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It is of interest to compute the implications for
the pion-nucleon scattering amplitude of possible
resonance effects in the two-pion system. ' In
this note we propose a form of the m -N partial-
wave dispersion relations' which is suitable for
this purpose. Our formulas can be easily gen-
eralized for amplitudes involving other particles
with unequal mass.

We write the covariant m -N amplitude in the
form' F =A -iy ,'(k+ k')—B, where An~ =A+On~
+A 2[Tn, T ], etc. and k+p=k'+p', k'=k" =-p',
p2 =p'2= -m2. In the following we discuss ex-
plicitly only the invariant amplitudes A; the
extension to B+ and to center -of -mass quantities
is straightforward. Let us first consider the
A+ as functions of the invariant variables
z = -(k+ p)', p= -(k -k')'. We assume that they
are analytic in both variables except for the
absorptive singularities4 due to the possible in-
termediate states of the three physical reactions
associated with the g -N Green's function. Then
we have the branch lines'

z = s & (m + p, )', z = s & (m + p)',

and g = t & (2 p )',

where z =2m'+2p' -z - g. The single nucleon
poles z =m', Z=m' appear only in the amplitudes

The variables z and p may be expressed in
terms of q' (q = c.m. momentum) and 8 (c.m.

angle) by

z =m'+ p +2q2+2[(q +m2)(q'+ p2)]+2,

f = -2q'(1 - cos8).

(2a)

(2b)

Note that the complex z plane is mapped into a
Riemann surface with two leaves which are
connected through the cut -m ~q'& -p. . We
define sheet I (II) by the requirement that the
root in Eq. (2a) is positive (negative) for real
q'& -p, '. In the z plane, the exterior of the
circle )z ) =m —p. corresponds to sheet I and
the interior to sheet II.

Let us now consider the amplitude A as an
analytic function of q' for -1 &cos8~+1. It is
regular on the Riemann surface mentioned above
except for cuts along the real axes in both sheets.
In particular, the partial-wave amplitudes,

~+1
A (q') =-', dcos8P (cos8)A(q', cos8),~-1

have the following cuts: (mN) from 0 to +~ in I,
due to s & (m + p)'; (FN) from 0 to +~ in I and
from -~ in II up to -m' and then down to -~ in
I, both due to s&(m+ p. )', (mF) from -p' to -~
in I and II, due to t& (2p)2. The weight functions
associated with the unphysical branch lines (FN)
and (zF) can be expressed in terms of the absorp-
tive parts N(n, P) and M(n, P) (n, P being the
squares of energy momentum transfer), cor-
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responding to the reactions w +N -w +N and
m+7 -N+N, respectively. In the physical sheet
I we can write partial-wave dispersion relations
in the simple form

write

11
A (z) = —'i ds

~ "(m+p. )'

ImA (s)

S -g

ImA (q")
A (q') = — dq"

0

.-p, a ImA (q")
+-

~

dq
l~ „J
7T ~ OQ

ql

where

.(m p)a ImA (s)
+ ds s -z

+E (z)+E (z ), (5)

which should be amended by the usual substrac-
tions. However, in the interval -m +q & -p
the real weight ImAg can be expressed in terms
of the absorptive parts N and I only indirectly
by writing a similar dispersion formula in sheet
II. Dispersion relations involving both sheets
can be easily written down, but it seems to be
advantageous to use the invariant variable z for
those portions of the cuts which map onto the
real axis in the g plane, and to retain the vari-
able q' for that part of the branch line (mt7),

which maps onto the circle lz l =m' - p'. Omit-
ting again appropriate subtractions, we can

w -P M (s(}))
E (z)=-—

im. m' s(a) -m'- p'-2X s(z) -z

with

s(x) = m'+ p'+2z+2il(}t+m')(-}t - p, ')]"',

and, for s~(m- p. )',

ImA (s) = e(-s)e(s+ m' - p, ')N (s) wM (s). (8)

The functions MJ and N~ are given in terms of
the absorptive parts M(n, P) and N(n, P) by

- -4q
M (s)=- ~

~

dtP (I+t/2q')M(t, s),4' ~ 4}„g

( 2m'+2} '-s-s)
N (s)=-4~ ~, , dsP ~I+

2 ~N(s, 2m'+2p'-s-s),
~ "2m +2p. -s

where q = q'(s) is given by the inverse of Eq. (2a)
with z = s; and c(s) = (m' - p')'/s for 0+ - s ~ (m - p. )',
c(s) =(m+ p. )' for s~0 . The term E~+Eg in

Eq. (5) contains the low-energy properties of the
2m system. Using Eqs. (6) and (9), it can be
easily written in terms of real and imaginary
parts of M(t, s).' The latter quantity is complex
due to the appearance of s(A.) given by Eq. (7).
In a partial-wave expansion of M(t, s) the vari-
able s will appear only in the argument of the

spherical harmonics.
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