-energy graphs and the
vertex graphs, thereby adding finite constant terms to

the decay amplitude. The choice of reference 2 cor-
responds to regularizing only the photon propagators.

9To lowest order in o, a consistent treatment of the
decay accompanied by inner bremsstrahlung yields
results identical with those of perturbation theory,
with the usual weak-coupling constant G replaced by
v2a(sy, ).

19The factor V2 is introduced to conform to the no-
tation for G of reference 1.

!'M, Morita, Phys. Rev. 113, 1584 (1959).

12The failure to obtain a finite result for A(s) when
the electromagnetic form factor is included in the
calculation of ImA(S) contradicts previous conjectures
(see the first two papers of reference 2). We remark,
however, that the form factor is necessary and suffi-
cient to secure convergence in the integral for B(s)
and in the contributions to the neutron decay amplitude
involving interactions of the electron with the anomalous
magnetic moments of the nucleons. These form-factor-
dependent terms do not contribute significantly to the
corresponding decay rates.

13A term in the total electromagnetic correction of
the form -Zan /v, is identified in the usual manner
with the term of order Za in the expansion of the Fermi
factor for the positron decay, and is omitted from the
corrections designated as radiative.

SOME APPLICATIONS OF THE GENERALIZED UNITARITY RELATION

R. E. Cutkosky*
Carnegie Institute of Technology, Pittsburgh, Pennsylvania
(Received May 27, 1960)

Recent studies of the analytic continuations of
perturbation theory amplitudes have led to a
greatly increased understanding of their proper-
ties.!”!° Landau® showed the existence of a class
of singularities which are a generalization of the
ordinary thresholds for the onset of new physical
processes. He derived two conditions for deter-
mining the location of these singularities: (1)
Each of the intermediate particles (which cor-
respond to lines joining otherwise disjunct sub-
graphs of the original Feynman graph) is on the
mass shell. (2) The four-momenta of these in-
termediate particles satisfy a geometrical rela-
tion which generalizes the requirement, for the
ordinary thresholds, that the intermediate par-
ticles all be at rest in the center-of-mass frame.

Applications of dispersion relations have all
made use of the fact that the discontinuity across
a branch cut starting from an ordinary physical
threshold is obtained from the unitarity condi-
tion. It has been shown, for all finite order
graphs, that a generalized unitarity relation
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gives the discontinuity across a branch cut which
starts from any Landau singularity.!' In this note
we point out, by means of some simple examples,
that this generalized unitarity relation greatly
augments the power of analytic continuation
methods.

The rule for calculating the discontinuity of a
graph is that in the integral over the virtual
four-momenta, for each line of the “reduced
graph” which determines the singularity the fac-
tor (M2 - 4% "! is replaced by 27i6(q% - M2). In
other words, the subgraphs which comprise the
vertices of the reduced graph are considered
only for the case that the lines leading into them
represent free particles. The products of the
factors 6(¢® - M?) and d*k for the reduced graph
are analogous to phase space volume elements.

Certain reduced graphs lead to poles rather
than branch points; in these cases the residue is
obtained by considering the lines to be on the
mass shell. The poles discussed by Chew and
Low'? are simple examples.



