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In an experimental program recently completed
at the 184-inch synchrocyclotron in Berkeley,
data were obtained on elastic s+-P scattering at
a laboratory energy of 310 Mev. Quantities
measured were the differential cross section,
the total cross section, and the polarization of
the recoil protons as a function of center-of-
mass angle. We have analyzed the data in terms
of S, P, and D waves and have obtained only one
acceptable solution. The resultant set of phase
shifts is of the Fermi type. The D-wave phase
shifts are small but definitely needed to obtain
an adequate fit to the data. ' Owing to the rela-
tively high accuracy of the cross-section data
and the inclusion of the results of the polariza-
tion experiment, the errors on the small phase
shifts have been reduced to less than 1'. The
diff erential- cross -section and polarization data
are given in Tables I and II.

We performed the phase shift analysis with the
aid of an IBM 704 electronic computer, using a
search program that obtained a least-squares
fit to the data. ' The computer was able to ac-
cept and vary a set of phase shifts until it had
located a relative minimum for the quantity I,
where

Here X& = the quantity Xz as obtained from ex-(e)

periment, ot' =the experimental error (stand-

Table II. Experimental measurements of the polari-
zation P of the recoil protons. All errors are shown
and are assumed independent. The sign of the polari-
zation is said to be positive when a preponderance of
the recoil protons have their spins pointing in the di-
rection of pf & pf, where this quantity is the cross
product of the initial and final momentum vectors of
the g mesons.

Table I. Experimental differential-cross-section
measurements. Statistical and independent systematic
errors are included. Not shown is an error of +7%
and -5% in the absolute differential-cross-section
scale.

(d g)

113.5
124.0
133.5
145.5

+0. 053 + 0.078
-0.198 + 0.075
-0.189 + 0.063
-0.185+ 0.055

0 (deg)C. m.
(da/dQ) (mb)c,m,

34.5
36.3
43. 9
56.6

59.8
69.1
74. 9
81.2

97.6
107.8
120.9
135.0

144.5
151.9
156.0
165.2

12.80 + 0.35
12.07 + 0.45
10.11 + 0.25
7.62+ 0.25

6.67+ 0.20
4.84+ 0.14
3.78 + 0.12
2.96+ 0.13

1.77+ 0.10
1.71+ 0.07
2.21 + 0.09
3.00+ 0.19

3.81 +0.16
4.12+ 0.33
4.57+.0.18
4.96+ 0.20

ard deviation) on Xt, and Xt = the quantity X.
as calculated by the computer from a given set
of phase shifts. The sum is taken over all the
experimental quantities.

In order to obtain every minimum that might
lie in the neighborhood of the true solution, ran-
dom sets of phase shifts were fed into the com-
puter and the resultant fits examined. From 244
random sets, 27 unique clusters of solutions
were found. The solutions in each cluster
agreed to within a few tenths of a degree in every
phase shift. All the 27 minima were obtained at
least five times (except for a few with very largeI values). Assuming that the relative minima
are randomly spaced and can be entered with
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equal ease, the probability of having missed an
acceptable set is less than 1'//&.

Early in the analysis it became evident that a
good fit to the data could not be obtained by
using S and P waves only. Thus, D waves were
also allowed in the random search while the
phase shifts relating to higher-order orbital
angular- momentum states were assumed neg-
ligible. Coulomb scattering was included in the
analysis by assuming that the nuclear and Cou-
lomb phase shifts could be added to give a total
phase shift. '

Of the 27 solutions found in the random search,
all but five have negligible probabilities of lying
in the vicinity of the true solution. This con-
clusion assumes that the errors on the experi-
mental points are independent and normally dis-
tributed so that the M values of the solutions are
statistically significant. The five possible solu-
tions are presented in Table III. The correspond-
ing curves of the differential cross section and
polarization are given in Figs. 1 and 2. Also
shown is the inadequate fit with only S and P
waves.

Of these five solutions, all but solution a can
be eliminated. Our recent experimental differ-
ential-cross-section data at small angles (not
included in the random search or listed in
Table 1) definitely indicate that the interference
between the Coulomb and nuclear scattering is
constructive. This rules out solutions b and e.
Set c is of the Minami type and is unreasonable
because of its large 5», the low-energy behavior
of its phase shifts, and its disagreement with

Table IV. The errors (standard deviations) in the
phase shifts of solution a. The data in Tables I and II
were used to obtain these errors.

