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lying charge transfer band (not shown in the fig-
ure). Consequently, we conclude that we were
obser ving transitions between two excited optical
states. The fact that the abruptly increased
3600A absorption also decayed with a 5-msec
time constant is consistent with and strengthens
the above conclusion.
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Rosenberg, Spruch, and O' Malley' (RSO) have
recently calculated rigorous Upper bounds,

a & 6.23 and ate& 1.92, for the singlet and triplet
scattering lengths in the scattering of electrons
from atomic hydrogen, ' under the assumption
that the H ion has only one bound state, with
singlet spin. The fact that these upper bounds
are 15% below the results of most of the elabo-
rate calculations thus far performed' indicates
that we are far from an adequate quantitative
theory of this three-body proble.

Those calculations which yield scattering
lengths close to these upper bounds make use
of the adiabatic hypothesis, according to which
the distortion of the atom follows the instantan-
eous position of the scattered electrons. '~' Ob-
jections to the validity of the adiabatic hypothesis
have recently been raised. ' %e shall'outline in
this note a rigorous (and hence nonadiabatic)
series for the phase shift. The proposed series
serves two purposes: First, because it is rapid-
ly convergent it provides a method for calcula-
ting phase shifts reliably. This is so because
methods can be given for accurately approxima-

ting the higher order terms. Second, the suc-
cessive terms of the projected series can be
put in a one-to-one correspondence with an adi-
abatic series which has been derived for dealing
with this problem. '~' It can be demonstrated
that the main contribution to the nonadiabatic
terms comes from the functions which enter the
adiabatic development. This provides a justifi-
cation for the qualitative validity of the adiabatic
theory and an explanation of the fact that the
adiabatic calculations give scattering lengths in
better accord with the RSO upper bounds.

The method is an extension of a method used
originally by Breit and more recently by Luke,
Meyerott, and Clendenin' for calculating the
energy of some excited states of 2-electron atoms
and ions. One makes a decomposition of the zero
angular momentum wave function 4 (r,r,8»),

Q (2l+1)"'C (r r )P (cose ),
12 l=o

and reduces the Schrodinger equation to the in-
finite set of coupled equations (for r, &r, )
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The asymptotic form of 4' for large r, in the
scattering problem is such that all the 4 ) for
l&0 vanish. For 40 we have

lim 4 (r r ) =sin(kr +5)R (r ).
OO

1 1s 2

5 is the required phase shift, and R,s(r, ) is r,
time the radial ground-state wave function of the
hydrogen atom.

Now consider the equation obtained by neg-
lecting the right-hand side of the l = 0 equation:

,+,+—- 1+k'
l

C,"'(r,r, ) = 0, r, - r, . (4)
f B' B' 2 ) ()
(Br~ Br2 r2

l &0. (6)

This satisfies (2) when one neglects all terms
proportional to r, where n ~ 1+2. It also
indicates that 4~, for small r„vanishes as an
inverse power of r„as opposed to its exponen-
tially decreasing behavior for r, and r, both
large. [The right-hand side of (6) is essentially
the Eth term of an adiabatic series which was pro-
posed in references 3 and 4 for dealing with this
problem. ] In the region where r, and r, are both
small, 4& is itself small by virtue of the centri-
fugal potential term in (2). The diminishing of
the terms in (5) as a function of / can be explicit-
ly shown by using (3) and (6) for 4,"' and C I.

The physical meaning of (4) corresponds to
electron 1 coming in from infinity and seeing no
force at all until it is actually inside electron 2,
at which point it sees the complete nuclear

%e seek a solution of this equation in which

4, 'o' has the same asymptotic form as (3), but
with a phase shift 50 in general different from 5.
The main formula of this approach, which may
readily be derived from (2) and (4), relates 5

and 50:

csin(0 —0,)
OO +QO yr r2

l
= -+2(2l+1) "'ll dr, li 'dr, C, '' ' 4 . (5)

l=1 E+1
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The demonstration that the successive terms
on the right hand-side of (5) become rapidly
small depends on showing that the major contri-
bution of each term comes from the region
r, «r, . That this is so follows from the asymp-
totic form of 4

~
in that region,

-2sin(kr, + 5) r,
l

r, -r,
l+2 l+Ii

I /2 I+1. (I + 1 I
1

Table I. Approximate 6p (in radians) based on two
terms in the expansion of Cp' '.

