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The possible p-wave resonance in pion-pion
scattering has been a subject of much discussion
lately.'™® The work of Chew and Mandelstam
based on the double dispersion representation®
for the transition amplitude suggests that there
is more than one solution to the set of integral
equations for the pion-pion partial wave scatter-
ing amplitudes.®>* In the present note, we wish
to point out the possible source of such a multi-
plicity of solutions from the viewpoint of conven-
tional Lagrangian field theory, and to examine
the significance of the fact that the p-wave phase
shift remains small throughout the physically
acceptable range of the pion-pion coupling con-
stant in the “s-wave dominant solution” of the
Chew-Mandelstam equations,®»* although a solu-
tion containing a p-wave resonance may be ob-
tainable from a nonadiabatic approach, the start-
ing point of which we suggest here.

It is crucial for the following discussion to
realize that the form of the double dispersion
representation® is uniquely determined by the
masses of the participating particles and the se-
lection rules, aside from the subtle question of
possible subtractions necessary to give the re-
presentation a valid meaning. If one assumes
the existence of a vector boson of isotopic spin
one, which interacts with the isotopic vector
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part of the pion current in the Lagrangian,® and
insists that the renormalized mass (which we
will define later) of the postulated particle be
larger than twice the pion mass, then the par-
ticle will become unstable and one has not changed
the selection rules of the theory from those of the
conventional pseudoscalar meson theory. Such a
theory, on the other hand, will necessarily pre-
dict a p-wave resonance in pion-pion scattering.
The situation here is similar to the well-known
Castillejo-Dalitz-Dyson ambiguity’ in the static
meson theory: the double dispersion relation
does not imply one particular Lagrangian, but a
class of Lagr/angians which are selection-rule
equivalent.®
It follows then that there exists a solution to
the Chew-Mandelstam equations corresponding
to a Lagrangian theory in which there exists, in
addition to the usual couplings, a coupling term
of the form
Lo=mf% e (6 ¢7-0 o'hB F, )
int V2 G R m w’
where B #k is the field operator for the vector
boson of isotopic spin one, % being the isotopic
spin index, and ¢ is the pion field operator.
The p-wave resonance in pion-pion scattering
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is then due to the resonant structure of the vec-
tor boson propagator, the relevant part of which
is

") =-D() g™ @)

(the terms proportional to 242V do not contribute
to pion-pion scattering in the present approxima-
tion), where

D(e?) =% -m?- T(R?)] ™, (3)

where m >2pu is the renormalized vector boson
mass, and Z(k2) is the vector boson self-energy
operator; in the “resonance approximation,” in
which we consider only the sum of the iterated
bubble diagrams (see Fig. 1), Z(k?) is given
simply by

Z(kz)

MY
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The imaginary part of = (k%) can be calculated
directly; it is given by

“)

R T

Im Z(s +i€) = 487

0(s -4u?), 6))
The real part can be calculated, for example by
noting that =(s) satisfies the dispersion relation,

2(s) == m?3) + (s-m?) T’ (m?)

lim ©-m?) [ImZ(s’)
n-m?: 7 s’-m2-ie

x{ 11 }ds (©)
s’-s-ie s'-n-i€

where we have made two subractions at s =m?,
reflecting the fact that the integral in Eq. (4) is
quadratically divergent. Note that while Z (m?),
> *(m?) are now complex, their imaginary parts
explicitly appearing on the right-hand side of (6)
are cancelled by the contributions from the ie’s
in the denominators (s’-m?2-ie) ™! and (s’-n-i€)~*;
the real parts of these constants are absorbed
in the definition of the renormalized mass and
coupling constant. Carrying out the indicated
integrations then leads to an expression for the
renormalized self-energy operator:

Z(s)=J(s) -T(m?) +iImZ(s), (7)

where
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FIG. 1. Diagrams included in resonance approxima-
tion to boson propagator.

and the constant £ is given by
m2-4p2

mz

N (m2+2u2> (m?-4 u2)v? ln[m+(m2—4u2)"2]

m m m-(m2-4u2)V2|"

E=

(9)

The I=1, J=1 pion-pion scattering phase shift
0 is then given in this approximation by

1/2 -
(%—1—) e26 sind
1

= VYK(VT)—vK(u)-ir[vs/(v+1>]"=’

(10)

where v=(s-4u?)/4p?, v, =(m*-4u?)/4p?, L=/
487, and

(1) V24 2
KG)=1- 5{(—”—)"21n(u+1)ﬁ 7 - ‘5}'
T \v+1

We note that this expression for the scattering
amplitude has a pole for v= -y, on the negative
real axis; indeed, Eq. (10) was first written
down, in a slightly altered form,® by Frazer and
Fulco,! who derived it from the partial wave dis-
persion relations® with the left-hand branch cut
replaced by a phenomenological pole. From the
present point of view, this pole merely repre-
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sents the failure of the resonance approximation
for large |s|; in the resonance region, the effect
of the pole is negligible if v, is sufficiently large
and I is not too large. The distinction between
the two viewpoints may be seen by noting that if
the pole is interpreted as a phenomenological
representation of the left-hand branch cut, then
v,~m?, where m is some average mass of the
intermediate states which contribute to the left-
hand branch cut. Since y,~100 - 1000 for values
of the width I which fit the data on nucleon elec-
tromagnetic structure,? one is led to suspect that
virtual baryon-antibaryon pairs play a prominent
role in producing the p-wave resonance,' un-
less an unstable vector boson such as Sakurai
and others have suggested® is present in the ori-
ginal field-theoretical Lagrangian.

If Eq. (10), with the pole removed, is inserted
into the iterative procedure of Chew et al.,* then
the resonance should persist, and, in addition,
nonresonant terms will appear in other angular
momentum states; in particular, one should be
able to calculate the s-wave scattering lengths
in terms of the resonance parameters. It also
seems clear that a purely dispersion theoretic
approach will require at least two parameters
to obtain a p-wave resonance, since the one-
parameter theory of Chew et al., which corre-
sponds to a x¢* pion-pion interaction,'! seems
incapable of producing a resonance. Whether
these two parameters are to be related to the
pion-pion and pion-nucleon coupling constants,

or to the mass and coupling constant of the con-
jectured vector boson, cannot be decided on the
basis of present knowledge.

*Supported in part by the U. S. Atomic Energy Com-
mission.
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Although the good agreement between theory
and experiment for the Lamb shift is one of the
notable successes of quantum electrodynamics,
the most recent tabulations® still have shown
small but significant discrepancies for H, D,
and He™ which have made a further increase in
the accuracy of the theoretical value desirable.
Since the listed discrepancy for He' is roughly
60 times that of H or D, it was natural to try to
reduce this disagreement by calculating the
second order radiative correction of order
a(aZ)®, which is the next order in(aZ), the
Coulomb interaction parameter, beyond the pre-
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viously calculated?®® order of a(aZ)°.

A closer mathematical analysis*® shows that
there exist the leading orders of a(aZ)®In®(aZ)
and a(aZ)%In(aZ). We have completed the cal-
culation of these two orders. The analytic result
is

AE(2S -2P,,)

=-Lw[$ In®w +1nw(4 In2 +1 +7/48)], (1)

where AE(2S -2P,,) is the difference of the shifts
of the 2§ and 2P, , levels due to the two new orders,
w=(aZ)?, and L is Z* times the “Lamb constant”:
L=2Z%x*/(3n) ry=2%(135.6) Mc/sec. The aw’ln*w