Phase shift

Error (deg)

~s ~st

1.2 0. 8

~ss ~ss

1.7 0.5 0.6

the requirements of the dispersion relations. ~

This leaves only solutions a (Fermi type) and d
(Yang type). When tentative values of the re-
cently obtained cross-section data are included
in the analysis, the Yang set is found to be ap-
proximately 1/10 as probable as the Fermi set.
Furthermore, the Yang-type solution does not
satisfy the dispersion relations. ' We therefore
conclude that a is the only allowed solution.

The errors (standard deviations) associated
with this solution were derived from the error
matrix and are presented in Table IV. The lack
of knowledge of the total inelastic cross section
at this energy results in additional uncertainty
in the phase shifts. Using recent theoretical
and experimental' results concerning pion pro-
duction by pions, we estimate that the total in-
elastic cross section at 310 Mev is less than 1
millibarn. Even this small amount of inelastic
scattering can cause variations in the phase shifts
listed in Table III. However, our calculations
indicate that these changes would probably be
within the limits set by the errors in Table IV.

We can compare our final set of phase shifts
with the results of other experiments and with

Table III. The statistically probable solutions found in the random search. They were obtained by using the
data in Tables I and II. The orbital and total angular momentum states represented by each shift are also given.
The last column refers to the types of solutions that can arise in this kind of analysis.

Solution

(L=0

iJ= i./2

Nuclear phase shifts (de@)
~si 0'ss ~ss

1 1 2

i/2 3/2 3/2

&ss

2 )

5/2)

Type of solution

-17.7
23.2

-6.4

23 ~ 2

24. 0

-3.5 133.2 2.4

-22. 6 -2. 1 134.1

121.9 158.3

8.0 -134.6

8.0

3.1

-119.8 -158.2 -2.2

-5.0

3.0

0.9

-5. 0

-0.4

7.1

11.9
20. 2

25. 0

25. 2

Fermi

Similar to d, except all signs reversed.

Minami

Similar to a except that signs of S- and
P-wave shifts are reversed.
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FIG. 2. Experimental recoil-proton polarization
measurements given in Table II. Solid curves repre-
sent the S -P-& phase-shift fits to the data as deter-.
mined by the solutions in Table IG. To avoid confu-
sion, sets b and e are not shown; they give results
similar to curves a and c, respectively. The best
S -P fit is indicated by the dashed curve.
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FIG. 1. Experimental differential-cross-section
measurements given in Table I. Solid curves repre-
sent the S -P-D phase-shift fits to the data as deter-
mined by the solutions in Table III. Shown in the
figure are the entire curve for solution a and the
small-angle behavior of solution e. Letters in paren-
theses indicate solutions that give curves very similar
to the ones plotted. The Minami (c) and Yang (4) so-
lutions are slightly poorer fits to the data than is the
Fermi (a). The S-P fit is shown only in the region
where it noticeably deviates from the data.

theory. The real part of the forward elastic
scattering amplitude, calculated by using solu-
tion a, agrees with the results of the dispersion
relations when the value of 0.08 is used for the
renormalized, unrationalized, pion-nucleon
coupling constant. ' Our value of +33 is consistent
with other experiments at energies above the
resonance region in that it also falls below the

straight line passing through the low-energy
points on a Chew-Low plot. 9 The small P-wave
phase shift n» is now known quite accurately at
310 Mev. Its sign is negative, in agreement
with the effective-range approach of Chew and
Low' and with other experimental. results. " The
S-wave phase shift z3 has a more negative value
than is indicated by a linear extrapolation of the
low-energy data, but the discrepancy is not so
great as that found when only 8 and P waves are
allowed.

Finally, we compare our experimentally de-
termined D-wave phase shifts with the predic-
tions of Chew, Goldberger, Low, and Nambu"
based on the dispersion relations. They predict
533 0.3' and 5» = -2.5' at our energy. Chew"
estimates that the errors introduced in these
theoretically calculated phase shifts should be
less than 30/p if one assumes that the effects of
the pion-pion interaction are negligible. Thus
the differences between our D-wave phase shifts
and those obtained from theory suggest that the
pion-pion interaction may be significant in
describing pion- nucleon scattering.
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