0.05 0. 1 0.3 0.5 0.75

6p (singlet) 2.76 2.41 1.48 0.92 0.41

0& (triplet) 3.03 2. 93 2.49 2. 09 1.71

charge. Or to put it another way, when electron
1 gets inside electron 2, the latter becomes the
scattered particle. Equation (4) is only valid
for r, +r2 and the symmetry of 40'" is taken
into account by demanding that 40'" or its nor-
mal derivative (corresponding to triplet or sing-
let scattering) be zero along the line r, =r, T.he
totality of separable solutions of (4) can readily
be written down. In Table I we have given 50

obtained from including two such terms so that
their sum "best" satisfies the boundary condi-
tion along r, = r2.

The scattering lengths obtained from the k =0.05
entries in the table are a~ =7.6 and ag =2.2. These
are above the Spruch-Rosenberg limits, and they
are similar to the results of calculations using
correctly symmetrized wave functions that do
not naturally describe a long-range polarization
of the atom, the exchange approximation for
example. ' Our main point is that the inclusion
of the first term of (5) will bring the scattering
lengths near or within the Spruch-Rosenberg
limits. This has already been indirectly tested
by the method of polarized orbitals' in which the
exchange wave function is modified by a polari-
zation term, which is essentially the asymp-
totic form (6) of C„and which reduces the scat-
tering lengths below the RSO upper bounds.

One is, of course, interested in the phase
shifts as well as the scattering lengths (and not
only in upper bounds for these quantities). The
relevance of the higher terms in (5) is that they
allow one to calculate the phase shifts in a con-
vergent manner. To all these calculations, the
solution 4, '" of (4) is basic. For if that is known

accurately, the contribution of the other terms
can be reasonably approximated from the asymp-
totic form (6) of C &, modified for smaller values
of r, and r, with parameters which can be de-
termined by additional sum rules relating the

C& to C, "&.

Most of this work was performed while the author
was at the National Bureau of Standards.
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In a recent communication, Day, Snow, and
Sucher predicted that K mesons when stopped in
liquid hydrogen or deuterium would be captured
from high-lying S atomic orbitals of the K -P or
K -d system. ' They found that the Stark-effect
mixing of angular-momentum states induced by
the strong electric fields experienced by the neu-
tral K -P or X -d system as it passed within the
Bohr orbitals of other atoms of the liquid allowed
rapid capture through the S-wave K-nucleon in-
teraction. Their prediction has been used to draw
important conclusions about the properties of
hyyerons' and the nature of the low-energy, S-
wave K-nucleon interaction. ' In addition, esti-
mates indicate that Stark-effect mixing deter-
mines the course of the antiproton annihilation
reaction at rest. ~ Because of the wide applica-
bility of the prediction, an experimental test is
highly desirable. The obvious experiment of look-
ing for K-shell x rays when K mesons are
stopped in liquid H2 or D~ is technically difficult
and probably will not be done in the near future.

It may be noted that several of the K -d cap-
ture reactions are sensitive to the orbital angular
momentum of the K -d system. This is implied
for example in the calculations of Pais and Trei-
man4 and Day and Snow' on the Z n-hyperfrag-
ment production rate. Their work shows that if
the bound Z n system existed and its character-
istics were known, the production rate for
stopped K mesons would yrovide a clear deter-
mination of the orbital from which capture oc-
curs. It is the purpose of this note to point out
that the K -d orbital angular momentum deter-

mines the rates for another class of reactions
that is more accessible experimentally, the non-
mesonic capture reactions in deuterium,

K +d-Z +p,

K +d~ Z +Op

K + d~P+ pg~

(la)

(lb)

where the rate for reaction (1a) is twice that for
(lb) by charge independence. We shall confine
our attention to reaction (1a) since it is easily
recognized in a deuterium-filled bubble chamber
and is known to occur at a rate of -0.7% when
stopped K mesons are captured. ' For K cap-
ture at rest, the center-of-mass momentum of
the Z p system is 511 Mev/c, and production is
inhibited unless the K is absorbed while the two
nucleons are within a distance -0.4 &10 "cm.
The small size of this effective interaction vol-
ume implies that the rate for (la) will be propor-
tional to ~ p S(r=0) t' or to ~Vps~(r=0) I' depend-
ing upon the atomic orbital from which capture
occurs. On the other hand, mesonic absorption
can occur over the entire volume of the deuteron
and will proceed through the S-wave K -nucleon
interaction for capture from either S or P atomic
orbitals. ' Therefore, if capture occurs predom-
inantly from S orbitals as predicted by Day,
Snow, and Sucher, the fraction of nonmesonic ab-
sorptions observed at rest and in flight must be a
continuous and slowly varying function of K mo-
mentum.

Making the explicit assumption that the beha-
vior of the nonmesonic transition amplitude is


